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Introduction

Let X, Y be two real or complex Banach spaces. By X = Y we mean that X and Y
have the same elements and equivalent norms. By Y C X we mean that Y is continuously
embedded in X.

The couple of Banach spaces (X, Y) is said to be an interpolation couple if both X and
Y are continuously embedded in a Hausdorff topological vector space V. In this case the
intersection X NY is a linear subspace of V, and it is a Banach space under the norm

[0l xry = max{|[o[x, [[v]ly}-

Also the sum X +Y ={z+y: =z € X, y € Y} is a linear subspace of V. It is endowed
with the norm

= inf .
lollxvy = mf el +llylly

As easily seen, X +Y is isometric to the quotient space (X xY)/D, where D = {(z, —x) :
x € XNY}. Since V is a Hausdorff space, then D is closed, and X +Y is a Banach space.
Moreover, ||z||x < ||z||x+y and ||y|ly < ||yllx+y for all z € X, y € Y, so that both X
and Y are continuously embedded in X + Y.

The space V is used only to guarantee that X +Y is a Banach space. It will disappear
from the general theory.

If (X,Y) is an interpolation couple, an intermediate space is any Banach space E such
that

XNYCECX+Y.

An interpolation space between X and Y is any intermediate space such that for every
T € L(X)NL(Y) (that is, for every T' € L(X +Y') whose restriction to X belongs to
L(X) and whose restriction to Y belongs to L(Y)), the restriction of T to E belongs
to L(F). We could also require that there is a constant independent of 7' such that
1Tl ey < CUIT| L(x) + 1T L¢vy), but often this property is neglected.

The general interpolation theory is not devoted to characterize all the interpolation
spaces between X and Y but rather to construct suitable families of interpolation spaces
and to study their properties. The most known and useful families of interpolation spaces
are the real interpolation spaces which will be treated in chapter 1, and the complex
interpolation spaces which will be treated in chapter 2.

Interpolation theory has a wide range of applications. We shall emphasize applications
to partial differential operators and partial differential equations, referring to [36], [12] for
applications to other fields. In particular we shall give self-contained proofs of optimal
regularity results in Holder and in fractional Sobolev spaces for linear elliptic and parabolic
differential equations.

The domains of powers of positive operators in Banach spaces are not interpolation
spaces in general. However in some interesting cases they coincide with suitable complex
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6 Introduction

interpolation spaces. In any case the theory of powers of positive operators is very close
to interpolation theory, and there are important connections between them. Therefore
in chapter 4 we give an elementary treatment of the powers of positive operators, with
particular attention to the imaginary powers.



Chapter 1

Real interpolation

Let (X,Y) be a real or complex interpolation couple.
If I is any interval contained in (0, +oc), LE(I) is the Lebesgue space LP with respect
to the measure dt/t in I. In particular, L°(1) = L*°(I). See Appendix, §2.

1.1 The K-method
Definition 1.1.1 For everyx € X +Y andt > 0, set

Kz, X,Y)= inf t]|b . 1.1

(o X,Y) = int (lallx -+ lbly) (1)

If there is no danger of confusion, we shall write K (t,z) K(t,xz, X,Y’) instead of K(t,z, X,
Y).

Note that K(1,x) = ||z| x+y, and for every ¢t > 0 K(¢,-) is a norm in X +Y, equivalent
to the norm of X + Y. Now we define a family of Banach spaces by means of the function
K.

Definition 1.1.2 Let 0 <0 <1, 1 < p < o0, and set

(X,Y)gp={zeX+Y:t—tK(tz,X,Y) e LL(0,+0c0)},
(1.2)
1zl (x,v)e, = [tPK(t,z, X, Yl 220,003

(X,)Y)y = {z€X+Y:lim_p t 'K(t,2,X,Y)
(1.3)
=lim; 0ot K (t, 7, X,Y) =0}.

Such spaces are called real interpolation spaces.

Since t — K (t, z) is continuous in (0, co0) for each € X+Y, then (X,Y )y C (X,Y ) c0-
The spaces (X,Y )y are also called continuous interpolation spaces.

The mapping x — ||1‘H(X7y)61p is easily seen to be a norm in (X,Y)g,. If no confusion
may arise, we shall write ||z[|p,, instead of ||z[/(x,y),,,-

Note that K(t,z,X,Y) = tK(t !, 2,Y,X) for each t > 0. By the transformation
7 =t~!, which preserves L%(0,00), we get

(X,Y)op= (Y, X)1gp, 0<0<1,1<p<o0, (1.4)
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8 Chapter 1

and
(X,Y)g = (Y. X)1_0. (1.5)

So, pay attention to the order!
Let us consider some particular cases.

(a) Let X =Y. Then X +Y = X, and K(¢,z) < min{¢, 1}||z||. Therefore
X C(X,X)pp, 0<0<1,1<p<o00.

In the next proposition we will see that for any interpolation couple we have (X, Y )g
C X+Y. So, if X =Y then (X, X)g, = X.

(b) If X NY = {0}, then for each z € X + Y there are a unique a € X and a unique
b €Y such that z = a + b, hence K(t,z) = ||a||x + t||b]|y and t — t 9K (t,z) does
not belong to any L£(0,00), unless z = 0. Therefore, (X,Y)g,, = (X,Y)s = {0} for
every p € [1,00], 6 € (0,1).

(c) In the important case where Y C X we have K (t,z) < |z|/x for every x € X, so that
t— t79K(t,x) € LX(a,00) for all @ > 0, and limy_, 1o t K (¢,2) = 0. Therefore,
only the behavior near t = 0 of t Y K (¢, z) plays a role in the definition of (X,Y)s,
and of (X,Y)y. Indeed, one could replace the halfline (0, 400) by any interval (0, a)
in definition 1.1.2, obtaining equivalent norms.

The inclusion properties of the real interpolation spaces are stated below.

Proposition 1.1.3 For0< 6 <1, 1 <p; <py < oo we have
XNY C(X,Y)op C(X,Y)gp, C(X,Y)gC(X,Y)goo CX+Y. (1.6)

Moreover,
(X,Y)poo CXNY,

where X, Y are the closures of X, Y in X +Y.

Proof. Let us show that (X,Y )y o is contained in X NY and it is continuously embedded
in X +Y. For z € (X,Y ) we have

K(t,z) = inf a|x+tblly < t°||z[loco, t >0,
r=a+b

so that for every n € N (taking ¢t = 1/n) there are a,, € X, b, € Y such that = = a,, + by,
and

1 2
lanllx + —lbally < —5llzllo,oc-

< ? so that the sequence

{b,} goes to z in X +Y as n — oco. This implies that (X,Y)p o is contained in Y.
Arguing similarly (i.e., replacing 1/n by n and letting n — o0), or else recalling that
(X,Y)p0o = (Y, X)1-0,00) We see that (X,Y)p o is contained also in X. Moreover, by
definition ||z|x+y = K(1,z). Therefore

In particular, ||z — byl x+y = llanllx+y < llanllx < 2||z]g,00n™

[zl xy = K (L 2) < [|2llg,00, V2 € (X,Y)g,00,
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so that (X,Y)g o is continuously embedded in X + Y.

The inclusion (X, Y)s C (X,Y)g 0 is obvious because K (-, ) is continuous (see exercise
1, §1.1.1) so that t " K (¢, z) is bounded in every interval [a, b] with 0 < a < b.

Let us show that (X,Y ), is contained in (X,Y )y and it is continuously embedded in
(X,Y)g,00 for p < co. For each x € (X,Y)g,, and t > 0, recalling that K (-, ) is increasing
we get

K (t,x) = (Op)'/? ( /t o 59p1d3> l/pK(t,a:)
(1.7)

+o00 1/p
< (6p)'/? (/ s_ep_lK(s,x)pds> , t>0.
t

The right hand side is bounded by (8p)*/?||z|g,. Therefore x € (X,Y)p o0, and [|2]|p,c0 <
(6p)'/?||x||pp- Changing § with 1—0 and X with Y we obtain ||2]|p.cc < ((1—80)p)*/P||z]lg,p-
Therefore,

lzllo.00 < [min{8, 1 — 6}p]"/7lllo,p. (1.8)

Moreover letting ¢ — oo we get limy o t " K (¢,2) = 0. To prove that x € (X,Y )y we need
also that lim; ot ~Y K (t, ) = 0. This can be seen as follows: since (X,Y)g,, = (Y, X)1_9,
then

0= lim ¢t "OK(@t2Y,X)= lim K@t "2, X,Y)= lim 7 'K(r,z, X,Y).

t—-+o0 t——+o00 —0+

Let us prove that (X,Y ), C (X,Y)gp, for p1 < p2 < +00. For z € (X,Y)y,, we

have
+o00 dt 1/p2
lellose = ([t w2
9. 0 t
—+o00 dt 1/p2
= (/ t_ale(t, )PL (t_aK(t, x))pz—mt)
0

oo —0p1 p1 Hps -0 (p2—p1)/p2
< t K(t7x) 7 (Supt>0t K(ta CE))
0

= (||37H€,p1)p1/p2(||3:] 1=p1/p2

and using (1.8) we find

G,oo)

|z ll0,p, < [min{, 1 — }pi]" /P17 1P2 [z . (1.9)

Finally, from the inequality K (¢,z) < min{l,t} ||z||xny for every z € X NY it follows
immediately that X NY is continuously embedded in (X,Y )y, for 0 <8 < 1,1 <p < o0.
The statement is so completely proved. O

The first part of the proof of proposition 1.1.3 shows the connection between inter-
polation theory and approximation theory. Indeed, the sequence b,, in the proof consists
of elements of Y and converges to z in X + Y. The rate of convergence of b, and the
rate of blowing up of ||b,||y are described precisely by the fact that z € (X,Y)g oo (or
z € (X,Y)gp C (X,Y)poo) In particular, if € (X,Y )0 then ||z — byl x4y < const.

n~? and ||b,||y < const. n'=?.

If Y C X other embeddings hold.
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Proposition 1.1.4 If Y C X, for 0 < 61 < 8y <1 we have

(X,Y)py.00 C (X, Y )g, 1 (1.10)
Therefore, (X,Y )p,p C (X,Y)g, 4 for every p, q € [1,00].
Proof. For x € (X,Y )y, oo We have, using the inequalities K (t,z) < ||z||x for ¢ > 1 and
K(t,z) < t%||z)/gy 00 for 0 <t <1,

1 +o0o
follos = [ R @as [0 K
0 1

1 400
3/ £ allg, ot ™t + / £ o xdt (1.11)
0 1
< ool oo + o Il
x — ||z
> 02 — 91 02,00 91 X
and the statement follows since (X,Y)p, 00 C X +Y = X because Y C X. g

Note that (1.10) is not true in general. See next example 1.1.10.

Proposition 1.1.5 For all § € (0,1), p € [1,00], (X,Y)p, is a Banach space. For all
6 € (0,1), (X,Y)g is a Banach space, endowed with the norm of (X,Y ) cc-

Proof. Let {x,}nen be a Cauchy sequence in (X,Y)g,. By the continuous embedding
(X,Y)op C X +Y, {xp}nen is a Cauchy sequence in X + Y too, so that it converges to
an element x € X +Y.

Let us estimate ||z, — x||gp. Fix € > 0, and let ||z, — 2jo,p < € for n, m > n.. Since
y+— K(t,y) is anorm in X + Y, for every n, m € N and ¢t > 0 we have K(t,z, —z) <
K(t,xzy, — xp,) + K(t, 2y — ), so that

tOK(t,x, —x) <tOK(t 2 — )+t max{t, 1} ||z — 2| x1v. (1.12)
Let p = co. Then for every t > 0 and n, m > n.
t K (t,x, — x) < e+t max{t, 1}||zm — =) xsv.

Letting m — +oo, we find t K (t,x, — z) < ¢ for every t > 0. This implies that
x € (X,Y )00 and that z, — 2 in (X,Y ). Therefore (X,Y)q o is complete.

It is easy to see that (X,Y)s is a closed subspace of (X,Y ). Since (X,Y)g oo is
complete, then also (X,Y)y is complete.

Let now p < co. Then

1/5 1/p
Iz — el = lim ( / LR (3 — @pdt) .
- 1

Due again to (1.12), for every ¢ € (0,1) we get, for n, m > n.,

1/6 1/p
( / 1P K (3, — a:)pdt) < [ — 2
1)

0,p

1/6 L/p
Hlzm = zllx+y (/ teplmaX{tl}dt) < e+ CQp)llam — x4y
5
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Letting first m — oo and then 0 — 0 we get x € (X,Y)q, and x, — x in (X,Y)s,. So,
(X,Y)g, is complete. O

The spaces (X,Y )y, and (X,Y)g are interpolation spaces, as a consequence of the
following important theorem.

Theorem 1.1.6 Let (X1,Y1), (X2,Y2) be interpolation couples. If T € L(X;y,X2) N
L(Yl, YQ), thenT € L((Xl, Y1)97p, ()(27 YQ)g’p) N L((Xl, Yl)g, (XQ, Yg)g) fO?" every RS (0, 1)
and p € [1,00]. Moreover,

1T 21 Y000 (X ¥2)05) < (T2, x00) T N vave))’- (1.13)

Proof. If T"is the null operator, there is nothing to prove. If T' # 0, either ||T||(x, x,) # 0
or [|T|r(vi,ve) # 0. Assume that ||T||(x, x,) # 0. Let € (X1,Y1),: then for every
a € X1, b €Y such that x = a + b and for every t > 0 we have

I z0v1
Il + 178y, < [T, (el + £ 222 ol )
L(X1,X2)

so that, taking the infimum over all a, b as above, we get

T
K(t,Te, X2,Y2) < [T 2x,,x0) K <tHHLM,$,X1,Y1> : (1.14)

17N 2.ox,x2)

. T vy ve)
Setting s = tinTHL(XI,XQ) we get Tz € (X2,Y2)q,p, and
1T (v, v2) ’
Tzl (x,,y: STLXX<7 Z||(X1,Y1)p.p
1Tl xeago, < ITlecaa 7y, ) 1o leam,

and (1.13) follows. From (1.14) it follows also that
limg ot K (t,2,X1,Y7) = limy oo t O K (t,2,X1,Y]) = 0 =
— limy Lot VK (¢, T2, Xo,Ys) = limy oo t O K (t, T, Xo,Ys) =0,

that is, T maps (X1, Y7)p into (Xo, Y2)g.

In the case where ||T|(x, x,) = 0 we get the result either replacing everywhere
IT||L(x,,x5) by € > 0 and then letting ¢ — 0, or else replacing X; by Y; for i = 1,2
and 6 by 1 — 0 (see (1.4) and (1.5)). O

Taking X1 = Xo = X, Y7 = Yo =Y, it follows that (X,Y)g, and (X,Y)s are
interpolation spaces. Another important consequence is the next corollary.

Corollary 1.1.7 Let (X,Y) be an interpolation couple. For 0 < 0 <1, 1 <p < oo there
is c(0,p) such that

lyllx vy, < c@)lyllx °llvlly vy € XNY. (1.15)
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Proof. Set K = R or K = C, according to the fact that X, Y are real or complex
Banach spaces. Let y € X NY, and define T by T(\) = Ay for each A\ € K. Then

1T L) = lyllx: 1Tl L@y) = HyHYy and [Tl (x,v)o,) = I1¥ll(x,¥)s,- The statement
follows now taking X; = Y; = K and Xy = X, Yg Y in theorem 1.1.6, and recalling

that (K, K)@,p = K
Another more direct proof is the following: for y € X NY \ {0}, we have K(t,y) <
min{||y|[x, t[ly[ly}, so that

Iyl

Slwly K(t.y) <tllyly = t K (t.y) <t llylly < llylx°IyllS

and

I« - Il \” )
tz = K(ty) <lylx = 17K (ty) < (700 ) vl = ol Tl

Therefore [yl(x,v)y.. = SUPso t K (t,y) < |lyllx°llyll%, and the statement follows for
p = +oo with constant ¢(f,00) = 1. For p < +oo we already know that (X,Y)g, is
continuously embedded in (X,Y)y o, and the proof is complete. O

1.1.1 Examples

Let us see some basic examples. Cp(R"™) is the space of the bounded continuous functions
in R, endowed with the sup norm |[|-||o0; C (R™) is the subset of the continuously differen-
tiable functions with bounded derivatives, endowed with the norm || f o + > i [|Di f|loo-
For 0 € (0,1), CJ(R™) is the set of the bounded and uniformly Holder continuous functions,
endowed with the norm

noso

[fllco = [1flloc + [flco = [[flloo + sup
% © Ty |$_y|9

For 6 € (0,1), p € [1,00), WP(R") is the space of all f € LP(R™) such that

_ P 1/p
=L )

It is endowed with the norm || - ||zr + [ o
Example 1.1.8 For0 <6< 1,1 <p< oo we have
(Co(R™), Gy (R™))g,00 = Cp (R™), (1.16)
(LP(R™), WHP(R™))g,p = WOP(R™), (1.17)
with equivalence of the respective norms.

Proof. Let us prove the first statement. Let f € (Cp(R™), C}(R™))g.00- Since (X,Y)goo C
X +Y, we have ||f|loc < const. || f]lg,00- In our case the constant is 1, because for every
decomposition f = a + b, with a € C,(R"), b € C}(R") we have || f|l < [lalloc + [|b]|oo, SO
that

flloe < K (L, £, Co(R™), CHR™) < || flloco-
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Moreover for z # y and again for every decomposition f = a + b, with a € C(R"),
b € CH(R"), we have

[f (@) = f()] < la(z) — a(y)| + |b(z) = b(y)| < 2lallec + (bl |2 — yl,
so that, taking the infimum over all the decompositions,
f(z) = f(y)] < 2K(Jz =y, £, Co(R™), Gy (R™)) < 2|z — y|°|| fllg,00-

Therefore f is -Holder continuous and || f||ce = || flloce + [flce < 3] f1|0.00-
Conversely, let f € C’g (R™). Let ¢ € C*°(R™) be a nonnegative function with support
in the unit ball, such that [, ¢(x)dz = 1. For every ¢t > 0 set

1

T

bt(CC)

Fe (ST )y, o) = o) - o), weR. (1Y

R”

Then

so that

ol < ooy [ ety = 1flco | Jul’ptw)du,

n R
Moreover, ||bt|loco < || f]|oo, and

Dia) = g [ fDio(“5Y )

Since [p. Dip((x —y)/t)dy = 0, we get

D) = sy [ (Fa =)= Fa)Dip (¥ )y (1.19)

which implies
1Dl < (Fleo | ful'IDig(w)ldu.

Therefore,
0K (¢, f) <t (larlloo + bt 1) < Cllfllce, 0<t <1

For ¢t > 1 (see remark (c) after definition 1.1.1), we can take a; = f, by = 0 which implies
tOK (6, ) <t 0 oo < M fllooy ¢ 2 1.

The embedding C(R™) C (Cy(R™), CL(R™))g .00 follows.

The proof of the second statement is similar. We recall that for every b € W1HP(R")
and h € R"\ {0} we have (see e.g. [8])

</ . <‘b(“ W b(x)’>pdw> " < 1ol

For every f € (LP(R™), WhP(R™))g,, and h € R™ let a = a(h) € LP(R"), b = b(h) €
WLP(R™) be such that f = a + b, and

lallze + [R1[bllwr < 2K(|A], f).
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Then

[f(z+h) = f(x)P §2p_1<|a(93+h) —a@)]” | |b(z +h) — b(z)P

|h|0p+n |h|9p+n |h|0p+n
so that

[ i —sar,

’h‘f)P—&-n

<o [ (e _al Bt bl

v v

op—2 llallpe o1 [RPI DO [[7,
— ’h’ﬁp—i—n ’h‘@p—f—n

< Cplh|==(lall o + | [[blwr0)P < Cplh| =P~ K (|h], f).
It follows that

S = f@P,

R7 xR |h|Op+n

<c, /R B~ K (R, £)Pdh

K(r, )P
=C don_1=CunllflIb ..
/ e /33(0,1) 71 = Conl o

Therefore, (LP(R™), WP(R™))g,, is continuously embedded in WP (R"). To be precise, we
have estimated so far only the seminorm [f]y,. But we already know that each (X,Y)g,
is continuously embedded in X + Y; in our case X +Y = X = LP(R"™) so that we have

also [|fl|zr < CI|fllo,p-
To prove the other embedding, for each f € WP define a; and b; by (1.18). Then

oty = [ ([ 1) —f<x>r;w(x;y)dy)pdx
< [ [ e - s ko5 )

were for p > 1 we applied the Holder inequality to the product

f(@) = FOIE (=) /)P - (T e((x = y) /8) 1717

So we get

[T < [T( L - s ge( ST Jayas )
B ol x—y\dt

[ - s@r( [T s

_ RN et AN

= [ m=s@r( [ (S5 v

[#lloo 1f(y) — f(@)]?
: 9p+n/Rann|y—:c|Wd vdy = Clflyyo,-
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Using (1.19) and arguing similarly, we get also

dt _ 7| Digl|
=97 D;b LR [
oy, § < S g

with C; = [z [Die(y)ldy, while [|be]| o < [[fllzo o]l = [ f]|ze-
Therefore, t 0K (t, f, LP, W'P) < t79|ay||zr + t 70| b¢|lyrs € LE(0, 1), with norm esti-
mated by C||fllye.r, and the second part of the statement follows. O

Note that the proof of (1.16) yields also
(L*®(R™), Lip(R™))p.0o = (BUC(R™), BUC(R™)) 0o = Cf (R").
We shall see later (§3.2) another method to prove (1.16) and (1.17).

Example 1.1.9 Let Q € R" be an open set with the following property: there exists an
extension operator E such that E € L(Cy(2), Co(R™)) N L(CL(Q), CL(R™)), and also, for
some 0 € (0,1), E € L(CY(Q), CY(R™)) (by extension operator we mean that Efg= f(x),
for all f € Cy(Q)). Then

(Co(92), Gy ())o,00 = CL ()

Proof. Theorem 1.1.6 implies that
E € L((Cy(9), Cy (2)),00, (Co(R™), Cp (R™))g,00)-

We know already that (Cb(R”) CLR™))p.00 = CZ(R™). So, for every f € (Cp(Q), CH(2))g.00
the extension Ef is in CY(R") and HEche @ < Cllfllc,@ 9).C1 )9 SinCe f = Efpg,

then f € 09( ) and HchG(Q) < CHfH(cb 0),CL(Q))0,00"

Conversely, if f € CY(Q) then Ef € CG(R") = (Cp(R™),C}(R™))g.00. The retraction
operator Rg = g belongs obviously to L(Cy(R"), Cp(Q2)) N L(CLHR™), CL(K2)). Again by
theorem 1.1.6, f = R(Ef) € (Cy(2), C}(2))p,00, With norm not exceeding C||Ef||cg(Rn) <
g @ -

Such a good extension operator exists if {2 is an open set with uniformly C' boundary.
0 is said to be uniformly C! if there are N € N and a (at most) countable set of balls
By, whose interior parts cover 0f2, such that the intersection of more than N of these balls
is empty, and diffeomorphisms ¢y : By, +— B(0,1) C R" such that ¢,(B, N Q) = {y €
B(0,1) : y, > 0}, and ||¢xllcr + |l¢; |1 are bounded by a constant independent of k.
(In particular, each bounded  with C' boundary has uniformly C'! boundary).

It is sufficient to construct £/ when €2 = R’t. The construction of E for any open set
with uniformly C! boundary will follow by the usual method of local straightening the
boundary.

If Q =R} = {2 = (2/,2,) € R": x, > 0} we may use the reflection method: we set

f(), Zy >0,
Ef(z) =
arf(2', —xp) + aof (2, —2x,), x, <0,

where a1, ao satisfy the continuity condition a; 4«9 = 1 and the differentiability condition
—a1 — 200 =1, that is a1 = 3, as = —2.
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Then E € L(C(R7),Cy(R™)) N L(C’G(M),Cg(R")) N L(C%@),C&(R")), for every
0 € (0,1).

Let now (€2, 1) be a o-finite measure space. To define the Lorentz spaces LP9(Q)) we
introduce the rearrangements as follows. For every measurable f : Q+— Ror f:Q — C
set

m(o, f) = p{z € Q: |f(z)| > 0}, 0 =0,

and
fr(t) =inf{o : m(o, f) <t}, t>0.

Both m(-, f) and f* are nonnegative, decreasing (i.e. nonincreasing), right continuous,
and f*, |f| are equi-measurable, that is for each op > 0 we have

{t>0: f*(t) > oo} = m(oo, f) = p{x € Q: [f(x)] > o0},

and consequently [{t > 0: f*(t) € [01,02]} = p{x € Q: |f(z)| € [01,02]}, etc. Therefore,
for each p > 1,

[ 1f@Putan) = [ TPt sup ess [f(2)] = £1(0) = sup ess F7(5), (1.20)
Q 0

and for each measurable set F C 2,

w(E)
/E (@) |u(de) = /0 F(tydt.

f* is called the nonincreasing rearrangement of f onto (0, 00).
The Lorentz spaces LP4(Q2) (1 < p < o0, 1 < ¢ < o0) are defined by

paey = { e 1)+ 1@ ilane = ( [T@rrep®) " <o),
for ¢ < oo, and
LPo5(0) = {F € LY + L) ¢ | fllne = supe2f(0) < o).
(For p = 0o we set as usual 1/00 = 0).

Note that in general || - ||zr.e is not a norm but only a quasi-norm, i.e. the triangle
inequality is replaced by ||f + g|| < C(||f]| + |lgl|)- Moreover, due to (1.20),

LPP(Q) = LP(Q), 1< p< .

Example 1.1.10 Let (2, 1) be a o-finite measure space. Then (L'(),L>®()) is an
interpolation couple. For 0 < 0 <1, 1 < q < oo we have

(L(9), L()g, = LT79(Q). (1.21)

Proof. Let V be the space of all measurable, a.e. finitely valued (real or complex) functions
defined in 2. V is a linear topological Hausdorff space under convergence in measure on
each measurable E C  with finite measure p(E). Both L' () and L®°(£2) are continuously
embedded in V. Therefore (L'(£2), L°>(£2)) is an interpolation couple.
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The proof of (1.21) is based on the equality

K(t, f,L'(Q),L®(Q)) = /Ot f*(s)ds, t>0. (1.22)

Once (1.22) is established, (1.21) follows easily. Indeed, since f* is decreasing then
K(t, f) > tf*(t), so that for ¢ < 0o

dt dt

P A A AU

= ||f”%l/(179),q(9)7

and similarly, for ¢ = oo
sup [t~ K (t, )|z > sup [0 f*(t) | oo = [1£] /0000 (-
>0 >0
The opposite inequality follows from the Hardy-Young inequality (A.10) (i) for ¢ < oc:

< Lo Lods\dt
oxe g = [T [aret) g

1 > —0 * ds
< 9‘1/0 s )q(f (3>)q? = ”f”%l/(lfe),q(g)a

and from the obvious inequality

_ o [t ds . 1
K e Pl < [ 1 6l = Gl o0

for ¢ = oo.
Let us prove (1.22). To prove <, for every f € L'(Q) 4+ L>®(Q) and t > 0, z €  we set
* T : *
= @) - OIS @) > o,
a(z) |f(2)]
=0 otherwise,

b(z) = f(z) - ala).

The function a is defined in such a way that |a(z)| = |f(x)] — f*(¢) if [f(x)] > f*(¢),
la(z)] = 0if [f(2)| < f*(¢). Then

lallz = /E (£ @) - £ () (dz),

where E = {z € Q : |f(z)] > f*(t)} has measure u(E) = |[{s > 0 :> f*(s) > f*(t)}|
(because | f| and f* are equi-measurable) = m(f*(t), f) < t, and f* is constant in [u(E), t].
Therefore,

w(E) t
lallw = [ (@) = s < [ (7 = s

0
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Moreover,
= |f()] if [f(z)] < f*(2),
|b()]
= fr@) if [f(z)] > f*(t),
so that L
bl < () = 7 /0 fr(t)ds, @ e
Therefore,

t
Kt £, LN 1) < [lalls + ez~ < /0 £*(s)ds.

To prove the opposite inequality we use the fact that for every decomposition f = a+b
we have (see exercise 7, §1.1.2)

ff(s) <a*((1—¢)s)+b"(es), s>0,0<e<1.

Then, if a € L'(R2), b € L>®(Q), and a + b = f we have
t t t

/ [*(s)ds < / a*((1—¢)s)ds +/ b*(es)ds
0 0 0

<

> * * _ 1
1—5/0 o* (7)dr + th (O)—I_E/Q\a(m)m(da:)—l—tsup ess [b(x)].

Letting € — 0 we get
t
/0 F7(5)ds < [lallzr + t]bl] e,
so that .
K(t £, LN (Q), I(Q) < / £*(s)ds,
0

and the statement follows. O

1.1.2 Exercises

1) Prove that for every x € X + Y, t — K(t,x) is concave (and hence continuous) in
(0, 00).
2) Prove that  — ||z[/g, is a norm in (X,Y)q,, for each 6 € (0,1), p € [1, c0].
3) Take # = 0 in definition 1.1.1 and show that (X,Y)o, = (X,Y)o = {0}, for all
p € [1,00). Show that X C (X,Y ) cc-

Take § = 1 in definition 1.1.1 and show that (X,Y);, = (X,Y); = {0}, for all
p € [1,00). Show that Y C (X,Y)] .

4) Following the method of example 1.1.8 show that (Cy(R™), C}(R™))1,00 = Lip(R™), and
that for 1 < p < oo, (LP(R™), WLP(R"))] o0 = WHP(R™).
5) Show that for 0 < 6 < 1, C}(R™) is not dense in C¢(R™). Show that (C,(R"), CL(R™)),

is the space of the “little Holder continuous” functions h? (R™), consisting of those bounded

functions f such that
h) —
g sup 2 = 1)

=0.
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6) Following the method of example 1.1.8 show that
(LP(R"), WHP(R™))g,q = By 4(R"),

defined by Bf (R") = {f € LP(R"): [f]ng < oo}, where

m%ﬂz(/n(/Jﬂw—f@+mmmfwh@Hﬂ@Ui

and |l 5g,, = I £llze + /10,

7) Let Q be an open set in R™ such that there exists an extension operator E belonging to
L(LP(Q), LP(R™)) N L(WOP(Q), WOP(R™)) N L(WLP(Q), WLP(R™)), for some p € [1,00)
and 6 € (0,1). Show that

(LP(Q), WHP(Q))g,, = WHP(Q).

Show that if Q has uniformly C!' boundary such extension operator E does exist (see the
remarks after example 1.1.9).
The space W%P(Q) is usually defined as the set of the functions f € LP(2) such that

umwz(AmV@*f@mefm<w

|z — ylortn

8) Let (€2, 1) be any measure space. Prove that for each a, b € L'(Q2) + L*(£) we have
(a+0)*(s) <a*((1+¢)s) +b"(es), s>0,0<e<1.

(This is used in example 1.1.10). Hint: show preliminarly that
m(oo + o1,a + b) < m(oo,a) +m(o1,b), oo, o1 > 0.

9) Prove that for each € X +Y the function K (-, x) satisfies

t
K(t,z) < - K(s,z) 0 <s<t.
s

1.2 The trace method

In this section we describe another construction of the real interpolation spaces, which
will be useful for proving other properties, and will let us see the connection between
interpolation theory and trace theory.

We shall use LP and Sobolev spaces of functions with values in Banach spaces, whose
definitions and elementary properties are in Appendix A.

Definition 1.2.1 For 0 < § < 1 and 1 < p < oo define V(p,0,Y, X) as the set of all
functions v : Ry — X +Y such that u € WP (a,b; X +Y) for every 0 < a < b < oo, and

t > ug(t) = tPu(t) € LY(0, +o0;Y),

t = vg(t) = 9/ (t) € LX(0, 4+00; X),
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with norm
ullvpo,y.x) = 1ol L2(0,400v) + 1001l £2(0,4-00:x)-
Moreover, for p =400 define a subspace of V(00,0,Y, X), by

Vo(00, 6,Y, X) = {u € V(00,6,Y, X) : lim ["u(t)]|x = lim ¢4/ (1) |y = 0}.

It is not difficult to see that V(p,6,Y, X) is a Banach space endowed with the norm
Il [V (p,6,v,x)> and that Vp(oo,0,Y, X) is a closed subspace of V' (00, 0,Y, X). Moreover any
function belonging to V(p, 0,Y, X) has a X-valued continuous extension at ¢t = 0. Indeed,
for 0 < s <t from the equality u(t) — u(s) = fst v (0)do it follows, for 1 < p < oo,

t 1/p ¢ / 1/p'
lu(t) —u(s)||lx < (/ |]09_1/pu'(a)H§(da> (/ o~ (0=1/p)p d0>

< Nullv oy /(1= 0)] 717 (7 (=0 — " A=0)1/0",
with p’ = p/(p — 1). Arguing similarly, one sees that also if p = 1 or p = oo, then u is
uniformly continuous near ¢t = 0.

With the aid of corollary A.3.1 we are able to characterize the real interpolation spaces
as trace spaces.

Proposition 1.2.2 For (6,p) € (0,1) x [1,+00], (X,Y)g, is the set of the traces att =0
of the functions in V(p,1 —0,Y, X), and the norm

|z(l5, = mf{llullvpiayx): z=wu(0), ue V(p,1—6,Y,X)}

is an equivalent norm in (X,Y ). Moreover, for 0 < 6 < 1, (X,Y)q is the set of the
traces at t = 0 of the functions in Vp(oo,1 —0,Y, X).

Proof. Let 2 € (X,Y)p,. We need to define a function v € V(p,1 —6,Y, X) such that
u(0) = .

For every t > 0 there are a; € X, by € Y such that ||a||x +¢[|b]ly < 2K (¢, z). It holds
t170bs|ly < 27K (t,z), and the function ¢ — t K (t,z) is in L}(0, +00). Moreover, we
already know (see the proof of proposition 1.1.3) that limy_gb; = = in X + Y. So, the
function t +— by looks a good candidate for u. But in general it is not measurable with
values in Y, and it is not in I/Vli’f((), oo) with values in X. So we have to modify it, and
we proceed as follows.

For every n € N let a,, € X, b, € Y be such that a,, + b, = z, and

1
lanllx + ~lbally < 2K(1/n, ).

FOI‘t>OS€t
ut——E bn, t——g T — Gp t),
( ) n_l +1X(n117711]( ) n_l( +1)X(n11,711]( )

where x, is the characteristic function of the interval I, and
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Since (X, Y)y,, is contained in (X, Y)g o then t~? K (¢, x) is bounded, so that lim;_o K (, 7)
= 0. Therefore, lim,, . ||an||x = 0, so that ||z — b,||x+yv < |lan|x — 0 as n — oo, and
x = limy_gu(t) = limy_pv(t) in X +Y. Moreover,

1
n+l'n

||t19u<t>rygt1"ix<1 {020+ DEQ/(n+ 1)) < 47K (k). (123)
n=1

so that t — t17%(t) € LL(0,+o00;Y). By Corollary A.3.1, t — t'=%(¢) belongs to
LE(0,+00;Y), and

0 _
[t LP(0400y) < 40 Y]l p-
On the other hand,
1 [t&
v(t) =z — — $)apa1ds,
M=a-7 [ Xx @

n=1
so that v is differentiable almost everywhere with values in X, and

t
V() =5 [ g 7ot

where g(t) = >0, X( Lol (t)an+1 is such that

n+1

(2K /(0 1), 2) < 2K (1,).

n+1°

3=

lg(®)llx < Zx( .
n=1

It follows that
£ @) < 0 sup [lg()] + 1t g(0)] < 47K (¢.). (1.24)
<s<

Then t — t=%/(t) belongs to LL(0, +oo; X), and

£ =0|

Therefore, z is the trace at t = 0 of a function v € V(p,1 —6,Y, X), and
lzllg7, < 22 +1/6)lllop-

If z € (X,Y)g, then, by (1.23), limy o t'~||u(t)||y = 0, so that lim; .o t'=0||v(t)||y = 0.
By (1.24), lim; o t~?||g(t)||x = 0, so lim;_o t'~?||v'(¢)||x = 0. Then v € Vy(o0,1-6,Y, X).
Conversely, let x be the trace at ¢ = 0 of a function v € V(p,1 —0,Y, X). Then

£2(0,400;x) < 4llz[lo,p-

r=x—u(t)+ut)=— /t u'(s)ds +u(t) Vt >0,
0
so that

+ 170 u(t) ||y (1.25)

I
— | u'(s)ds
t Jo X

Corollary A.3.1 implies now that t — ¢t 9K(t,z) belongs to LL(0,+00), so that = €
(X,Y)ap, and

tOK(t,x) < tt?

1
zllop < i 15
If x is the trace of a function u € Vy(oc0,1-6,Y, X), we may assume without loss of gen-
erality that u vanishes for ¢ large. Then, by (1.25), limy ot YK (¢, 2) = limy .o t P K (¢, 2)

=0, so that z € (X,Y)y. O
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Example 1.2.3 Choosing X = LP(R"), Y = W'P(R"), and § =1 —1/p, 1 < p < oo,
we get the following well known characterization of W1=1/PP(R™): W1-1/PP(R") is the
space of the traces at (z,0) of the functions (z,t) + v(z,t) € WH(R). Indeed, we
already know that W=1/PP(R") = (LP(R"), WHP(R™))1_1/pp, thanks to to example 1.1.8.
By proposition 1.2.2, W1-1/pp (R™) is the space of the traces at ¢ = 0 of the functions
v € V(1/p,p, W'P(R™), LP(R™)). But v € V(1/p,p, W'P(R"), LP(R")) if and only if
the function v(x,t) = v(t)(z) is in W'P(R!). Indeed, concerning measurability, it is
possible to see that a function w : (0, 400) — LP(R™)) (resp., w : (0, +00) s WIP(R™))
is measurable in the sense of definition A.1.1 iff (¢,z) — w(t,x) is measurable (resp.,
(t,z) — w(t,x) and (t,x) — D;w(t,z) are measurable for all i = 1,...n). Concerning
estimates, the condition t — t'/Pv(t) € L2((0,4+00), W'P(R")) means that

~+o00 n
/ / <\v(x,t)]p + Z |vxi(a:,t)]p> dx dt < oo,
0 " i=1

and the condition t s t'/Pv/(t) € LE((0,+00), LP(R™)) means that ¢’ is measurable with

values in LP(R™)) and
+oo
/ / lvg(z, t)|Pdz dt < oo.
O n

In particular, choosing p = 2 we get that H'/2(R™) is the space of the traces at (z,0)
of the functions (z,t) + v(x,t) € HY (R,

This example shows an important connection between interpolation theory and trace
theory.

Remark 1.2.4 (important) 1. By Proposition 1.2.2, if € (X,Y)g, or x € (X,Y)s,
then x is the trace at t = 0 of a function u belonging to LP(a,b;Y) N W1P(a,b; X) for
0 < a < b. But it is possible to find a more regular function v € V(p,1 —6,Y, X) (or
v € Vp(oo,1 —6,Y, X)) such that v(0) = z. For instance we may take

1

v(t) = t/o u(s)ds, t>0.

Then v € WP (a,b;Y) N W2P(a,b; X) for 0 < a < b, v(0) = x, and moreover ¢ — t'=u(t)
belongs to LY(0, +-00; Y), t + 2%/ (t) belongs to LX(0, +-00;Y), and t — ¢ =%/ (t) belongs
to L£(0, +o0; X ), with norms estimated by const. |[ullv(p,1-9,v,x)-

Even better, choose any smooth nonnegative function ¢ : Ry — R, with compact
support and fooo s 1p(s)ds = 1, and set

o= [To(2)unT = [Teen( )5
Then v € C®(Ry: X NY), v(0) = z, and

t i t" %M (1) € L2(0, +00; X), n €N,

t s "0y (1) € L2(0, +00;Y), n € NU{0},
with norms estimated by c(n)||ullv(p,1-0,v,x)- If in addition p = oo and z € (X,Y)y then

limy_o t"0o™ (¢)||x =0, n €N,

limy o t" 100 (t)|ly = 0. n € NU{0},
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2. Let z € X +Y be the trace at ¢ = 0 of a function v € V(p,1 —0,Y, X). Fix any
© € C§°(]0,400)) such that ¢ = 1 in a right neighborhood of 0, say in (0, 1]. The function
t — p(t)v(t) is in V(p,1 - 6,Y, X), its norm does not exceed C||v|y(,1-9,y,x), with C
depending only on ¢, and its trace at t = 0 is still z. Moreover, it has compact support in
[0,400). This shows that in the defintion of the trace spaces one could consider just the
subset of V(p,1—0,Y, X) consisting of the functions with compact support, obtaining an
equivalent trace space (i.e., the same space with an equivalent norm).

By means of the trace method it is easy to prove some important density properties.

Proposition 1.2.5 Let 0 < § < 1. For 1 < p < oo, X NY is dense in (X,Y)q,. For
p =00, (X,Y)y is the closure of X NY in (X,Y ) co-

Proof. Let p < oo, and let # € (X,Y)p,. By Remark 1.2.4, 2 = v(0), where v €
C>®((0,00); X NY)NV(p,1—6,Y,X), and moreover t — t>~% € L2(0,4+00;Y). Set

ze = v(e), Ve > 0.

Then z. € X NY, and we shall show that z. — x in (X,Y)g,,.
We have z. — x = z.(0), where

2e(t) = (v(e) = v(t)) x4 (1)-

It is not hard to check that z. € W'P(a,b; X) for 0 < a < b < oo, and that 2.(t) =
—v' ()Xo, (t). 1t follows that

. -0
tim #1722 (0) 20 00s3) = O
Moreover, due to the equality
+oo
w0 = [ X V(s
t

we get, using the Hardy-Young inequality (A.10)(ii),

~ +oo +o0 ds\? dt 1/p
005 Olzzoinen < ([ 1007 ([ o sl @) )

1 oo 9-9 ds 1/p
=19 </0 X(o. (8)5' )p”“/(S)HYS> ;

so that t — t1792(t) € LL(0, +00;Y) for every ¢, and
: )
il_ri% Htl ZE(t) HLQ(O,-‘,—OO;Y) =0.

Therefore, zz — 0 in V(p,1 —0,Y,X) as ¢ — 0, which means that ||z, — ngT’p — 0 as
e — 0. From Proposition 1.2.2 we get lim._o ||z — z||g, = 0.

Let now x € (X,Y ). Due again to remark 1.2.4, x is the trace at t = 0 of a function
v € Vp(oo,1 —0,Y,X), such that t — t27%/(t) € L°°(0,4+00;Y) and limy_ot>~%|v/(t)||y
= 0. Let x¢, 2z be defined as above. Then lim;_qt'~%||v/(t)||x = 0, so that

supt! 70| zL(t)||x = sup 170 (t)||lx — 0, ase — 0,
>0 0<t<e
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and
supt! ||z (t)ly = sup t'7v(e) —v(t)|ly <2 sup s'fu(s)lly — 0,
t>0 0<t<e 0<s<e
as € — 0. Arguing as before, it follows that ||z, — z|[g,0c — 0 as € — 0. O

1.2.1 Exercises

1) Prove the statements of remark 1.2.4.

2) Prove that (X,Y)g, is the set of the elements z € X + Y such that z = u(t) + v(t)
for almost all ¢ > 0, with ¢ — t~%u(t) € L£(0,00; X), t +— t'~%u(t) € L£(0,00;Y), and the
norm

v inf )l oo + F 0
z=u(t)+v(t) 1)l L2 (0,00:x) + | (t)]

LZ2(0,005Y)

is equivalent to the norm of (X,Y)g,,.

3) Prove that (X,Y)g,, is the set of the elements x € X +Y such that 2 = [~ u(t)dt/t,
with t — t~%u(t) € LE(0,00; X), t — t'~%u(t) € LE(0,00;Y), and the norm

x inf U] 1200051 + 1000 220,00
Hx:fooou(t)dt/tH ()HL*(O, :X) | ()HL*(O, ;)

is equivalent to the norm of (X,Y)g,,.
Hint: use remark 1.2.4 to write any € (X,Y )y, as © = — [~ v(t)dt, as in the proof
of next proposition 1.3.2.

4) Let © C R™ be a bounded open set with C* boundary. Prove that for 1 < p < oo, the
space W1=1/PP(90Q) is the space of the traces on 9Q of the functions in W1P(Q).
1.3 Intermediate spaces and reiteration

Let us introduce two classes of intermediate spaces for the interpolation couple (X,Y).

Definition 1.3.1 Let 0 < 0 < 1, and let E be a Banach space such that X NY C E C
X+Y.

(i) E is said to belong to the class Jy between X and Y if there is a constant ¢ such that
e < CHiL‘H;QH:UHg/, Vre XNY.

In this case we write E € Jp(X,Y).

(ii) E is said to belong to the class Ky between X and Y if there is k > 0 such that
K(t,z) < kt?||z||g, Yz e E, t>0.

In this case we write E € Ko(X,Y).
If 0 € (0,1) this means that E is continuously embedded in (X,Y )y oo-

A useful characterization of Jy(X,Y') is the following one.
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Proposition 1.3.2 Let 0 < 0 < 1, and let E be a Banach space such that X NY C E C
X +Y. The following statements are equivalent:

(i) E belongs to the class Jy between X and Y,
(i) (X,Y)g1 CE.
Proof. The implication (ii) = (i) is a straightforward consequence of Corollary 1.1.7, with

p = 1. Let us show that (i) = (ii). For every x € (X,Y )1, let w € V(1,1 —-0,Y,X) be
such that u(t) vanishes for large ¢, u(0) = z, and set

v(t) = 115/0 u(s)ds.

By remark 1.2.4, t + t27%/(¢) belongs to L1(0,+00;Y), and t + t'7%/(¢) belongs to
L0, +00; X). Moreover v(0) = z, v(+0c0) = 0, so that

+o0
xr = —/ o' (t)dt.
0

Let ¢ be such that [ly|z < ¢l|y||%||yll5% " for every y € X NY. Then
0 -0 —1y,2—6 6 |141-0 -0
W' )l < clv' OV IOl = et [ @15 1" ()11

Since the function t — [[t2=%(¢)|% belongs to Li/e(O, +00) and t = |[t1=%/(t)]| ¢ belongs
to Li/(lfe) (0, +00), by the Hélder inequality v’ € L'(0, 4+-o00; E), and

Izl < el 0" (O L 0,00)) (11700 ()] 2 (0,00)) ™0 < comst. ||z o,

g

By Definition 1.3.1 and Proposition 1.2.5, if 0 < § < 1 a space E belongs to Ky(X,Y)

N Jp(X,Y) if and only if
(X,Y)p1 CEC(X,Y)p oo

In particular, (X,Y)s, and (X,Y)g are in Ko(X,Y) N Jp(X,Y), for every p € [1,00]. We
shall see in chapter 2 that also the complex interpolation spaces [X, Y]y are in Ky(X,Y)
N Jo(X,Y).

But there are also intermediate spaces belonging to Ky(X,Y) N Jp(X,Y) which are
not interpolation spaces.

Example 1.3.3 C;(R") € J;2(Cy(R™), CZ(R™)) N K;9(Cy(R™), CZ(R™)). But C}H(R™)
is mot an interpolation space between Cp(R™) and CZ(R™).

Proof. From the inequalities (i = 1,...,n)
1
|f(z+ he;) — f(z) — Dif(x)h] < §HDiif”ooh2a vz € R", h >0,

we get
|f (@ + hei) — f(2)]

|Dif(z)] < .

1
+ iHD“fHOOh, Vo e R*, h >0,
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so that

2[| flloo
h

1
|Di flloo < + 5IIDZ‘Z‘fHOOh, Vh > 0.

Taking the minimum on h over (0, 400) we get
I1Di flloo < 2(11 flloo) > (1Dii fllo) /%, ¥f € CF(R™)

so that
1 £lley < <||f||oo>1/2(<||f||oo>1/2 + 22?:1<||Dﬁf||oo>1/2)

< CUfllse) 2 fllc2) 2

This implies that Cj (R™) belongs to J; 5(Cy(R™), CZ(R™)). To prove that it belongs also to
K1 5(Cy(R™), CZ(R™)), namely that it is continuously embedded in (Cy(R™), CZ (R™))1/2,005
we argue as in example 1.1.8: for every f € C}(R") the functions a;, b; defined in (1.18)
are easily seen to satisfy

laclloo < Ct{flLip, llbellcy < Cllfleps 1Disbelloo < Ot [f]Lip-

Therefore, K(t, f, Co(R™), CE®™) < lapzlloe + b2l < CEV2| fllcy s0 that G (R™)
is in K1/2(Cb(Rn)7 Cf(R”))-

But C}(R") is not a real interpolation space between Cj(R") and CZ(R"), even for
n = 1. More precisely, there does not exist any constant C such that ||| L ®) <
CUIT Il czy) > I T (o) M? for all T € L(CF(R)) N L(Cy(R)).

Indeed, consider the family of operators

1 T
TN@ = | a0 - fO)dy, aeR

It is easy to see that ||T:| (¢, (r)) and ||7%]| L(c2(r)) are bounded by a constant independent
of €. Indeed, for every continuous and bounded f,

1
@ne) <z [ 2 fedy < 27 e

1 ZL’2 + y2 + 52
1.2, .2 .2

TetY(e) = | it () = FO))dy
and for every f € C}(R),

-2 3y* + 32
(Tgf)”(a:)z/1 "T((xzi;f; : /f )ds dy

M 2w 3y +38%) (Y, /
_/_1 @2 T2 +e2)° /O(f (s) = f(0))ds dy,

so that, if f € CZ(R),

x? + 3y? + 32
@ <ol [y < 31
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On the contrary, choosing f.(z) = (2% 4 £2)'/2n(z), with n € C(R), n =1 in [~1,1], we
get

U2 0 21/2 _ e (2 1 1\1/2 _
+¢e7) € 1 (s*+1) 1

v = [ W - / wryr =

(T:f:)'(0) / dy e 41 ds

1 y? + &2 £

so that lim._,0(7:f:) (0) = +o00, while the Cl} norm of f. is bounded by a constant inde-
pendent of e. Therefore HTEHL(Cbl(R)) blows up as € — 0. By theorem 1.1.6, C}(R) cannot

be a real interpolation space between Cj,(R) and CZ(R).

This counterexample is due to Mitjagin and Semenov, it shows also that C1([—1,1]) is
not a real interpolation space between C([—1,1]) and C?([—1,1]), and it may be obviously
adapted to show that for any dimension n, C,} (R™) is not a real interpolation space between
Cy(R™) and CZ(R™). O

Remark 1.3.4 Arguing similarly one sees that CF(R") is in Jl/z(Cffl(R"),CfH(R”))
N K 5(CyH(R™), CF P (R™)), for every k € N. Tt follows easily that for my < k < mg €
N, CF(R™) belongs t0 J(k—my)/(ms—mn) (Cp ™ (R™), C7"*(R™)). For instance, knowing that
Cj (R™) belongs to .J; j5(Cy(R™), CZ (R™)) and CF (R™) belongs to .J; 5(Cj (R™), i} (R™)) one
gets, for every f € CP(R™),

1£llcy < CIFINZISIgs < LI NSl 2

1/4

4
so that ||f||30/; < Cl”f”alxészHCbs )

which implies

1fllcy < CIFIRL 1A NS
that is, C}(R") belongs to J;3(Cy(R™), CE(R™)).

Now we are able to state the Reiteration Theorem. It is one of the main tools of
general interpolation theory.

Theorem 1.3.5 Let 0 < 0,01 <1, 0y # 01. Fiz 0 € (0,1) and set w = (1 — 0)0y + 66;.
The following statements hold true.

(i) If E; belong to the class Ky, (i =0,1) between X and Y, then
(Eo, E1)op € (X, Y )wp, Vp€[l,00], (Ep, Er)s C (X,Y ).
(ii) If E; belong to the class Jy, (i =0,1) between X and Y, then
(X,Y)wp C (Eo, Ev)op, Vpe[l,00], (X,Y), C (Eo,En)e.
Consequently, if E; belong to Ko.(X,Y) N Jp,(X,Y), then
(Eo, E1)op = (XY )wp, Vp€[L,00], (Ep,Er)g = (X,Y)s,

with equivalence of the respective norms.
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Proof. Without loss of generality (recalling that (E1, Eo)g, = (Eo, E1)1-6,p and (E1, Ep)s =
(Eo, E1)1-9) we may assume that 6y < 6.

Let us prove statement (i). Let k; be such that K (t,z) < k;t%||z| g, for every z € E;,
i =0,1. For each x € (Ey, E1)gp, let a € Ey, b € Ey be such that = a + b. Then

K(t,z,X,Y) < K(t,a,X,Y) + K(t,b, X,Y) < kot” || a| g, + k1% (|b]| &, -
Since a and b are arbitrary, it follows that
K(t,z, X,Y) < max{ko, ky 1P K(t%7% 2 Fy, Ey).
Consequently,
YK (t 2, X,Y) < max{ko, ky /O -0 g (100 5 Ey Er). (1.26)

By the change of variable s = t%1=% we see that t s t “K(t,2, X,Y) is in LE(0, 4+00),
which means that « belongs to (X,Y),, and

Iz ll(x,v)..,, < max{ko, ki} (01 — 00) " Pl|zll(my,m1),,, TP < 0,

2]l (x,v)0 0o < max{ko, k1}|zll(m,B1),,. P =00
If z € (Ey, F1)g, by (1.26) we get

}/u%t YK(t,z,X,Y) < max{ko, k1} hms "K(s,x, Fy, E1) =0,

and

lim t“K(t,z,X,Y) < max{ko,kzl} hm s VK(s,z, Ey, E1) =0,

t——+o0

so that z € (X,Y),.

Let us prove statement (ii). By proposition 1.2.2 and remark 1.2.4, every z € (X,Y ),
is the trace at t = 0 of a regular function v : Ry — X NY such that v(+o0) = 0,
t — 179/ (t) belongs to LL(0, 400, X), t — t27%v/(t) belongs to LL(0,+00,Y), and

||t1_wvl(t)||Lf(0,+oo,X) + ([ (¢ e 0,400,y) < kll2|1{x (X,Y)w
with k independent of x and v. We shall show that the function
g(t) = o(t/ =), >0,

belongs to V(p,1 — 6, Ey, Eq): since g(0) = x, this will imply, through proposition 1.2.2,
that x € (Eo, El)gyp
To this aim we preliminarly estimate [|v'(t)||g,, i = 0, 1. Let ¢; be such that

—6; 0; ;
lyllz, < eillyly “llylly vyeY, i=0,1.

Then
Cj

' )l < gl ™)l 57 (s)llys i =0, 1,

so that from the equalities

90+1—w:1—«9(91—00), 91+1—w:1+(1—0)(01—90),
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we get
(1) "0 (3)] (o, ocsie) < OB Iy .
(1.27)
(id) [+ 0= (5) | L0 4oy < cok |2 1% ),

From the equality v(t) = v'(s)ds and 1.27(ii), using the Hardy—Young inequality

(A.10)(ii) if p < oo, we get

t

UL
(1 _ 9)(91 ) (X,Y)w,p®

It follows that t +— t'=%¢(t) € L2(0, +o0; E1), and

||t(1_0)(91_00)v(t) ) <

0)(61—00)
— 00) Pty (1| o 0, 4ocs )

$1/(61-60)) 0 that, by (1.27)(i), ¢ — '~/ (1)
) € LE(0,+00; Ep), and

90)_1_1/p||t1_0 91—00)v/(t)

19O 220,00y < (61

Moreover ¢ (t) = (8; — 6p)~ 1t 1H1/(01=00)41(
= (91 —90) 1t(1 0(01—60))/ (01— 90)’0 (tl/ (61—60)

Htl —0

9 O 120, 400,50) < (01 — | 22 (0,403 E0) -

Therefore, g € V(p,1 — 0, Ey, E), so that = g(0) belongs to (Eo, E1)gp, and

2 £ < (61— 00kl Ty
If z € (X,Y),, then (1.27)(i) has to be replaced by
lim s' =700/ (5)] |, =0,
s—

so that 641/(01—60)
ti 1—Y%0

 don o 1041/ (61—00) _

lm 7]/ (1), = i gl (£ ) 5, = 0.

Similarly, (1.27)(ii) has to be replaced by

lim 81+(1—9)(6’1—¢90) H’U’(S) |

s—0

|E1 =0.

Using the equality

e1/(61—6p) tl_g +o00
1= 0(t) = tle/ V' (s)ds + —— (819/ V(s ds> ,
g() +1/(61—0p) ( ) gl-? e1/(01—06p) ( )

which holds for 0 < t < ¢, one deduces that lim; o t'~?||g(t)||5, = 0. O

Remark 1.3.6 The assumption 6y # 67 is not removable. Consider for instance the case
Ey = E1 = (X,Y)gy,00, which is in Ky, (X,Y). If statement (i) of the theorem would be
true for 6y = 01 then (X,Y ), .00 C (X,Y)g,p for each p < oo, which is false in general.

Remark 1.3.7 By proposition 1.2.3, (X,Y)s, and (X,Y)g are in Kg(X,Y) N Jo(X,Y)
for 0 <6 <1 and 1 < p < oo. The Reiteration Theorem yields

(X, Y)00,90+ (X, Y0101 )00 = (X, Y) (1-0)09+661 >
((X7 Y)907 (X7 Y)917CI)97P = (X7 Y)(1*9)90+991,p’

((Xa Y)eo,q’ (Xv Y)91)97p = (Xv Y)(1—0)90+9917P’
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for 0 < 0y,0; < 1,1 <p, ¢ < oo. Moreover, since X belongs to Ko(X,Y) N Jo(X,Y), and
Y belongs to K1(X,Y) N Ji(X,Y) between X and Y, then

(<X7 Y>90,Q7 Y>9,p - (X7 Y)(1—9)90+9,p7 ((X7 Y)907 Y)9 = (X7 Y)(1—0)90+97

and
(Xa (X? Y)GMJ)@,P = (X7 Y)9197p7 (Xv (X> Y)¢91)9 = (Xa Y)9197

for 0 < 6p,01 < 1,1 <p, g <oo.

1.3.1 Examples

The following examples are immediate consequences of examples 1.1.8, 1.1.10, 1.1.9 and
remark 1.3.7.

Example 1.3.8 Let 0 <61 <0, <1,0< 68 < 1. Then
(051 (Rn)’ ng (Rn))e,oo _ 015179)91+992 (Rn)
If Q is an open set in R™ with uniformly C' boundary, then
Example 1.3.9 Let 0<60; <0 <1,0<6<1,1<p<oo. Then
(WP (R?), WP (R"))g, = W0+ (RY),
If Q is an open set in R™ with uniformly C' boundary, then
(WP52(02), W27 () ) o0 = WO 020(0),

Example 1.3.10 Let (2, 1) be a o-finite measure space, and fix 1 < pg, p1. Then for
each ¢ < oo, 0 < 8 <1 we have

(L (82), L7 () = L),

with

1 1—-6 0
+—.
p Po P
Recalling that LPP(Q2) = LP(QY), and taking po = qo, p1 = q1, we get
1 1-60 9

(LP(2), LP*(2))g,q = LP(Q2), Po D1

In particular,

(LP(Q), LP* (), = LTY(Q) = LY(Q) for = <1 — pqo) (1 — ;;0) _1_
1

Another generalization of example 1.1.8 is the following.
Example 1.3.11 For0<6<1,1<p,qg< oo, meN,

(LP(R™), W™P(R"))g,q = By (R™).
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Here B, ,(R") is the Besov space defined as follows: if s is not an integer, let [s] and
{s} be the integral and the fractional parts of s, respectively. Then B,  (R") consists of

the functions f € WsIP(R") such that
s, =

= (L e ([ ot o - orieras) Q/p> )

|ar|=ls]

is finite. In particular, for p = ¢ we have B, ,(R") = W*P(R").
If s =k €N, then B£7q(R”) consists of the functions f € W*=1P(R") such that

o, = 5 ([ e

jal=[s]-1

(/n |D% f(x 4 2h) — 2D% f(x + h) + Do‘f(a:)\l’dx>q/p> 1/q

is finite. For m = 1 see exercise 5, §1.1.2. For the complete proof see [36, §2.3, 2.4].

1.3.2 Applications. The theorems of Marcinkiewicz and Stampacchia

Let (2, ), (A,v) be two o-finite measure spaces. Traditionally, a linear operator T :
LY(Q) 4+ L*®(Q) +— LY (A) + L>®(A) is said to be of weak type (p, q) if there is M > 0 such
that

swp oAy € A+ ITf ()| > o)V < Ml|f oo,

for all f € LP(Q). This is equivalent to say that the restriction of T' to LP(Q2) is a
bounded operator from LP(Q2) to L9°°(A). Indeed, by the properties of the nonincreasing
rearrangements,

supo(viy € A lg(y)] > o)1 = jggtl/qg*(t) = |lgl|Lae. (1.28)

T is said to be of strong type (p,q) if its restriction to LP(2) is a bounded operator
from LP(2) to LI(A).

Since L1(A) = L%%(A) C L%*°(A), then any operator of strong type (p,q) is also of
weak type (p,q).

Theorem 1.3.12 Let T : L' () + L>®(Q) + LY(A) + L>¥(A) be of weak type (po,qo) and
(p1,q1), with constants My, My respectively, and

1 <po, p1 £ 00, 1<qo, 1 <00,
q # q1, Po < qo, p1 < q1.
For every 6 € (0,1) define p and q by
1-0 6 1 1-60 0
+ +

1
p pm p ¢ @ @
Then T is of strong type (p,q), and there is C' independent of 6 such that

IT fll oy < CMy~ MY\ fllre(oy. f € LP(Q).
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Proof. For ¢ = 1,2, T is bounded from LPi(Q2) to L%°°(A), with norm not exceed-
ing CM;. By the interpolation theorem 1.1.6, T is bounded from (LP°(£2), LP1(€2))g, to
(L%:>°(A), L1>°(A))g p, and

1Tl (270 (2),L21 @),y (L0 (A, L1245, < CMy ™ MY,
On the other hand, we know from example 1.3.10 that
(LPO (), LP1(Q))gp = LPP(Q) = LP(Q),

and

L% (A) = (LY(A), L®(A)1-1/gi00, 0= 1,2

(it is here that we need ¢; > 1: L*°(A) is not a real interpolation space between L'(A)
and L>°(A)), so that by the Reiteration Theorem

(qu,oo(A)7 thoo(A))@,p = (LI(A)v L (A))(1—0)(1—1/q0)+0(1—1/q1),p

= (LY(A), L= (A))1-1/q,p-

The last space is nothing but L?P(A), again by example 1.1.10. Since py < qo and p; < q1
then p < ¢, so that L9P(A) C L?9(A) = Li(A). It follows that 7" is bounded from LP()
to LI(A), with norm not exceeding C" M}~ MY. O

Theorem 1.3.12 is slightly less general than the complete Marcinkiewicz Theorem,
which holds also for ¢p or ¢1 = 1.

Since every T of strong type (p, q) is also of weak type (p,q) we may recover a part of
the Riesz—Thorin Theorem from theorem 1.3.12: we get that if T" is of strong type (pi, ¢:),
1 = 0,1, with p;, ¢; subject to the restrictions in theorem 1.3.12; then T is of strong type
(p,q). The full Riesz—Thorin Theorem will be proved in Chapter 2.

Let f be a locally integrable function. For each measurable subset A C € with positive
measure i(A) we define the mean value of f on A by

1
-5 /A f(@)u(da

The space BMO(2) (BMO stands for bounded mean oscillation) consists of those locally
integrable functions f such that

S“p<oou /|f ~ falu(dz) <

O<p(A

If 1(Q) < oo we see immediately that L>(2) ¢ BMO(Q2) C LY(Q).
It is possible to show that if Q C R™ is a Lipschitz bounded domain, then BMO(£2) is
contained in each LP(€2), 1 < p < oo, and that the norms

1 » 1/p
11+ fl3i0p = 115 + sup (M(A) [ 1@~ 1 daz) C1<p<o

are equivalent in BMO(2). This was proved by John and Nirenberg in the well known
paper [24] in the case where ) is a cube. For such Q’s we may extend the result of example
1.1.10 to the interpolation couple (L(2), BMO(R)).
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Example 1.3.13 Let € be a bounded domain in R™ with Lipschitz continuous boundary.
Then for0 <0 <1,1<q < o0,

(L'(2), BLO(®)a, = LT7(%).
As a consequence we get the main part of the Stampacchia interpolation theorem.

Theorem 1.3.14 Let § be a bounded domain in R™ with Lipschitz continuous boundary,
let 1 <r <ooandletT € L(L"(2)) N L(L*(Q), BMO(R)), or else T € L(L"(2)) N
L(BMO(R)). Then T € L(LP(QY)) for every p € (r,00), and
r 1-r
1T oy < TN 1T 2 s

in the first case,
1
ITllzzey < CITI AT L B0

in the second case.

Proof. In the first case, the interpolation theorem 1.1.6 implies that 7" € L((L", L) p,
(L",BMO)y,,) for every 6 € (0,1) and p € [1,00], and

T (L 50V (L7 810, < IT N7 Lr)||THL L>,BMO)"

By example 1.3.10, (L"(£2), L>(Q))g,p

p = Lﬂ’p(Q). By example 1.3.13 and reiteration,
we still have

(L7(), BMO(Q))gp = LT77(€2).

Taking § =1 — r/p (so that /(1 — ) = p) gives the first statement through the equality
LPP(Q) = LP(Q)). The proof of the second statement is similar. O

Campanato and Stampacchia ([15]) used the above interpolation theorem to prove
optimal regularity results for elliptic boundary value problems, as follows.

Let .
A= " Di(a;(z)D;)
ij=1
be an elliptic operator with L coeflicients in a bounded open set 2 C R™ with regular
boundary. If f;;, i =0,...,n are in L?(f2), a weak solution of the Dirichlet problem

Au=f inQ,

u =0 in 992

is any u € H}(Q) such that for every ¢ € C§°(£) it holds

/Za” )Dju(z)Dip(z)dx = — /fo dl“‘i'/ZfJ

,j=1

Using the Lax-Milgram theorem, it is not hard to see that the Dirichlet problem has a
unique weak solution u, and [|ul g1 < O30 || fjllz2- This is a first step in several basic
courses in PDE’s; see e.g. [8, Ch. IX] or [1]. The second step is a regularity theorem: if
fj = 0 for each j and the coefficients a;; € C1(Q2), then u € H%(Q) and ||u| g2 < C||foll2-
See again [8] or [1].

Moreover Campanato in [14, Thm. 16.1I] was able to prove the following:
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(i) if the coefficients a;; are in C*(Q2) for some o € (0,1) and the functions f; are
in BMO(Q), then each derivative D;u belongs to BMO(?), and || Diullpmo2 <

C>7i o lfillBmo,2;

(ii) if the coefficients a;; are in C1T*(Q) for some a € (0,1), f; = 0 and fo € BMO(S),
then u € H?({2) satisfies the equation a.e., each second order derivative D;;u belongs
to BMO(R), and ||Dyjullsmo2 < Cllfol Bro.2-

In case (i), applying theorem 1.3.14 with r = 2 to the operators T;, i = 1,...,n,
defined by T;(fo,..., fn) = Dju, u being the solution of the Dirichlet problem, we get
that if the f;’s are in LP(§2), 2 < p < oo, then each derivative D;u belongs to L”(Q2), and
[ Diullr < C 320 g [ fjll e

In case (ii), applying again theorem 1.3.14 with » = 2 to the operators Tj;, i,j =
1,...,n, defined by Tj;fo = Dju, we get that if fo € LP(2), 2 < p < oo, then each
derivative Dj;ju belongs to LP(Q2), and ||Djjullrr < C||folre-

1.3.3 Exercises
1) Show that for 0 < 0 < 1,60 # 1/2,
(Cy(R™), CF(R™))g,00 = Cp°(R™).

Hint: prove that (C}(R"),CZ(R™))a0o = Cp *(R™) using example 1.1.8, then use the
Reiteration Theorem with E = C}}(R™).

2) (extreme cases in reiteration)

(a) Using the examples of §1.1.1 find some interpolation couple (X,Y’) and intermediate
spaces in the classes Jy, J1, K1 between X and Y that do not coincide with X or Y.

(b) Give a direct proof of statement (ii) of the Reiteration Theorem in the case (6o, 61) =
(0,1).
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Complex interpolation

The complex interpolation method is due to Calderon [13]. It works in complex interpola-
tion couples. It may sound “artificial” compared to the more “natural” real interpolation
method of chapter 1, see next definitions 2.1.1 and 2.1.3. It is in fact an abstraction and a
generalization of the method used in the proof of the Riesz—Thorin interpolation theorem,
which we show below.

The theorem of Riesz—Thorin. Let (2, pu), (A,v) be o-finite measure spaces. Let
1 < po, p1, g0, 1 < 00 and let T : LP°(Q) + LP' () — L (A)+ L9 (A) be a linear operator
such that

T € L(LP°(Q), L (A)) N L(LP*(§2), LI (A)).

Then

T e L(LP?(Q),L%(A)), 0<6 <1,
with 1 1-6 6 1 1-6 0

1=, 01 1=, 0 (2.1)
Do Po P11 Qg9 qo q1

and setting M; = ||T|(zri ()29 (A)), @ = 0,1, then

IT || £(zr0 (), L9 () < My O M.

In the case that some of the p;’s or the ¢;’s is co the statement still holds if we set as usual
1/00 = 0.

Proof — We recall that the set of the simple functions (= finite linear combinations of
characteristic functions of measurable sets with finite measure) a : Q — C is dense in
LP(Q2) for every p € [1,4+00), and the set of the simple functions b : A — C is dense in
L%(A), for every q € [1,+00). Moreover, for each measurable function f : A +— C we have

/ £(2)b() v(da)
A

1
I llzaqa) = sup
| HLq’(A)

where b # 0 varies in the set of the simple functions from A to C.

Let a : Q — C be a simple function. Then a € LP(Q) for each p € [1,4o0]; in particular
a € LP?(Q). To estimate | Tal[L%(A) we use the above characterization of the L%-norm,
i.e. we estimate the integral

/ (Ta)(2)b(x) v(dz)
A

35
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where b: A — C is any simple function. To this aim, for every z € S={z=x+iy e C:
0 <z <1}, we define

1—2 z
(@) U5 3 8t e 0, o) £0,

0, ifxeQ, a(z) =0,
) (1=2_, =z
( )( ) |b($)|q9( q6 +ql1) |2E;;|7 if € A’ b(:E) 75 O’
g(2)(x) =
0, ifz e, blx)=

Then f(0) = a, g(f) = b and for each z € S, f(z) € LP(Q) for every p, g(z) € LI(A) for
every ¢. In particular, f(z) € LP°(Q) N LP1 () so that T'f(z) € L9 (A) N L9 (A), and the
function

FSeC, F(z):/ATf(z)g(z)u(d:U)

is well defined, holomorphic in the interior of S, continuous and bounded in S, and F(0) =
Jy(Ta)(z)b(x) v(dx) is the integral that we want to estimate. For every t € R we have

B0 < IT £l L1000 19685y < 1T agarogen,onoan iy 161545,

[FA+a)] < (TFA+ )| pa@llgt +it)ll o,

/
< TNz @y lallfih ”b”qfq;lm

By the three lines theorem (see exercise 2, §2.1.3) we get

(sup [F(it)]) !~ (sup [ F (1 +it)])’
teR teR

IF(0)] = ’/ATaby(dx)

IN

HTHL LPo(Q),L0(A)) HTHi(Lpl (€),L91 (A))HGHLPG (Q)HbHLq{g(A)'

Since || T'al|r9 (a) is the supremum of [F'(6)|/]|b|| L% When b # 0 runs in the set of the

simple functions on A, we get

[Tl Lo (n) < HTHL LP0(Q), L0 17N ¢ Lor 2y 2 ayy ol oo ()
(92),L90(A))

for every simple function a : € +— C. Since the set of such a’s is dense in LP¢(Q) the
statement follows. [J

Taking in particular p; = ¢;, we get that if T' € L(LP(Q2), LPo(A)) N L(LP* (), LP1(A))
then T' e L(L"(2), L"(A)) for every r € [po, p1].

The crucial part of the proof is the use of the three lines theorem for the function F.
The explicit expression of F' is not important; what is important is that F' is holomorphic
in the interior of S, continuous and bounded in S, that F'(¢) leads to the norm ||T'a| £ (a),
and that the behavior of F in ¢R and in 1+4R is controlled. Banach space valued functions
of this type are precisely those used in the construction of the complex interpolation spaces.
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2.1 Definitions and properties

Throughout the section we shall use the maximum principle for holomorphic functions with
values in a complex Banach space X: if ) is a bounded open subset of C and f : Q +— X
is holomorphic in Q and continuous in Q, then ||f(¢)|lx < max{||f(2)||x : z € 99}, for
every ¢ € . This is well known if X = C, and may be recovered for general X by the
following argument. For every ¢ € Q let 2’ € X’ be such that ||f({)|lx = (f(¢),2") and
|z’ x» = 1. Applying the maximum principle to the complex function z — (f(z), ') we
get
IF(Ollx = [{(f(©),2)] < max{|(f(2),2)| : z € 092}

IN

max{||f(2)|x : z € 00}.

The maximum principle holds also for functions defined in strips. Dealing with complex
interpolation, we shall consider the strip

S={z=z+iyeC: 0<z <1}

If f: S5+ X is holomorphic in the interior of S, continuous and bounded in S, then for
each ( € S
1 (O)llx < max{sup [ f(it)|x, sup || f(1+it)|[x}.
teR teR

See exercise 1, §2.1.3.

Let (X,Y) be an interpolation couple of complex Banach spaces.

Definition 2.1.1 Let S be the strip {z=x+iy € C: 0 <z <1}. F(X,Y) is the space
of all functions f: S — X +Y such that

(i) f is holomorphic in the interior of the strip and continuous and bounded up to its
boundary, with values in X +Y;

(ii) t — f(it) € Cy(R; X), t — f(1+it) € Cy(R;Y), and

£l 7ex ) = max{sup [| £ (@) x, sup [ f(1 + i) [y} < oo.
teR teR

Fo(X,Y) is the subspace of F(X,Y) consisting of the functions f : S +— X +Y such that

lim [[f(it)[[x = 0, tllim [F (L +at)]ly = 0.

[t|—o0 |

It is not hard to see that F(X,Y’) and Fy(X,Y) are Banach spaces. Indeed, if f, is a

Cauchy sequence, the maximum principle gives, for all z € S,
1fn(2) = frn(2) | x4y
< max{supeg || fn(it) = fin (i) [ x v, suprer [|fn(1 +it) = fn (1 +it)[[ x4y}

< max{supyeg || fn(it) = fin(it) ] x, supper [ fo(1 +it) = fin (1 +it)|[y }.

Therefore for every z € S there exists f(z) = lim, o0 fn(z) in X +Y, and it is easy to see
that f € F(X,Y). Since t — fy(it) converges in Cp(R; X) and ¢ — fp,(1 + it) converges
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in Cp(R;Y), then f, converges to f in F(X,Y). Moreover, since Fyo(X,Y) is closed in
F(X,Y), then Fy(X,Y) is a Banach space too.

An important technical lemma about the space Fy(X,Y) is the following one. Its
intricate proof is due to Calderon [13, p. 132-133]. A very detailed proof is in the book of
Krein—Petunin—Semenov [28, p. 217-220].

Lemma 2.1.2 The linear hull of the functions e‘SZQJ”\Za, 0>0, eR,ac XNY, is
dense in Fo(X,Y).

The complex interpolation spaces [X, Y]y are defined through the traces of the functions
in F(X,Y).

Definition 2.1.3 For every 0 € [0,1] set

X,Y)p={f(0): feFX,Y), = inf .
X.Y]p=(£0): f € FXYD Nalry, = o s

[X,Y]y is isomorphic to the quotient space F(X,Y)/Ny, where Ny is the subset of
F(X,Y) consisting of the functions which vanish at z = . Since Ny is closed, the quotient
space is a Banach space and so is [ X, Y.

Some immediate consequences of the definition are listed below.

(i) For every 6 € (0,1),
[X7Y]9 - [Y,Xh,g.

(ii) We get an equivalent definition of [X, Y]y replacing the space F(X,Y’) by the space
Fo(X,Y). Indeed, for each f € F(X,Y) and § > 0 the function fs(z) = *G=9 f(2)

is in Fo(X,Y), f5(0) = £(0), and || fsll r(x,y) < max{e®®, X0} fllx(xy). Let-
ting § — 0 we obtain also

inf = inf )
fE]'—(X,Y)’ f(@):a Hf”]'—(X,Y) foo(X,Y), f(@):a Hfo(X,Y)

(iii) Y = X then [X, X]y = X, with identical norms (see exercise 1, §2.1.3).

(iv) For every ¢ € R and for every f € F(X,Y), then f(0 + it) € [X,Y]p for each
0 € (0,1), and ||f(0 + it)|l(x,y), = [If(@)llx,y),- (this is easily seen replacing the
function f by g(z) = f(z +1it))

Finally, from lemma 2.1.2 it follows that X NY is dense in [X, Y]y for every 6 € (0,1).
In the present chapter, this fact will be used only in example 2.1.11.

Proposition 2.1.4 Let 0 < 0 < 1. Then

XNY C[X,Y]yC X+Y.

Proof — Let a € X NY. The constant function f(z) = a belongs to F(X,Y), and

11l 7x,yy < max{flallx, [lally}

Therefore, a = f(0) € [X,Y]p and |[la||(x,y), < llallxny-
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The embedding [ X, Y]y C X+Y follows again from the maximum principle: if a = f(0)
with f € F(X,Y) then

lallx+y < max{sup;e [ (@)l x v, suprer [|f (1 +it) [ x4y}

< max{supseg ||/ (it)||x, supser | /(1 +t)[ly} = [ fll7xv)

so that lal|xty < [lallix,y),- O

Remark 2.1.5 Let V(X,Y) be the linear hull of the functions of the type p(z)x, with
0 € Fo(C,C) andz € XNY. Ifae XNY, its [X,Y]g-norm may be obtained also as

= inf . 2.2
lallx,v), feV(X,lil/l),f(G):aHfH]:(X’Y) (2.2)

lallix,y), +¢- Let 2+ r(2) be a function continuous in S and holomorphic in the interior
of S with values in the unit disk, and such that () = 0, r'(0) # 0, r(z) # 0 for z # 6.
For instance, we may take

Proof — For each ¢ > 0 let fo € Fo(X,Y) be such that fo() = a and [/ fol| r(xy) <

z—0

m, ZGS

r(z) =

Set
fo(z) — =07
r(z) ’
Then f; € Fy(X,Y), so that by lemma 2.1.2 there exists a function

zeS.

fi(z) =

fa(z) = Z exp(6r2% + Vu2) Tk,
k=1

with 6, > 0, v, € R, 2, € X NY, such that ||fi — fol 7(xy) < & Set
flz) = 0% r(2)fa(2), z€S.
Then f € V(X,Y) and
Ifll7x,yy < llfollrxyy + IIf = follrex,vy < llallix,y), + 26

Remark 2.1.5 will be used in theorem 2.1.7 and in theorem 4.2.6.
We prove now that the spaces [X, Y]y are interpolation spaces.

Theorem 2.1.6 Let (X1,Y1), (X2,Y2) be complex interpolation couples. If a linear oper-
ator T belongs to L(X1,X2) N L(Y1,Y2), then the restriction of T to [X1,Y1]g belongs to
L([X1,Y1])e, [ X2, Y2]p) for every 6 € (0,1). Moreover,

1T L3 ¥l 2 Yal) < (NN 2 o) P UIT | £ya.ya))?- (2.3)
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Proof — First let || T|5(x, x,) 7 0 and [|T||1(v; v5) # 0. If @ € [X1, Y1]p, let f € F(X1,Y1)
be such that f(0) = a. Set

g(z) = (HT‘L(XL)(?))ZGTf(Z) scS
1T vy, v2) ’ '

Then g € F(X»,Y3), and
lg(it)llxe < (TN e, 30) " UT ey, ve)’ 1 (@) 1 x,

g +it)llvs < (ITNLexs,x20) "~ AT Npevave) I L+ it)llys.

so that [|g]l £(xv2) < (TN nexs, ) "2 UIT | novava) )P Il Il (X1 31)- Therefore Ta = g(8) €
[XQa }/2]9) and

ITallx,vas < 1917 xv2) < (T L )P AT Loy va)) L L2 v -

Taking the infimum over all f € F(X;,Y7) we get

ITall(x,v50 < (TN e xe) ™ AT Ey va)lallx, vage-

If either ||T]|1(x, x,) OF [Tl L(v1,v») vanishes, replace it by & > 0 in the definition of g
and then let ¢ — 0 to get the statement.
If both [Tl L(x,,x,) and [Tl L(v;,y,) vanish, set g(z) = T'f(z). O

Theorem 2.1.6 has an interesting extension to linear operators depending on z € S.

Theorem 2.1.7 Let (X1,Y1), (X2,Y2) be complex interpolation couples.

For every z € S let T, € L(X1 NYy, Xo + Ys) be such that z — T,x is holomorphic
in S and continuous and bounded in S for every x € X1 NYy, with values in Xo 4+ Y.
Moreover assume that t — Tyx € C(R; L(X1, X2)), t — Thiyz € C(R; L(Y1,Y32)) and that
I Titll noxi,x2)> 1Tititllnovi,ve) are bounded by a constant independent of t.

Then, setting

Mo = sup |Tiell £x,,x2), M1 = sup | Tivitl Loy, ve)
teR teR

for every 6 € (0,1) we have
—0
1Tollx va)y < Mo~ MYl 1, va

so that Ty has an extension belonging to L([X1,Y1]g,[X2,Y2]g) (which we still call Tp)
satisfying
1Tl (61 3o X210y < M~ MY (2.4)

Proof — The proof is just a modification of the proof of theorem 2.1.6.
Assume first that My and M are positive. For every a € X1 NY7 let f € V(X1,Y7) be
such that f(0) = a (see remark 2.1.5), and set

My

9(z) = (M)z_eTzf(z), zes.
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Then g € F(X»,Y3) and

lg(it)llx, < Mo~ M| f(it)]x,,

lg(1 +it)lly, < My~ MY || (1 +it)]vs,
so that HQHT(XQ,YQ) < Mol_erHfo(thl). Therefore Typa = g(0) € [X2, Y2y, and

Tya < M}=0M0 inf ,
|| 0 ||[X2,Y2}9 = 0 1 fEV(Xth),f(G):(l||f||]:(X1’Y1)

but by remark 2.1.5,

— inf
lallix, v, VDS, £(6)=a 1l 7(x1v1)5

and the statement follows.
If either My or M; vanishes, replace it by ¢ in the definition of g, and then let ¢ — 0.
If both My and M; vanish, define g by ¢g(z) = T, f(z) and follow the above arguments. [J

Let us come back to theorem 2.1.6 and to its consequences. The same proof of corollary
1.1.7 (through the equality [C,Clyp = C with the same norm) yields

Corollary 2.1.8 For every 6 € (0,1) we have

yllixvie < lyllxClyll, vy e XnY. (2.5)

Therefore, [X,Y]y € Jo(X,Y'). This means that (X,Y)g; C [X, Y]y, thanks to propo-
sition 1.3.2. It is also true that [X,Y]g C (X,Y)p0; to prove it we need the following
lemma, which gives a Poisson formula for holomorphic functions in a strip with values in
Banach spaces.

Lemma 2.1.9 For every bounded f : S — X which is continuous in S and holomorphic
in S we have

f(2) = fo(2) + fi(2), z=x+1iy €S,

where
2)= | "W Dsin(nz f(it)
fo(z) /]R ( )sinz(mv) + (cos(mz) — exp(m(y — t)))? at,
(2.6)
2)= [ W Dsin(ra S +it)
hz) /R ’ ( )sin2(7rx) + (cos(mz) 4+ exp(m(y — t)))? dt.

Sketch of the proof — Let first X = C. Then (2.6) may be obtained using the Poisson
formula for the unit circle,

U S SRS 1
M=o

= — dX, |¢] <1,
3 o e

(which holds for every f which is holomorphic in the interior and continuous up to the
boundary), and the conformal mapping
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which transforms S into the unit circle. If X is a general Banach space (2.6) follows as
usual, considering the complex functions z — (f(2),2’) for every 2/ € X', and applying
(2.6) to each of them. [

Proposition 2.1.10 For every 6 € (0,1), [X,Y ]y € Ko(X,Y), that is [X,Y ]y is continu-
ously embedded in (X,Y )y -

Proof — Let a € [X,Y]y. For every f € F(X,Y) such that f(0) = a split a = fo(8)+ f1(6)
according to (2.6).
Note that for z = x + iy € S we have
1
sin?(mz) + (cos(mx) — exp(m(y — t)))?2

0< / ™ sin(mz) dt <1,
R

m(y—1) g 1
0< /Re Sm(ﬁx)siHQ(mU) + (cos(mz) + exp(m(y — t)))
Indeed, both kernels are positive so that both integrals are positive; moreover if f is
holomorphic in S, continuous and bounded in .S and f = 1 on iR and on 1+4R then f =1
in S, so that the sum of the integrals is 1.
Therefore for every z € S, fo(z) € X, | fo(2)||x < sup,er ||f(i7)||x, and fi(z) € Y,
| f1(2)|ly <supyeg ||f(1+4i7)|ly. Then for each t > 0 we get

2dt<1.

K(t,a) < |[fo(0)lx +tllf1(0)lly < sup|[f(ir)llx + tsup [|f(1+i7)]]y
TER TER

The function g(z) = t97%f(2) is in F(X,Y), and ¢() = a. Applying the above estimate
to g we get

K(t,a) < sup || f(ir) | xt’ + tsup || f (1 +im)|[yt"" < 26| fll 7y
TER TER
Since f is arbitrary,
K(t,a) < 2t%al|x v,

and the statement follows. [J

By corollary 2.1.8 and proposition 1.1.3, [X,Y]p € Jo(X,Y) N Kp(X,Y).

This implies, through proposition 1.1.4, that [X,Y]s, C [X, Y], for 6; < 63 whenever
Y C X.

This also allows to use the Reiteration Theorem to characterize the real interpolation
spaces between complex interpolation spaces. We get, for 0 < §; < 0y < 1,0 < 0 < 1,
1 <p<oo,

([Xa Y]917 [Xv Y]@z)@,p = (Xv Y)(1—9)6'1+002,p'
Further reiteration properties are the following. Calderon ([13]) showed that if one of the

spaces X, Y is continuously embedded in the other one, or if X, Y are reflexive and XNY
is dense both in X and in Y, then

[[Xv Y]917 [X7 Y]92]9 = [X7 Y](1—0)01+9627

Lions ([30]) proved that if X and Y are reflexive, then for 0 < 6; < 03 < 1,0 < 6 < 1,
1 <p<oo,
(X, Y0, (X5 Y )0, plo = (X, Y) (1-0)01 400 -
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The question whether [X,Y]s coincides with some (X,Y)g, has no general answer.
We will see in the next chapter (sect. 3.4) that if X and Y are Hilbert spaces then

[X,Y]g = (X, Y)972, 0<6<1,

but in the non hilbertian case there are no general rules. See next examples 2.1.11 and
2.1.12.

2.1.1 Examples

Example 2.1.11 Let (2, 1) be a measure space with o-finite measure, and let 1 < pg, p1 <
o0, 0< 0 < 1. Then

1 1-60 0
LP(Q), LPY(Q)]g = LP(Q), — = + =,
(L@, L@ = (), ===+

and their norms coincide. (In the case pg = oo or p1 = oo the statement is correct if we
set as usual 1/00 =0).

Proof — The proof follows the proof of the Riesz—Thorin theorem at the beginning of the
chapter.

We recall that LPO(Q2) N LP1(Q) is dense both in LP(€2) and in [LP0(Q), LP'(£2)]e.

Let a € LPo(Q) N LP1(2). We may assume without loss of generality that ||a|rr = 1.
For z € S set

F(2)(@) = la()P (5 +50) ‘;‘Eg‘, it 2 € 0, a(x) 0,

f(z)(z) =0, ifz e, a(z) =0.

Then f is continuous in S and holomorphic in the interior of S with values in LP°(Q) +
LP1(Q), and for each t € R

F@8)(@)] = la@)[7, [|f @)oo < a2 =1,

FA+it)(@)] = la(@)7, £+ i) < lalf? = 1.
)

Moreover, t +— f(it) is continuous with values in LP°(Q2) and ¢t +— f(1 + it) is continuous
with values in LP1(Q2). Therefore, f € F(LP°(Q), LP*(Q2)) and || f||l7(zro,rr1) < 1. Since
f(0) = a, then

lallizro,Ler)y < 1= lal|ze-

To prove the opposite inequality we remark that

1= Jlalr = sup {\ | atepiontas)

:be LPoNLPL ||b]| .y = 1}.

For every b € LPo 0 LP with ||b]|, = 1 set, as before

9(2)(a) = o) U ) D)

, ifzeQ, b(x) #0,

g(z)(x) =0, ifx €Q, b(x) =0,
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and define, for every f € F(LP°, LP') such that f(0) = a,

F(:) = [ 1)) @)e, = €.

Then F' is holomorphic in the interior of S and continuous in S, so that the maximum
principle (see exercise 2, §2.1.3) implies that for every z € S it holds

IP(2)] < max{sup | F(it)], sup |F(1 + i)}
teR teR
But |F(it)| and |F(1 + it)| may be easily estimated:

F(it)] < £ @) rollg(@t) = 17| oo D770 = | £(it)l| oo
[F(L+it)] < [[F(1+it)]| o [lg(1 + it)]|

/
L1

= [LF QL+ i) o 6] 7 = 1 (1 +i8) 11,

so that _ ‘
|F'(2)| < max{supscp [|f(i)[ zro, supser || f(1 + it)|[ze1 }

< Hf”]—‘(LPo,Lm), zeS.
Therefore,

/Qa(:n)b(:v)dx

= [FO)] < [1fl7zro,Levy-

Since b is arbitrary,
lallzr < Hf”]-'(LPO,LPl)-
Since f is arbitrary,
lallzr < llallfzeo,r1,-
Therefore the identity is an isometry between LPON LP! with the LP norm and LP°N LP!
with the [LPo, LP1]y norm. Since LP° N LP' is dense respectively in LP and in [LFo, LP1]y,
the statement follows. [J

Example 2.1.12 For0<6<1,1<p<oo, meN,
[LP(R™), WP (R™)]g = H™P(R™).
The proof is in [36, §2.4.2].
We recall that for s > 0
H (R = {f € PR ¢ ||fller = |F~1(1 + |of2)2F 1 < o0},
where F is the Fourier transform. It is known that if s = k is integer then
H"P(R") = WEP(R™), ke N.
Moreover it is known that
B, ,(R") C H*P(R") C By 5(R"), 1<p<2,
S o(R") C HP(R™) C B, ,(R"), 2<p < oo,

and the inclusions are strict if p # 2. See [36, §2.3.3]. We recall (example 1.3.11) that
(LP(R™), W™P(R™))g,, = BIY(R™). Therefore

[LP(R™), W™ P(R")]g 7 (LP(R"), W™P(R™)),p

unless p = 2.
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2.1.2 The theorems of Hausdorff-Young, Riesz—Thorin, Stein

Applying theorem 2.1.6 to the spaces X; = LP°(Q2), Xo = LP(A), Y1 = LP(Q)), Yo =
L7 (A) and recalling example 2.1.11 we get the Riesz—Thorin theorem, as stated at the
beginning of the chapter. However, the proof of example 2.1.11 is modeled on the proof
of the Riesz—Thorin theorem, so that this has not to be considered an alternative proof.

An important application of the Riesz—Thorin theorem (or, equivalently, of theorem
2.1.6 and example 2.1.11) is the theorem of Hausdorff and Young on the Fourier transform
in LP(R"). We set, for every f € LY(R"),

1 —i{z, n
FIW) = s [ N f@e, ke

As easily seen, || Ff| 2 = | fllz2 for every f € C§°(R™), so that F is canonically extended
to an isometry (still denoted by F) to L%(R™).

Theorem 2.1.13 If 1 < p < 2, F is a bounded operator from LP(R™) to ¥ (R™), p/ =

p/(p—1), and
1

H]:HL(LP,LP’) < W'

F € L(LPo,L%) for every 6 € (0,1), pp and gy being defined by (2.1): pg = 2/(1 + ),
g0 =2/(1 — 6) = pj. Moreover,

Proof — Since || F| p1,100) < (2)~"/2 and | Fl L2y = 1, by the Riesz—Thorin theorem

B 1 2/p—1
||]:||L(Lp@7Lpg) = ||~7'—||%(L1,Loc)H]:H};(gz) < (W) . (2.7)

The use of the Riesz—Thorin theorem may be avoided by using directly the results of
theorem 2.1.6 and of example 2.1.11: by theorem 2.1.6 F is a bounded operator from
[LY, L% to [L>, L2y for every 6 € (0,1); by example 2.1.11, [L!, L%y = LP?, py = 2/(1+6),
and [L>®°, L%y = L%, qy = 2/(1 — ), with identical norms. Therefore, (2.7) holds.

When 6 runs in (0,1), pg = 2/(1 4 0) runs in (1,2), and the statement is proved. [J

A useful generalization of the Riesz-Thorin theorem is the Stein interpolation theorem.
It is obtained by applying theorem 2.1.7 to the interpolation couples (LPO(2), LP1(2)),
(L% (A), L9 (A)), using the characterization of example 2.1.11.

Theorem 2.1.14 Let (Q, 1), (A,v) be o-finite measure spaces. Let po, p1, qo, q1 € [1, 0]
and define as usual pg, qg by

1 1- 6 1 1—-6 6
= +—, —= +—, 0<O<1
Do bo b1 g 40 q
Assume that for every z € S, T, : LPO(Q) N LPY(Q) — L9P(A)+ L2 (A) is a linear operator
such that

(i) for each f € LPo(Q) N LPY(Q), z — T,f is holomorphic in the interior of S and
continuous and bounded in S with values in L9 (A) + L9 (A);

(ii) for each f € LPo(Q) N LPL(Q), t — Ty f is continuous and bounded in R with values
in L(A), t — Tiyif is continuous and bounded in R with values in LI (A);
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(iii) there are My, My > 0 such that for each f € LP°(2) N LP(Q2),

Sup 1T ) fll Lo (a) < Moll £l Lro(02) Sup 1T @) fll Lo (a) < Mall £l Ler (0)-
(S S

Then for each 6 € (0,1) and for each f € LP°(2) N LP () we have

1Tyl oo (ay < My~ MY|| £l oo )-

Therefore, Ty may be extended to a bounded operator (which we still call Ty) from LPé(Q2)
to LY (A), with pg and qg defined in (2.1), and

1Tyl (zro ()19 (n)) < MEOMY.

Theorem 2.1.14 has a slightly sharper version, stated below, obtained modifying the
direct proof of the Riesz—Thorin theorem. We recall that if (€2, u) is a measure space, a
simple function is a (finite) linear combination of characteristic functions of measurable
sets with finite measure.

Theorem 2.1.15 Let (Q, 1), (A,v) be o-finite measure spaces. Assume that for every
z €8, T, is a linear operator defined in the set of the simple functions on €, with values
into measurable functions on A, such that for every couple of simple functions a : Q +— C
and b : A — C, the product T,a - b is integrable on A and

ZF*/kaM@meM@,
A

is continuous and bounded in S, holomorphic in the interior of S.
Assume moreover that for some p;, q; € [1,+00], j = 0,1, we have

[ TitallLao(ay < Mollallzeo(), [[T1+itallLa (a)y < Mollallpr @), t € R,

for every simple function a. Then for each 6 € (0,1), Ty may be extended to a bounded
operator (which we still call Tp) from LP?(2) to L% (A), with pg and gy defined in (2.1),
and

1Tl L.(Lro (02),L90 () < ME0MY.

Proof — The proof is just a modification of the proof of the Riesz—Thorin theorem. For
every couple of simple functions a2 — C, b : A — C, we apply the three lines theorem to
the function

F(:) = [ 7o) o(e) v(da)
where f and g are defined as in the proof of the Riesz—Thorin theorem, i.e.

F)@) = la@) (5 o) LD

, ifz e Q, a(z) #0;

f(z)(z) =0, ifz e, a(z) =0.

(2 2) b(x) .
P, P f A
0 B ’b(x)|, 1Ir e Y b(:I;) # 0’

<
—
I
S~—
—~
8
~
I
=
—~
8
=
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g(z)(x) =0, ifx €A, b(x)=0.
We get
[F(0)] =

[ B @pla) vido)| < ME M ol oo 0]
so that
ITal| ooy < My~ MY al| Lro (o,

for every simple a defined in €2. Since the set of such a’s is dense in LP?(Q2) the statement
follows. [J

2.1.3 Exercises

1) The mazimum principle for functions defined on a strip. Let f : S +— X be holomorphic
in the interior of S, continuous and bounded in S. Prove that for each ( € S

IF (O < max{sup |[f(it)|, sup || f(1 +it)]|}.
teR teR

(Hint: for each e € (0,1) let zp be such that || f(z0)|| > || f|lco(1 —€); consider the functions
fs5(2) = exp(8(z — 20)?) f(2), and apply the maximum principle in the rectangle [0,1] x
[— M, M] with M large).

2) The three lines theorem. Let f : S — X be holomorphic the interior of S, continuous
and bounded in S. Show that

1£O)Ix < (sup [|£(it) [ x)" " (sup | F(1 +it) [ x)’, 0<6 <1,
teiR teiR

This estimate implies that if f vanishes in ¢R or in 1 + iR then f vanishes in S.
(Hint: apply the maximum principle of exercise 1 to p(z) = e**f(z) and then choose A > 0

properly).
3) Show that [X, X]p = X, with identical norms.
4) Using Lemma 2.1.2 prove that X NY is dense in [X, Y]y for every 6 € (0,1).
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Chapter 3

Interpolation and domains of
operators

3.1 Operators with rays of minimal growth

Let X be a real or complex Banach space with norm || - ||. In this section we consider a
linear operator A : D(A) C X — X such that

p(A) D (0,00), M : AR\, A)|px) < M, A >0, (3.1)

Since p(A) is not empty, then A is a closed operator, so that D(A) is a Banach space with
the graph norm ||x||p4) = [|z[| + [[Az||. Moreover for every m € N also A™ is a closed
operator (see exercise 1, §3.2.1).

This section is devoted to the study of the real interpolation spaces (X, D(A))gp, and,
more generally, (X, D(A™))gp. Since for every t, w € R the graph norm of D(A™) is
equivalent to the graph norm of D(B™) with B = e'f(A + wI), the case of an operator B
satisfying

p(B) D {Xe: X> X}, IM : AR, B)|nx) < M, A> X

for some @ € [0,27), A\g > 0, may be easily reduced to this one. The halfline r = {\e? :
A > Ao} is said to be a ray of minimal growth of the resolvent of B. See [2, Def. 2.1].

Proposition 3.1.1 Let A satisfy (3.1). Then
(X,D(A))gp ={r € X : A= p(\) = N JAR(\, A)z| € L2(0, +00)}

and the norms ||x||gp and
116, = llzll + ol 2.0, 4+00)

are equivalent.

Proof. Let x € (X,D(A))pp. Then if v = a+ b with a € X, b € D(A), for every A > 0
we have

NJARN, A)z|| - < N AR(N, A)all + M[|R(A, A)Ab|
< (M +1)N||al| + MNO—1|| Ab||
< (M +1)M(lall + A7 bl peay)

49
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so that
NJAR, A)z|| < (M + DN KA L ).

With the changement of variables A — A~ we see that the right hand side belongs to
LE(0,00), with norm equal to (M + 1)|z[lg,. Therefore p(\) = M||AR(\, A)z| is in
L2 (0,00), and

lls,p < (M + 1)][x[l,p-

Conversely, if ¢ € L£(0,00), set for every A > 1
x=ay+by=—AR\ A)x + AR\, A)z,

so that
MEANY z) S M(JAR, A)z|| + AHAR(A, A)z|| p(a))

= N 2IAR, A)z|| + || R(X, A)z]).
The right hand side belongs to LY(1,00), with norm estimated by
1 1/p
2l|z||5 M| ————
el + 31 (=g ) el p< o0,

2|l 00 + Mllzll, p = oo
It follows that t — t =YK (t,x) € L£(0,1), and hence z € (X, D(A))g, and

[

o0 < Cp(llzllp,, + llz])-

The following notation is widely used.
Definition 3.1.2 For 0 <0< 1,1 <p< oo we set
Da(0,p) = (X, D(A))op-
For0<f0 <1, keN, 1<p<oo we set
Da(0+k,p) = {x € D(AF): AFz € D4(0,p)},
21Dy @+hp) = 2]l + 1A% D 0.5
that is, DA (0 + k,p) is the domain of the part of A* in D4(8,p).
From the definition we get easily
Lemma 3.1.3 For0 <60 <1,1<p< o0,
Da(0+1,p) = (D(A), D(A%))g,

and, more generally,
Da(0 + k,p) = (D(AF), D(AF1))g,.
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Proof. It is sufficient to remark that (I — A)* is an isomorphism from D(A*) to X, and
also from D(A¥*1) to D(A). By the interpolation theorem 1.1.6, it is an isomorphism
between (D(A¥), D(A¥*1))g,, and (X, D(A))g,, and the statement follows. O

It is also important to characterize the real interpolation spaces between X and D(A?),
or more generally, between X and D(A™). The following proposition is useful.

Proposition 3.1.4 Let A satisfy (5.1). Then D(A) € Jy/5(X, D(A?)) N Ky 9(X, D(A?)).

Proof. Let us prove that D(A) € J; 5(X, D(A?)). For every € D(A) it holds
lim AR\, A)x = /\lim R\, A)Ax +x = x.

A—00

Setting f(0) = oR(o, A)x for o > 0, we have
f'(0) = R(o, A)x — oR(0, A)*x = R(0, A)(I — o R(0,A))z = —R(0, A)*Ax

and f(+o00) = z, so that
2 — AR\, A)z = — / R(o, A Azdo, A >0,
A

and if x € D(A?),

Az = MAR(\, A)x — / R(0, A)?A%zdo, X > 0.
A

Therefore,
M2
Azl < A+ 1)) + = 14%], A> 0.

Taking the infimum for A € (0, 00) we get

| Az|| < 2M(M +1)'2 |l /?)| A% /%, = € D(A%), (3:2)
so that "
[l peay < Cllall?l|all ¢y, @ € D(A?),

that is, D(A) € Jy2(X, D(A?)).
Let us prove that D(A) € K;/5(X, D(A?)). For every z € D(A) split z as

z=—R(\ A)Az + AR\, Az, A >0,

where

M
IR(A, A)Az]| < ~-llzllpca),

IARA, A)z| peazy = [IARA, Az + [AAR(A, A) Az]]

< Ml + A(M + 1)] Az
so that setting t = A\72
K(t,z, X, D(A%) < |R(t™/%, A)Az|| + |t 2R(t™/%, A)z|| p(azy

< Mt'2|z]| peay + Mt||z]| + (M + 1)t"/?|| Az, ¢ >0
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which implies that ¢ — K (t,z, X, D(A?)) is bounded in (0,1] by (2M + 1)||z p(a). Since
it is bounded by ||z|| in (1,00), then 2 € (X, D(A?)); /9 o and

2]l (x,p(42)), p.0e < CM + D)[[z]D(a)-
O

But in general D(A) is not an interpolation space between X and D(A?). As a coun-
terexample we may take X = Cp(R), A = realization of 9/0x in X. See example 1.3.3.
As a corollary of proposition 3.1.4 we get a useful characterization of (X, D(A?%))g.,.

Proposition 3.1.5 Let A satisfy (3.1). Then for 6 #1/2

(X, D(A%))gp = Da(20,p).

Proof. Taking into account that X belongs to Jo(X, D(A?)) N Ko(X, D(A?)) and D(A)
belongs to Jy /»(X, D(A%) N Ky 5(X, D(A?)), and applying the Reiteration Theorem with
Ey=X, E1 = D(A) we get

DA(Oé,p) = (XvD(A))a,p = (X7D(A2))Oc/2,pv 0 <a< 1a
and setting o = 26 the statement follows for 0 < 6 < 1/2. Taking into account that
D(A?) belongs to J1(X, D(A?)) N K1(X, D(A?)) and D(A) belongs to J; /o(X, D(A?)) N
K1 5(X, D(A?)), and applying the Reiteration Theorem with Ey = D(A), Ey = D(A?) we

get
-DA(a + 1,])) = (D(A)vD(A2))a,p = (XvD(AQ))(a—i-l)/Q,pa 0<a<l,

and setting a + 1 = 26 the statement follows for 1/2 < 6 < 1. O
Another characterization, which holds also for § = 1/2, is the following one.
Proposition 3.1.6 Let A satisfy (3.1). Then for0 < <1,1<p<oo
(X, D(A%)gp = {z € X : A= G(N) = N[ (AR(\, A))%z|| € LE(0,00)},

and the norms ||fL‘H(X,D(A2))o,p and

[zl = Izl + 121l 22 (0,00)
are equivalent.

Proof. The proof is very close to the proof of proposition 3.1.1. Let = € (X, D(A?))g.,.
Then if 2 = a + b with a € X, b € D(A?), for every A > 0 we have

NOI(AR(A, A))2z]| < A (AR(N, A))%al| + X R(A, A)2A%|
< (M + 1A% al| + M2N72] A% < (M + 12X (Jlal| + A72[bll p(a2))

so that
AP (AR(N, A)) x| < (M + 1)°M K (A2, x).
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We know that A"°K(\,z) € L£(0,00). With the change of variable ¢ = A\72 we get
that A +— MK (A2, x) € LE(0,00), with norm equal to 27/?||z||,. Therefore H(\) =
MO||(AR(N, A))%x| is in LE(0, 00), and

lzllg,, < 27V2(M + 1)?||zlo,p.

(The formula is true also for p = oo if we set 1/00 = 0).
Conversely, if ¢ € LL(0,00), from the obvious identity

z=XNR(\ A)%x — 2MAR(\, A)*z + A’R(\, A)*z,

where
AAR(A, A)Qx = AMA— A)AR(A, A)3w
= AR(\, A)/\QR()\, A)r — AR(A, A)A2R()\, A)2ar
we get
x = (I —2AR\, A)NR(\, A)%z + (2AR(\, A) + 1) A2R(\, A)2z, A > 1,
where
H (I - QAR()‘v A)))\2R(A7 A>2xHD(A2)
= (I - 2AR()\,A)))\2R(>\,A)2$H +||(I — 2AR(A,A)))\2A2R(A,A)23:H
< (2M + 3)M2HxH + (2M + 3)/\2HA2R()\,A)2$H
and
|(2AR(N, A) + T)A2R(\, A)?z|| < (2M +1)||A2R(\, A)*z]|.
Therefore,

MK (A2 2, X, D(A?))

< MN20(||(2AR(N, A) + 1) A2R(A, A)2x|

FAZ(I = 2AR(\, A)X RO\, A%l peaz))

< (AM + 4)N29)|A2R(\, A)2x|| + (2M + 3)M2)\29=2||z|.

The right hand side belongs to LY(1,00), with norm estimated by

_ ) 1 1/p
(M + 3ol + (201 + 200 ( =) el

which is true also for p = co with the convention (1/00)Y/* = 1. It follows that ¢ —
t 9K (t,z, X, D(A%)) € L£(0,1), and hence = € (X, D(A?)),, and

2]l x,pazyya, < Colllzlg, + ll2ll)-

Propositions 3.1.4 and 3.1.5 may be generalized as follows.
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Proposition 3.1.7 Let A satisfy (3.1), and let r, m € N, r > m. Then D(A") €

Proposition 3.1.8 Let A satisfy (3.1), and let m € N. Then for 6 € (0,1) such that
Om ¢ N, and for 1 <p < oo

(X, D(A™))g,p = Da(mé, p).

3.1.1 Two or more operators

Let us consider now two operators A : D(A) — X, B : D(B) — X, both satisfying (3.1).
Throughout the section we shall assume that A and B commute, in the sense that

RO\, A)R(N\, B) = R(\, B)R(\, A), A > 0.

It follows that D(A¥B") = D(B"AF) for all natural numbers h, k, and that A*B'z =
B AFx for every x in D(A*B").

Definition 3.1.9 For every m € N set

m m
K™ = (\D(AB™ ), |a|gm = llzll + ) [ A/B™ z]|.
§=0 §=0

The main result of the section is the following.

Theorem 3.1.10 Let m € N, p € [1,00] and 0 € (0,1) be such that m is not integer,
and set k = [m@], o0 = {mf}. Then we have

(X,K™)g,={x € KF: AIB* iz € Dy(o,p) N Dp(o,p), j=0,...,k},
and the norms
z = [zl xmy,
w2 + 5147 B¥ 92 p o) + 147 B¥ 92 p s 0,)
are equivalent.

The theorem will be proved in several steps. The first one is the case m = 1.

Proposition 3.1.11 For every p € [1,00] and 6 € (0,1) we have
(Xv Kl)e,p = DA(97p> N DB(07P)7

and the norms
2l (x5, ZIDa@p) + 120500

are equivalent.
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Proof. The embedding (X, K')s, C Da(6,p) N Dg(0,p) is obvious, since K' = D(A) N
D(B) is continuously embedded both in D(A) and in D(B).
Let x € Da(68,p) N Dp(6,p). We recall (see proposition 3.1.1) that the functions

A= MARN, A)z||, X\— M| BR(\, B)z||, X>0,

belong to LL(0,00) and their norms are less than C||z||p, 4, Cllz|lpy(o,p), respectively.
For every A > 0 set

v(\) = M2R(\, A)R(\, B)z, A >0, (3.3)
and split z = 2 — v(\) + v(A). Tt holds
[0(A) — =[] < []AR(A, A)AR(A, B)x — 2)[| + [AR(A, A)z — x|

< M||BR(A, B)x|| + [|AR(A, A)z],

and
oM = [loN)[] + [[Av(A) | + [[Bu(A)]]

< M?||z|| + AM||AR(\, A)z|| + AM||BR(\, B)x||.
Therefore, for A > 1
MEWT 2, X, KY) <2MM(JJARA, A)z|| + | BR(A, B)z||) + M2\~ z|],

so that A +— MK\ ! 2, X,K') € LL(1,00), with norm estimated by const. (||z]|
2l paop) + 12l Dg@o,p)- Then A — MK\ 2, X, K1) € L£(0,1), with the same norm,
and the statement follows. O

As a second step we show that
Proposition 3.1.12 For every p € [1,00] and 6 € (0,1) we have
(K, K?)g,={x€ K': Az, Bx € Da(0,p) N Dg(0,p)}

- DA(Q + lvp) N DB<9 + 17p)7
and the norms

L= ||$H(K1,K2)@,pa
z = ||zl + |Az|p o) + 1AZlDg0.p) + 1Bl Daop) + B2l Dg(0,p)s

z = |zl p,o+1p) T 12 Dp 6041,

are equivalent.

Proof. Let us prove the embeddings C. Since K! C D(A) and K2 C D(A2) then
(K17K2)9,p - (D(A)7D(A2))9,p = DA(Q + 11p)' Similarly, (Kl, K2)9,p C DB(Q + 1>p)‘ It
remains to show that each z € (K, K?)y, is such that Az € Dg(0,p) and Bx € D4(0,p).
For every a € K', b € K? such that = a + b we have

M| BR(\, B)Az|| < M||BR(\, B) Aal| + \?|| BR(\, B) Ab||

< MM +1)[|Aal| + MXHBAD|| < (M + DA*(|af g1 + A~ bl x2)
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so that
M|BR(\, B)Az|| < (M + DA K(\ Y 2, K' K?), A>0.

It follows that A|| BR(\, B)Az|| € L%(0, c0) with norm not exceeding (M+1) [zl (1 Kx2),,»
and the embedding C is proved.

The proof of the embedding {z € K' : Az, Bx € Da(0,p) N Dgp(0,p)} C (K, K?)g,
is similar to the corresponding proof in proposition 3.1.11, and is omitted.

Let us prove that D4 (6+1,p)NDp(0+1,p) C {z € K': Az, Bx € D4(0,p)NDp(0,p)}.
We have only to show that if x € Dx(0 + 1,p) N Dg(0 + 1,p) then Az € Dp(0,p) and
Bx € Da(6,p). Indeed, for each A > 0 we have

M| B2R(A, B)? x|
< MY B2R(, B)2R(A, A)Ax|| + || B2R(A, B)?AR(), A) Az

<N M(M +1)||BR(\, B)Bz|| + X (M + 1)2|| AR(\, A) Az
so that A +— M||B2R()\, B)2Az|| € LE(0, 00) with norm not exceeding
M(M + 1)[|Bz| 50, + (M + 12 Az]5, 9,)-

Thanks to proposition 3.1.6, Az € Dpg2(0/2,p), which coincides with Dpg(6,p) thanks to
proposition 3.1.5. So, Az € Dp(0,p) and [|[Az|p,ep < CllZlp,0+1,p) + 17Dy 0+1,0)
Similarly, Bx € D4(0,p) and || Bz|[p,9) < Cl2llpgo+1p) + 171 D4s@0+1,9))- O

In the last part of the proof of proposition 3.1.12 we have shown that if x € D (6 +
1,p) N Dp(0 + 1,p) then Ax € Dp(0,p) and Bx € D4(0,p), a sort of “mixed regularity”
result. However it is not true in general that D(A%) N D(B?) C D(AB).

For instance, let A be the realization of 9/0x and let B be the realization of 9/dy
in X = C(R?). Then Da(f + 1,00) consists of the functions f € X such that z
f(z,y) € COTY(R), uniformly with respect to y € R, and similarly Dp(# + 1,00) consists
of the functions f € X such that y — f(z,y) € C/T1(R), uniformly with respect to = € R.
Proposition 3.1.12 states that if f € Da(6+1,00)NDp(0+1,00) then f /0x € Dp(0, o),
that is it is Holder continuous also with respect to y, and 0f /0y € D4(6,00), that is it
is Holder continuous also with respect to . On the other hand, it is known that in this
example D(A2%) N D(B?) is not embedded in D(AB).

A similar proof yields

Proposition 3.1.13 For every k € N, p € [1,00] and 6 € (0,1) we have
(K* K", ={x € K*: AB" 7z € Da(0,p) N Dp(0,p), j =0,...,k}
and the norms
|2l sk g1y, Nl + 5o (147 Bl p s (0.) + | AT BE 2] pjy 9,)
are equivalent.
Next step consists in proving that &K' belongs to J12(X, K?) and to Ky 2(X, K?).

Proposition 3.1.14
K' € Jyo(X, K*) N Ky (X, K?).
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Proof. We already know that D(A) € J;5(X, D(A?)) and that D(B) € J; 5(X, D(B?)).
Therefore there is C' > 0 such that

zllxr < llzllpay + 2l sy

2
< Clla V2 (@l iz + 21552 < ClllV2 2l

which means that K € J1s2(X, K?).
To prove that K' € K7 5(X, K?), for every 2 € K' we split again = z —v(A) + v(})
for every A > 0, where v is the function defined in (3.3). Then

[o(A) = 2] < [IAR(A, AYAR, B)x — )| + [[AR(A, A)x — x|
= [IAR(\, A)R(\, B)Bz| + || R(), A) Az||

< AN M (M +1)||Bz|| + M| Az]),
and
oMl ze2 = [l + 120N + [[ABu (V)] + | B2 ()]
< MP|la|| +2M (M + 1)A(||Az|| + || Bz|)).
Setting A = t~/2 we deduce that
VK (e, X K?) < (e — o)+ ot ?) ) k2)

< (||l ger + t72]|])),
is bounded in (0,1). We know already that t — t~ /2K (¢, z, X, K?) is bounded in [1, 00).
Therefore K is in the class K, /2 between X and K 2, O
Arguing similarly one shows that
Proposition 3.1.15 For every k € NU {0}, K*t1 € Jy o(K*, KM2)N Ky o(K*, K*2).
More generally, K*t' € Jy  (K*, K*5) N Ky ) (K*, K*F9).
The Reiteration Theorem and proposition 3.1.14 yield now
Proposition 3.1.16 Letp € [1,00], 8 € (0,1), 6 # 1/2. Then
(X, K?)g,p = Da(20,p) N Dp(26, p),
and for 6 > 1/2 we have also
(X,K?%)gp={z € K': Az, Bx € D4(20 — 1,p) N Dp(20 — 1,p)},
with equivalence of the respective norms.

Proof. For § < 1/2 we apply the Reiteration Theorem with Y = K?, Ey = X, By = K!,
and the statement follows from proposition 3.1.11. For # > 1/2 we apply the Reiteration
Theorem with Y = K2, Eg = K', E; = K2, and the statement follows from proposition
3.1.12. Il

The above proposition is a special case of theorem 3.1.10, with m = 2. Theorem 3.1.10
in its full generality may be proved by recurrence, arguing similarly. See the exercises of
§3.1.2.

The results and the procedures of this section are easily extended to the case of a finite
number of operators.
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3.1.2 Exercises

1) Let A: D(A) C X — X satisfy (3.1). Prove that for every m € N, A™ is a closed
operator. (Hint: use estimate (3.2)).

2) Prove proposition 3.1.7. Hint: to show that D(A") € K, (X, D(A™)) prove prelimi-
narly that D(A") € K /(m—r)(D(A""1), D(A™)), using a procedure similar to the one of
proposition 3.1.4, and then argue by reiteration.

3) Prove proposition 3.1.8.
4) Prove proposition 3.1.13.

5) Prove proposition 3.1.15. Hint: for the first statement, follow step by step the proof of
3.1.14; for the second statement replace v(A\) by w()\) = A2 R(X\, A)*R(\, B)*z

6) Prove theorem 3.1.10 by recurrence on m, using the procedure of proposition 3.1.16
and the results of propositions 3.1.13 and 3.1.15.

7) Prove that (0,400) is a ray of minimal growth for the following operators:

(a) A: D(A) = CHR) — Cu(R) (resp. A : D(A) = WHP(R) — LP(R), 1 < p < 00),
Af =7

(b) A: D(A) = CER) — Cp(R) (resp. A: D(A) = W*P(R) — LP(R), 1 < p < 0),
Af =g

(c) A: D(A) = {f € C*([0,]) : f(0 )

= f(n) = 0} — C([0,7]) (resp. A : D(A) =
W2P(0, ) N Wol’p(O,ﬂ) — LP(0,7), 1 < poo

), Af = f"
3.2 The case where A generates a semigroup

Let A: D(A) C X — X satisfy (3.1).

Due to the Hille-Yosida Theorem, if in addition D(A) is dense in X and for every n € N
[(AR(A, A))*[|L(x) < M, then A is the infinitesimal generator of a strongly continuous
semigroup T'(t), and the following representation formula holds.

R(\A) = / e MT(t)dt, \> 0. (3.4)
0
Since AR(\, A) = AR(\, A) — I, then

AR\, A) = /Oo e (T (t) — I)dt, \> 0. (3.5)
0

Proposition 3.2.1 Let A generate a semigroup T(t). Then
(X, D(A))gp = (€ X+ 1 (t) = 0| T(0)z — 2] € L2(0, 00)}

and the norms ||x||g,p and
l2llg = 2]l + %1l 220,00)

are equivalent.
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Proof. Recall that for every b € D(A) we have
t t
T(t)b—b= / AT (s)bds = / T(s)Abds, t> 0.
0 0

Let x € (X,D(A))pp. Thenif x = a+b with a € X, b € D(A), for every t > 0 we have
T () — 2| <t (IT(t)a — al + [T ()b - bl])
< t7O((M +1)al| + tM | Ab]|) < (M + 1)t K (t, 2).
Therefore ¥(t) = t=9||T(t)x — z|| € L£(0, 00) and
[zllg < (M +1)[|z]lg,p-
Conversely, if ¢ € L£(0,00) let us use (3.5) to get

M AR, A)z|| < /OO yo+1y041 eI T (R)z — || dt
’ N 0 t@ t?

that is, ¢ is the multiplicative convolution between the functions f(t) = t%+le~* and
Y(t) = t70||T(t)x — z|. Since f € L1(0,00) and ¢ € LE(0,00), then ¢ € LL(0,00) and
el 22 (0,00) < If 122 0,00) 191 L2 (0,00) SO that

[#]lg, < (6 + 1)l
and the statement follows. O
Proposition 3.2.2 Under the assumptions of proposition 3.2.1, for every 6 € (0,1) and
p € [1,00] we have
(X, D(A%))gp = {z € X 1t P(t) =t |(T(¢) — I)*x|| € LE(0,00)}

and the norms ||x||gp and

[2llo,p = llzll + 111l 22.0,00)

are equivalent.

Proof. Recall that for every b € D(A?) we have

(T(t) — 1) = (T(t) — 1) /0 "T(0) Abdo — /0 t /0 (s 4+ 0)A%bdsdo, t >0,

so that
1(T(t) — 1)%b|| < t*M||AD].

Let z € (X, D(A?%))gp. Then if z = a+ b with a € X, b € D(A?), for every ¢t > 0 we have
2T (1) — D)?a|| <t *°(|(T(t) — D)%all + [(T(t) — I)%b]))
<t2((M +1)%la]| + €207 A%]))

so that
t720)(T(t) — D2z|| < (M + 1) 2K (%, 2).
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Therefore () = t~20||(T(t) — I)%z|| € L2(0, 00) and
Iz llg, < 27P(M +1)%|]lg,-

Conversely, let = be such that ¢ (t) € L2(0,00). Then from (3.5) it follows that

(AR(M\, A))?x = )\2/ / A+ (T(t 4 s) — T(t) — T(s) + I)ads dt
2 —2>\u 1 " u— T
—2)\/0 d /0 (T(2u) = T(t) —T(2u —t) + I)xdt
00 2u
=2)\? e~ A u) — U T U
_9) /0 (T(2u) — 2T(u) + I) /0 dtd

+2)2 / e ugy / 2u(2T(u) —T(t) — T(2u — t))zdt.
0 0

The first integral is nothing but
o0
4/\2/ ue ™ (T (u) — I)?zdu.
0

To rewrite the second one we note that

2u

/ ") = T() — T(2u — 1))t = / (2T (u) — 2T(8))dt

([ 4o

2u
/Q(T(u—t) nT ()dt+/ 9T (u)(I — T(t — u))dt
0 u

= /U 2(T(s) — T(u — s)ds + /u 2T (u)(I —T(s))ds
0 0

Therefore, N _
INP (AR, A))|| < 4|(f x 0)(N)] + 2/(f * 1)),

where * stands for the multiplicative convolution and

Flu) = e, () = / |(T(s) — I)%e|ds.

Let us remark now that the Hardy-Young inequality (A.10)(i) implies that if a function
2z is such that t — t=%2(t) € LL(0,00) the same is true for its mean v(t) = ¢! fg z(s)ds
with

1
t—t"%(t < — It —t%(¢t
[t =t 0(B)] L2(0,00) < ot 1)H = 72 ()| 220,00



Interpolation and domains of operators 61

and this is easily seen to be true also for p = oo. Therefore, 1;1 € L%(0,00) and
1]l 22 (0.00) < (20 + )7 [0l Lr(0,00)- It follows that A = o(A) = [N(AR(A, A))*z| €
L£(0,00), and

lell 2 0.00) = 1215, < 4171 230,00) 18]l 22 0.00) + 19111 220,00)) < Copllzllop:

and the statement follows. O

Remark 3.2.3 In the proof of proposition 3.2.1 we have not used the fact that 7'(¢) is
strongly continuous or that the domain of A is dense. The only essential assumption is
that T'(t) is a semigroup such that ||T'(t)||r(x) < M and for A > 0 the operators

R(\) = /0 h e MT(t)dt

are well defined and invertible. Indeed, in that case due to the semigroup property R(\)
satisfies the resolvent identity R(\) — R(u) = (u — A\)R(N)R(u), for A\, g > 0. From the
general spectral theory it follows that there exists a unique closed operator A such that
p(A) D (0,00) and R(A) = R(\, A), for every A > 0. The results of propositions 3.2.1 and
3.2.2 hold also for such semigroups.

The operator A may still be called generator of T'(t), even if it is the infinitesimal
generator in the usual sense if and only if 7'(¢) is strongly continuous.

This is the case of the translations semigroups (7;(t) f)(z) = f(z+te;) in X = Cy(R"),
of the Gauss-Weierstrass semigroup

PU() = sy [ e Fe =)y

again in Cyp(R"™), of the Ornstein-Uhlenbeck semigroup

—1/2 o
T(0) /() = : e f (P~ y)dy
(47t)n/2(det K;)Y/2 Jpn ’
with @ > 0, B # 0 arbitrary n X n matrices,
I .
K, = t/ e*BQeP ds,
0

both in C,(R™) and in BUC(R™), etc. None of these semigroups is strongly continuous.
A useful embedding result in applications to PDE’s is the following.

Theorem 3.2.4 Let T(t) be a semigroup in X. Assume moreover that there exists a
Banach space E C X and m e N, 0 < <1, C >0 such that

C

and that t — T(t)x is measurable with values in E, for each x € X. Then E €
J3(X,D(A™)), so that (X, D(A™))ggp C (X, E)e,p, for every 6 € (0,1), p € [1,00].
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Proof. Let z € D(A™), A > 0 and set (Al — A)™x = y. Then = = (R(\, A))™y so that

(_1)m—1 dm—l 1
(m— 1)1 et A

xTr =

_ > —As _m—1
= o /0 e s T (s)y ds,

so that for every A > 0
C < s m(1—8)— Cr(m(l_ﬂ)) mfB-—m
lzlle < (m—l)'/ e sm1A gy :WA =y

_ CI'(m(1 —
-~ (m —1)

Let us recall that D(A") belongs to J,,/.(X, D(A™)) so that there is C' such that
]l p(ary < CH»’L“HTD/N,Zm)H Hl r/m. Using such inequalities and then ab < C(a? 4 b*') with

p=mn/r,p =r/(n—7r) we get

) ymp=m <Oy NPT AT,

r=0

i( >Am 1) AT

=0

2]l < CN" (A |[ull peamy + [Jull), A >0,
so that taking the minimum for A > 0
lalls < Cllul™ P lulf m,

and the statement holds. O

3.2.1 Examples and applications. Schauder type theorems

Example 3.2.5 Let us apply propositions 3.2.1, 3.2.2 to the case X = LP(R), 1 < p < o0,
A : D(A) = W' (R) — LP(R), Af = f. Then T(t) is the translations semigroup,
T(t)f(x) = f(x +t). Applying proposition 3.1.1 we get for 0 < § < 1

(LP(R), WP (R))g,p = Da(0,p)
={fel’: t =t f(-+1) ~ fllr € LE(0,00)} = WIP(R),

which we knew already (example 1.1.8), but this is an alternative proof. Applying propo-
sition 3.1.5 and recalling that D(A?) = W2P(R) we get for 0 # 1/2

(LP(R)a W27P(R))9,p = DA(20>p)

so that for 6 < 1/2
(LP(R), W*P(R))g,p = W P(R),

and for § > 1/2, by proposition 3.1.5,
(LP(R), W?P(R))g, = {f € W'P: f' € Da(20 — 1,p)} = W¥P(R).
For § = 1/2 we need proposition 3.1.6: we get
(LP(R), W*P(R))1 /2, =

={felP it t Y f(+2t) = 2f(-+1) + fllLr € LE(0,00)} = B, ,(R),
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which coincides with W1P(R) only for p = 2.
Choosing X = Cy(R), A : D(A) = C}(R) — Cy(R), Af = f', we get, recalling remark
3.2.3,
(Cb(R)v Cg(R))G,oo = l?e(R)v 0 # 1/27

(Co(R), CF(R))1/2,00 =

= {f S Cb(R) : SUPy£0, z€R |f($ ks Qt) — 2];(33 * t) i f(a:)] < 00}7

which Zygmund called Aj(R). It is easy to see that Lip(R) C Aj(R), but the converse is
not true.

Example 3.2.6 Let A;, i = 1,...,n be the realization of the partial derivative 9/0x; in
Cy(R™), or in BUC(R"), or in LP(R"), 1 < p < co. Each A; satisfies (3.1), with

“+o0
(RN A)Df)(x) = / e’\(xi_s)f(ml, e L1, Sy gy - -y Ty )dS,

for A > 0, f € X, x € R*, so that M = 1 for every i, and R(\, A;)R(\, A;) =
R(X, Aj)R(A, A;) for every 4, j. We apply theorem 3.1.10 for those 6 such that Om is
not integer, fm =k + o, k=[0m], 0 <o < 1.

If X = Cy(R") (resp., X = BUC(R™)) then K™ = CI"(R") (resp., K™ = BUC™(R")).
From the second part of proposition 3.1.1, or else from example 1.1.8 we know that
Dy, (0,00) ={fe€X: s f(x1,...,%i-1,5,Tit1,...,2n) € CY(R)}, so that

ﬂ DAi(U7 o0) = Cy (R™).
i=1

From theorem 3.1.10 we get
(X, K™)poo ={f € K. Dofe C?’(R"™), || =k} = C’gm(R").

Let now X = LP(R™), 1 < p < co. From the second part of proposition 3.1.1 and from
example 1.1.8 we know that Dy, (o,p) = {f € X : s — f(x1,...,2i—1,8,Ti+1,...,Tpn) €
WoP(R)}, so that

n

ﬂ DAi (O7p) = Wo—’p(Rn)'
i=1
From theorem 3.1.10 we get

(X, K™)gp = (LP, WEP)g,

= {f e WkP(R" : DOf € WOP(R"), |a| = k} = WOImP(R™).

After such characterizations we are able to characterize other important interpolation
spaces by means of theorem 3.2.4.

Example 3.2.7 Let A be the realization of the Laplace operator A in X = LP(R™), 1 <
p<oo. Then for0 < a <1

WEP(R") = Da(a/2,p), WOH*P(R") = Da(a/2+ 1,p).
If A is the realization of A in X = BUC(R"), in X = C»(R™) or in X = L>(R"™), then
Cy(R™) = Da(a/2,00), Cy*2(R") = Da(a/2+1,00).
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Proof. The embeddings C are easy consequences of example 3.2.6. Indeed, let X =
LP(R"), 1 < p < oo. Example 3.2.6 yields W*P(R") = (LP(R"), W*P(R")),,. Since
W?2P C D(A), then we have

WEP(R™) = (LP(R"), W?P(R")) a2 C Dal/2,p).

Similarly, from example 3.2.6 we know that WT2P(R™) = (LP(R"™), W*P(R™)) (412)/4,p-
Since W4P(R") C D(A?), then we have

WerEP(R™) = (LP(R™), W (R™)) (a42) /4

- (X7 D(AQ))(Q+2)/4,p = Z)A(Oé/2 + 1,]9),

where the last equality follows from proposition 3.1.5.
The same proof works in the case X = BUC(R").
To prove the opposite inclusions we introduce the Gauss-Weierstrass semigroup,

P(t)f(x) = W | e i >0 0em (3.6)

P(t) may be seen as a (strongly continuous) semigroup in X = LP(R"), 1 < p < oo or in
X = BUC(R™). Its infinitesimal generator is the realization of the Laplace operator in X.
It is easy to see that if 1 < p < oo, P(t)f € C*°(R") for every f € LP(R"™), and that
C
« op
ID*PO) fller < S fllze, € >0.

In particular,

1
POl < (14 55), 030,

(3.7)
< 1 1 1
||P(t)||L(LP,W3ﬂP) <C|1+ m + Z + m , >0,
and similarly
1
POl LBuc®n),Buct ®n)) < (7(1 + t1/2>’ t>0,
(3.8)

1 1 1
T P ——— c<1 T t/) £> 0.

Replacing P(t) by T(t) = P(t)e”" (the semigroup generated by A — I) we get

C
1T e wrey < a2 t >0,

c
1T zewar) < amr >0,

and

1T L BucEr),Buct ®r)) < am 10,

1T Buc®r),Bucs @)y < B t>0.
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Let X = LP(R"), 1 < p < oo. Since D(A) = D(A —I) then Da(a/2,p) = Da_1(a/2,p).
Using theorem 3.2.4, with E = WLHP(R™), m = 1, 8 = 1/2, we get

Da—1(a/2,p) = (X, D(A = 1I))as2p C (LP(R"), WP (R")) o p = WHP(R™).
Therefore,
WeP(RY) S Da(a/2.p).

Moreover, since D(A?) = D((A — I)?) then Da(a/2 + 1,p) = Da_r(a/2 + 1,p). Using
again theorem 3.2.4, with E = W3P(R"), m = 2, 8 = 3/4, we get

DA—I(a/Q +1,p) = (X, D((A - 1)2))(a+2)/4,p

C (LP(R™), WHP(R™)) (at2)/3,p = WP (R™),
the last equality following from example 3.2.6. Therefore,

WF2P(R™) D Da(a/2 + 1,p),

and the first part of the statement is proved. The same procedure works in the case
X =BUC(R"), X = C(R"™), X = L*(R"). O

Remark 3.2.8 Note that the embeddings C hold for every operator A : D(A) C LP(R"™)
— LP(R™) such that D(A) D W2P(R") and D(A?) D W4P(R") (respectively, A : D(A) C
BUC(R") — BUC(R") such that D(A) > BUC?(R") and D(A%) > BUC*(R")), whereas
the embeddings D hold for every operator A : D(A) C LP(R™) — LP(R™) (respectively,
A : D(A) ¢ BUC(R") — BUC(R"™)) which generates a semigroup P(t) satisfying es-
timates (3.7) (respectively, (3.8)). For 1 < p < oo one could prove the statement also
using the known characterizations D(A) = W2*P(R"), D(A?) = W4P(R"). However, such
characterizations are not true for p = 1; similarly, it is not true that if X = BUC(R")
then D(A) = BUC?(R") and D(A?) = BUC*(R™).

An important consequence of example 3.2.7 are the optimal regularity theorems for
the Laplace equation in Hélder and in fractional Sobolev spaces.

Corollary 3.2.9 (i) (Schauder Theorem) Let u € CZ(R™) be such that Au € C(R™) with
0<a<1. Thenue C{M(RM), and

[ull getz(mny < Clllulloo + [[Aullcp@ny)-

(ii) Let u € W2P(R") be such that Au € W*P(R") with 0 < a < 1, 1 < p < co. Then
u € Wer2p(R™), and

[ullwarer@ny < Cllulle + [[Au]wearEm))-
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Chapter 4

Powers of positive operators

The powers (with real or complex exponents) of positive operators are important tools in
the study of partial differential equations. The theory of powers of operators is very close
to interpolation theory, even if in general the domain of a power of a positive operator is
not an interpolation space.

Through the whole chapter X is a complex Banach space.

4.1 Definitions and general properties

Definition 4.1.1 A linear operator A : D(A) C X — X is said to be a positive operator
if the resolvent set of A contains (—oo,0] and there is M > 0 such that

M
< _ a<o. .
RN A)llpxy < R A<0 (4.1)

Note that A is a positive operator iff (—o00,0) is a ray of minimal growth for the
resolvent R(\, A) and 0 € p(A). So, if A is a positive operator, then —A satisfies (3.1) so
that all the results of §3.1 are applicable.

Examples of unbounded positive operators are readily given: for instance, the realiza-
tion of the first order derivative with Dirichlet boundary condition at z = 0 in C([0,1])
or in LP(0,1), 1 < p < oo is positive. More generally, if A is the generator of a strongly
continuous or analytic semigroup 7T'(t) such that ||T(t)|| < Me ! for some w > 0, then
—A is a positive operator. This can be easily seen from the already mentioned resolvent
formula

(0.9}
CR(-A, —A) = R\ A) = / NT()dt, N> —w.
0

This section is devoted to the construction and to the main properties of the powers
AZ where z is an arbitrary complex number.

If A: X — X is a bounded positive operator the powers A* are readily defined by

1
27

A / NR(\, A)d,
Y

where v is any piecewise smooth curve surrounding o(A), avoiding (—o0, 0], with index
1 with respect to every element of o(A). Several properties of A% follow easily from the
definition: for instance, z +— A? is holomorphic with values in L(X); if z = k € Z then
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A? defined above coincides with AF; for each z, w € C we have A*AY = AYA* = A*tv,
(A71)7 = A== ete.

In the case where A is unbounded the theory is much more complicated. To define A*
we shall use an elementary but important spectral property, stated in the next lemma.

Lemma 4.1.2 Let A be a positive operator. Then the resolvent set of A contains the set
A={AeC: ReA<0, |[ImA < (JRe A\|+1)/M}u{reC: |\ <1/M},

where M is the number in formula (4.1), and for every 6y € (0,arctan1/M), ro € (0,1/M)
there is Mgy > 0 such that

Moy
RN A)| <
1RO <

for all A € C with |\ < ro, and for all A € C with Re A < 0 and |Im A|/|Re A| < tan 6.

Proof. It is sufficient to recall that for every Ao € p(A) the resolvent set p(A) contains the
open ball centered at \g with radius 1/||R(Xo, 4)||, and that for |A — \o| < 1/||R(No, A)]|
it holds

o0

R(AA) =) (=1)™(A = X0)"R(Xo, A)" .
n=0
The union of the balls centered at A\g € (—oo, 0] with radius 1/||R(\g, A)|| contains the set
A, and the estimate follows easily. O
For 6§ € (n/2,7), r > 0, let 7, ¢ be the curve defined by v, 9 = — T(,lg - %9% + 77(,536)),
where 'yﬁlg, 77% are the half lines parametrized respectively by z = &', z = ée=, ¢ > r,
and 77% is the arc of circle parametrized by z = e, —0 < 1 < . See the figure.

PN

Fig. 1. The curve v, g.

Now we are ready to define A% for Re z < 0 through a Dunford integral.

Definition 4.1.3 Fiz any r € (0,1/M), 6 € (7 — arctan 1/M, 7). For Re a < 0 set

A= 1 [ JeR( A)dn (4.2)

27TZ Yr,0
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Since A — A*R(\, A) is holomorphic in A\ (—oo, 0] with values in L(X), the integral
is an element of L(X) independent of r and §. Writing down the integral we get

27”/ ga 10(a+1 (f A) _i_ein(aJrl)R(é-efiG’A))dg

potl o .
- / eI R(re A)dn
2 —0
for every r € (0,1/M), 0 € (7w — arctan 1/M, 7).

Of course formula (4.3) may be reworked to get simpler expressions for A%*. For
instance, if —1 < Re o < 0 we may let r — 0, § — 7 to get

Aog — ST / (el + A) Lz de. (4.4)
Note that for every a > 0 and o € (—1,0) we have
sin(ma) /OO £

o _ de, 45

a ) [T e (4.5)

which agrees with (4.4) of course, and will be used later.

From the definition it follows immediately that the function z — A?® is holomorphic
in the half plane Re z < 0, with values in L(X). Its behavior near the imaginary axis is
not obvious, but it is of great importance in the developements of the theory and will be
discussed in the next section.

Let us see some basic properties of the operators A®.

Proposition 4.1.4 The following statements hold true.

(i) For o = —n, n € N, the operator defined in (4.2) coincides with A== n-th power
of the inverse of A.

(ii) For Re z < —k, k € N, the range of A* is contained in the domain D(A¥), and

AF APy = AF gy z e X
(iii) For Re z < 0 and x € D(A¥), k € N, A*x € D(A¥), and
A7 Akg = AF A7 g,
(iv) For Re z1, Re 23 < 0 we have

AP A% = AFtR2

Proof. (i) Let @« = —n. It is easy to see that

k—oo 271

1
. / AR(A, A)dA = lim —— / ATTR(A, A)dA,
Yr,0 Tk

with . as in figure.
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[~
\//

N,

Fig. 2. The curve .

For every k € N the function A — R(\, A) is holomorphic in the bounded region
surrounded by ;. For every k € N we have

1 1 a1
AR A)dA = ——— &
k(. 4) (= 1)1 i

Tk

Tﬂ_i R()‘vA)}/\ZO =A 3

and letting k — oo,

= / AR, AN = A"
Yr, 0

2mi
(ii) Let k =1, Re z < —1. Then, since
1IN AR, A)[| = [N (AR, A) = D)l < (Mo + 1)|A[F7,
the integral defining A* is in fact an element of L(X, D(A)), and
1 1 1
A— NR(\, A)d\ = — NTIR(A, A)d) — 22/ N dMI.
™

2mi Tr,0 2mi Yr,0 Tr,0

But the last integral vanishes, so that A - A* = Al™% and the statement is proved for
k = 1. The statement for any k follows arguing by recurrence.

Statement (iii) is obvious because A¥ commutes with R(), A) on D(AF), and this
implies that A* commutes with A% on D(AF).

(iv) Let 01 < 03 <, 1/M > ry > ro > 0, so that ~,, g, is on the right hand side of
Vry.6,- Then

1
AA = / MR AN [ w2 R(w, A)dw
v

1,01 'YTQ ,00

o / (s ROLA) = R(w, 4)
(27TZ)2 ’Y’rl,91 X'Y'r2,92 w— )\

- (2711')2 /7
_(2712')2 /7

=— / NTH2R(N, A)dA = AH32,
Tr

1,01

dX dw

NTR(A, A)dA /

1,01 Tra,02

w? R(w, A)dw/

9,09 ’77‘1 ,01
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g

Statement (iv) of the proposition implies immediately that A? is one to one. Indeed, if
A%r =0 and n € N is such that —n < Re z, then A"z = A" "*A%x = 0, so that x = 0.
Therefore it is possible to define A if Re o > 0 as the inverse of A™*. But in this way
the powers A", t € R, remain undefined. So we give a unified definition for Re a > 0.

Definition 4.1.5 Let 0 < Re a < n, n € N. We set
D(A%) ={z e X: A" "z € D(A")}, A% = A"A" "x.

From proposition 4.1.4 it follows that the operator A“ is independent of n: indeed,
if n, m > Re a, then A ™z = A""™A* "z both for n < m (by proposition 4.1.4(iv))
and for n > m (by proposition 4.1.4(ii), taking 2z = o — n and k = n — m), so that
A My e D(A™) iff AP AY "z € D(A™) i.e. AY"x € D(A™).

For a = 0 we get immediately A? = I. Moreover for Re o > 0 we get

D(A%) = A7%(X); A% = (A",

Indeed, A* "z € D(A") iff there is y € X with A* "z = A™"y. Such a y is obviously
unique, and A%z = y by definition. Moreover A™"A7% = A7T“A™"y = ATYAY "y =
A~"z so that © = A~%y is in the range of A=® and A% = (A~%)~L,

Since A® has a bounded inverse, then it is a closed operator, so that D(A®) is a Banach
space endowed with the graph norm. Again, since A% has a bounded inverse, its graph
norm is equivalent to

x| A%,

which is usually considered the canonical norm of D(A).

If Re « = 0, a = it with t € R, A% is the inverse of A~ in the sense that for each
x € D(A"), Ay € D(A™%) and A=% A%z = x. Indeed, if z € D(A™) then A%~ 1z € D(A),
and A%z = A(A""'z) by definition. Therefore A71"# Ay = A=17#A . A=y — 4.
ATt A#=1y = A A72x € D(A), which implies that A%z € D(A™%) and A~ A%z = 7.

But in general the operators A” are not bounded, see next example 4.2.1. However,
they are closed operators, because A~1*% is bounded and A is closed (see next exercise 6,
§4.2.1). Therefore also D(A") is a Banach space under the graph norm.

From the definition it follows easily that for 0 < Re @ < n € N, the domain D(A™)
is continuously embedded in D(A%): indeed for each = € D(A™), A* "z € D(A™) by
proposition 4.1.4(iii), and A% = A"A* "z = A* " A"x so that ||A%z|| < [|[A*7"|| || A" x|
This property is generalized in the next theorem.

Theorem 4.1.6 Let a, 3 € C be such that Re 3 < Re a. Then D(A%) C D(AP), and
for every x € D(A®),
APy = AP~ A%,

Moreover for each x € D(A®), APz € D(A*%) and
A PAPy = A%

Conversely, if x € D(AP) and APz € D(A*P), then € D(A®) and again A PAPy =
A%z,
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Proof. The embedding D(A®) C D(A®) is obvious if Re 8 < 0; it has to be proved for
Re 6 > 0.

If x € D(A®), A="t%2 € D(A") for n > Re a. Therefore APy = AP~ g—ntay ¢
D(A™), thanks to proposition 4.1.4(iii), so that € D(A®), and APz = A AP~ A—"tey —
AP~ A%z, Since AP~ is a bounded operator, ||APz| < ||A5_QHL(X)HA"‘33H, and D(A®)
is continuously embedded in D(A%).

Let again x € D(A®), and let n > max{Re«a, Re (o — 3)}. Then

A—n—‘ra—ﬁAﬁm _ A_n+a_ﬂAﬁ_aAa1j =A""A% € D(An)a

so that APz € D(A%F) and A* P APy = A%
Let now x € D(AP) be such that A%z € D(A*?), and fix n > max{ Re o, Re a — }.
Then
A0y = Ao B ATy = A0 B AT Ay = AT AT Ay

is in D(A?"), so that z € D(A®) and A% = A" A2y = A B APy, O

The condition Re 8 < Re « is essential in the above theorem when Re a > 0. In fact
for every a > 0, t € R we have D(A%) = D(A®"®) if and only if A is bounded. See
exercise 2, §4.2.1.

Now we give some representation formulas for A%z when x € D(A®). We consider first
the case where 0 < Re a < 1. Taking n = 1 in the definition, we see that x € D(A®) if
and only if A% 'z € D(A). Letting »r — 0 and § — 7 in the representation formula (4.3)
for A%~ !z (i.e., using formula (4.4) with « replaced by a — 1) we get

sin(ma)

ALy = /OO eNeEr + At de. (4.6)

™ 0

Therefore z € D(A®) if and only if the integral [ &> (&1 + A)~ 'z d€ is in the domain
of A, and in this case

sm

A% =27 A/ e lEer + A e de
(4.7)

o 1 > a—1 —
T T()D(1 - «) A/O ETET+ AT ds,

which is the well-known Balakrishnan formula.

Another important representation formula holds for —1 < Re a < 1. The starting
point is again formula (4.3) for A% 'z. We let # — 7 and then we integrate by parts in
the integrals between r and oo, getting

sin(ra sm( a)

Ay = / EXEN+ A) 2w dE — r® (rI +A) 'z
_ﬁ " o in -1
5 e (re"I + A)"xdn

(with (sin(ma))/(mwar) replaced by 1 if & = 0) and letting » — 0 we get (both for Re
a € (0,1) and for Re a € (—1,0])

a— _ 1 > (03 -
A lx_F(l—a)F(l—l—a)/o (T + A) 2 de. (4.8)
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Therefore € D(A?) if and only if the integral fooo EX(EI + A)~2x d€ is in the domain of
A, and in this case
1 o
A%z = A (¢l + A) 2z dE. 4.9
"TT0+ ol - a) /0 EUET+ A)Fwde (4.9)

The most general formula of this type may be found as usual in the book of Triebel:

for n e NU{0}, m € N, —n < Re a < m — n we have
I'(m)

Na+n)l'(m—-—n—«
for every x € D(A?%). See [36, §1.5.1].

We already know that the domain D(A) is continuously embedded in D(A®) for Re
a € [0,1). With the aid of the representation formulas (4.7) and (4.9) we are able to prove
more precise embedding properties of D(A®).

A%y =

] Am / tot LT 4 A) "M dt
0

Proposition 4.1.7 For 0 < Rea <1, D(A%) € Jre o(X,D(A)) N Kgeo(X,D(A)), i.e.
(X, D(A))Rea, C D(A?) C (X, D(A))Rea,c0-
Proof. The embedding (X, D(A))Rea,1 C D(A®) is easy, because for £ > 0
IAEH(EL + A) || = €ReaT AT + A) e

and for every z € (X, D(A))Rea,1 the function & — R || A(A + £I)~ 1z is in L1(0,00)
thanks to proposition 3.1.1. Using the representation formula (4.6) for A% 'z, we get
A%ty € D(A), ie. x € D(A®) and by (4.7)

1 o0 1, d€
A% < ———— ReanJ(A+ €Dz = < ,
4] < ey [ € 1AM+ €Dl < Cllall s

Let now x € D(A%). Then x = A~%y, with y = A%, so that x = A- A=*"y. We use
the representation formula (4.8) for A=*~1y, that gives
A o
= t(A+ D)2y dt.
! r(1—a)r(1+a)/0 A+

On the other hand, by proposition 3.1.1 we have

12l x.D(A)Rea o < Cla) sup INFeAA+ A e,
>

so that
ARe@ A2(A + AT) !
'i—ao)l'l+a«)

12/l (%, D(4))re 0 < C@)supysg

/ A+t %y dtH.
0

For every A > 0 we have

ARea AZ(A+/\I)1/ ta(A+tI)2ydtH

0

carea M % Rea g 41y ar
=0 T Y

+)\Rea<M—|— 1) /Oot—ReaM(M+ ]-)

dt
| Ll

< Clyll
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so that € (X, D(A))Re a,00 and

1/l (x,p(a)) <yl = C'||A%z]],

Rea,co —

which implies that D(A%) C (X, D(A))Rea,c0- O

Remark 4.1.8 Arguing similarly (using formula (4.9) instead of (4.7)) we see easily that
for every e € (0,1) and t € R, (X, D(A)). 1 is contained in D(A™). Indeed the function & —
|EPAET+A) 22| < M(1+&) 7Y AET+A) x| is in L1(0, 00) for every z in (X, D(A))c 1,
so that the integral fooo E(ET 4 A)~22 d€ belongs to the domain of A. Therefore, for every
e€(0,1)and p € [1,00], t € R, (X, D(A))cp is continuously embedded in D(A") (because
it is continuously embedded in (X, D(A))./2,1)-

Remark 4.1.9 Let 0 < o < 1. It is possible to show that in its turn A% is a positive

operator, and that

RO\, A®) = 1,/ BA) . a <o (4.10)

2mi )y, A —2®

(see exercise 5, §4.2.1). Using the above formula for the resolvent, one shows that —A® is a
sectorial operator. This may be surprising, since —A is not necessarily sectorial. This also
may help in avoiding mistakes driven by “intuition”. Consider for instance the case where
X = L?(0,7) and A is the realization of —d?/dx? with Dirichlet boundary condition, i.e.
A: D(A) = H*(0,7) N H}(0,7), Au = —u”. One could think that A/2 is a realization of
id/dx with some boundary condition, but this cannot be true because such operators are
not sectorial. See next example 4.3.10.

4.1.1 Powers of nonnegative operators

A part of the theory of powers of positive operators may be extended to nonnegative
operators.

Definition 4.1.10 A linear operator A : D(A) C X — X is said to be nonnegative if the
resolvent set of A contains (—00,0) and there is M > 0 such that

M
I+ < 3 a0
In other words, A is a nonnegative operator iff (—o0,0) is a ray of minimal growth for the
resolvent of A.

An important example of nonnegative operator is the realization A of —A (the Laplace
operator) in LP(R™), 1 < p < co. But A is not positive because 0 € o(A). However if
p < oo then A is one to one. See exercise 13, §4.2.1.

If 0 € 0(A) but A is one to one, it is still possible to define A* for —1 < Re z < 1.

Let —1 < Re z < 1, z # 0, and define an operator B, on D(A) N R(A) by

Box— sin(mz) (:U B A_1x+
T z 14z

1 N (4.11)
+/ §Z+1(§I+A)_1A_1xd§+/ §Z_1(§I+A)‘1Axd§>
0 1
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for each z € D(A) N R(A) (note that in the case where 0 € p(A), B,z coincides with A%x
since formula (4.11) is obtained easily from (4.9)). Then one checks that B, : D(A) N
R(A) — H is closable, and defines A* as the closure of B,.

Another way to define A% for 0 < o < 1, even if A is not one to one, is the following:
for A > 0 one defines (A + A%)~! by

_sin(ma) [ I B
B /0 N T 20E" cos(ma) &2 (T HA) TS (4.12)

then one checks that R) is invertible for every A > 0 and Ry\R, = (R, — Rx)/(A — ).
Therefore there exists a unique closed operator B such that Ry = (A[+B)~! for A > 0, and
we set A% = B. (Note that in the case where 0 € p(A) the above formula for (Al + A%)~1
is correct because it is obtained from (4.10) letting r — 0 and 6 — ).

From the representation formula (4.12) it follows that

lim (AT + (T + A= (X + A*)7) in L(H),
E—>

which will be used in the proof of next lemma. In its turn, lemma 4.1.11 will be used in
the proof of theorem 4.3.4.

Lemma 4.1.11 Let A : D(A) C X — X be any nonnegative densely defined operator.
Then D(A+ el)® = D(A®) for each o € [0,1], and there is C' independent of £ such that

I(A + D)%z — A%|| < Ce||z||, = € D(A%).

Proof. For 0 < n < e, A+el and A+ nl are positive operators. Using the Balakrishnan
formula for 0 < o < 1, we get

(A+el)% — (A+nl)%z =

sin(ma)

- ((e =) [T+ T+ A (e i+ A) g

™

é
+/0 ETH(A+eD)((E+ ) +A) " = (A+nD)((€ +77)I+A)_1)xd§>

for every x € D(A) and 6 > 0. Therefore,
(A +eD)% — (A +nl)%|

sin(ma)

00 0
o 2 a—2 a—1
< - <(€ n) M /5 £477dE+2(1 + ]\4)/0 13 d{)

— sin(wa) (5 B 77M25a—1 + 2(1 + M)5a> HxH
(0%

s l-«
for every x € D(A) and 6 > 0. Taking § = (¢ — n) we get

[(A+el)% — (A+nl)*z| < Cla)(e —n)%[lz].
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Therefore, for every x € D(A) the function € — (A + ¢I)®z is uniformly continuous, so
that there exists the limit lim._,o(A + eI)®x = Bz. Letting n — 0 in the above estimate
we find

I(A+ el — Bz|| < C(a)e®||z|. (4.13)

for each & > 0, for each z € D(A). But D(A) is a core of (A + eI)%, that is the closure of
the restriction of (A+eI)® to D(A) is (A+¢el)® itself: indeed, for every y € D((A+¢I)*)
the sequence y, = n(nl + A)~lyis in D(A), y, — y and (A+el)%y, = n(nl + A)~1(A+
el)*y — (A+el)®y as n — oo, because D(A) is dense. This implies that B is closable,
its closure B has domain D((A + eI)®), and inequality (4.13) holds also for B. So,
(A+el)®z — Bz uniformly for z € D(B), ||z|| < 1, and this implies that (—o0,0) C p(B),
and (A + (A+e)) ™t — (M +B)lase — 0in L(X). Since (\I + (A +el)*)~! —

(AL + AY) 7L then B = A%, |

4.2 Operators with bounded imaginary powers

Let again A be a positive operator in a complex Banach space X. We know that the
operators A* are bounded if Re z < 0 and unbounded in general if Re z > 0 (this is
because D(A*) C (X, D(A))Rezo00 by proposition 4.1.7). Moreover remark 4.1.8 tells us
that for every ¢t € R, the domain D(A™) is not very far from the underlying space X
because all the interpolation spaces (X, D(A))., are continuously embedded in D(A%).
So, it is natural to ask whether D(A%) = X and A% is a bounded operator also for ¢ # 0.
The general answer is “no”, as the following example shows.

Example 4.2.1 Let S be the shift operator, S(&1,£2,&3,...) = (0,&1,&2,...), in X =cy =
the space of all complex valued sequences &, such that lim, ... &, = 0, endowed with the
sup norm, and set A= (I —S)~'. Then A is a positive operator, and for every t # 0, A"
18 unbounded.

Proof. It is easily seen that the domain of A is the subset of ¢y consisting of the sequences
€ = {&,} such that Y 2, &, = 0 (which is dense in ¢p), and

A(61,62,83,...) = (&, &+ &, 68 + 6+ &3, 0),

An easy computation shows that for A > 0

M+ A= Lo 1 i A HS’“
A+1 (/\+1)2k:1 A+1 ’

so that

IO+ A) Y < —— (142 i ANV 2
~—A+1 )\+1k:1 A+1 “A+1

which implies that A is a positive operator. Replacing in (4.2), for Re a < 0, and then
also for Re a = 0, we get

ala+ 1)52 n ala+1)(a+2)

3
5 31 S+

A =T+ aS +
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So, for a = it the n-th component of A™¢ is

Mﬁ+U§ L) (it —2)
- 5  Sn—2

§n+it§n71+ 92 (n—l)!

&1

Fix any n € N and define a sequence £ € D(A) as follows:

1 1 2
gnzoa én—lzgv fn—z (t+1)7§n3 (Zt+1)(lt+2)’7
B (n —2)!
&_uu+n-”«u+n—m’

while for k > n & is arbitrary, subject only to [§| <1 and > 72, & = 0. Then we get

. . 1 1 1
Azt > Azt ol = 1 - - -
J4%€] > 1(A"€)al = (14 5+ 3+ -+ 75

while the norm of € is 1. Letting n — oo we obtain supecp(a), |je|=1 | A%€|| = +o0, so that
A" is unbounded. g

Let us discuss the behavior of A* for Re z < 0, z close to the imaginary axis. From
the representation formula (4.4) we get easily, using (4.5),

S | sin(mz)|
A7 < = de < Mo e (<1,0). 414
47 < T lsintes)| [ S de < MBI Rese (Lo, (4
In particular, for real z = —a, with 0 < a < 1 we get ||[A™?|] < M, so that ||A™| is

bounded on the real interval (—1,0), and hence it is bounded on any real interval (—a, 0),
a > 0. But in general ||A*|| may be unbounded in other subsets €2 of the left halfplane
such that QNiR # (. However, if the operator A% is bounded for ¢t € I C R and ||A%|| < C
for every t € I, then for z = —« + it we have

AT < AT AT S MC, 0<a<1/2 tel

A sort of converse of the above considerations is in the next lemma. It gives a simple
(but hard to be checked) sufficient condition for A to be bounded.

Lemma 4.2.2 Let A be a positive operator with dense domain D(A). Assume that there
are a set Q@ C {z € C: Re z < 0} and a constant C > 0 such that Q N iR # () and
|A%|| < C for z € Q. Then for every t € R such that it € Q, A" is a bounded operator
and |A%|| < C.

Proof. For every x € D(A) the function z — A®z is continuous for Re z < 1, so that
lim, it zeq A%z = A%z, Since D(A) is dense and ||A%|| < C for z € €, it follows that for
every x € X there exists the limit lim,_.; .cq A®2x. Denoting such a limit by Tz, we get
|Tz| < C||z||. Then A% is a closed operator which coincides with the bounded operator
T on a dense subset. This implies that A% = T so that A% is bounded. O

The most popular examples of positive unbounded operators with bounded imaginary
powers are m-accretive positive operators in Hilbert spaces, which will be discussed in
the next section. Self-adjoint positive operators belong to this class. Another interesting
example is the following.
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Example 4.2.3 Let A : D(A) — X be any positive operator, and let 0 < 6 < 1, 1 <
p < oo. Then the parts of A in (X, D(A))g, and in (X, D(A))y have bounded imaginary
powers.

Proof. It is not hard to check (see exercise 1, §4.2.1) that the part of A in any of the
above spaces is still a positive operator.

First we consider the case p = co. Let Ag : D4(6+1,00) — Dy (6, 00) be the part of A
in D4 (0, 00). We already know (remark 4.1.8) that D4(6,00) = (X, D(A))g,c is contained
in D(A™). Therefore for every € D(f, ), A% 1z belongs to the domain D(A4). To
obtain an estimate for ||A%z| = |A(A%~'z)|| we use the representation formula (4.8) for
Ait—lx,

Az’t—lx —

1 o ,
F(l—it)F(1+it)/[) EHA+EN P dg

_ sin(mit)

/ T At D) e,
0

it

which gives

| A%||

IN

€7rt _ e—T(t o] M 0 .
s | gl AG el ae
67r15 _ e—ﬂ't

< cO—

[|z]] (X,D(A))g,00"

We prove now that in fact A%~z belongs to D 4(0+1,c0). We use again the representation
formula (4.8) for A%~z which implies that for every A > 0

[AAN + A)"TA(A" L) |

wt _ —mt A )
<t 5 i MO+ A4)~! / E0A(A4 D) AA + 51)13;615"
Q 0
e —e ™14 1 [ it—o 140 1
t—g |V AR + 4) A+ DT AA+ D) dg
A
e™ —e ™ ( MN (M + 1)\ g MY
=" om <)\ 1 1-g TWMFDA > 1l ¢x, DAYy 0
7wt _ ,—mt

e e
< O ———ll@ll(x.0(4))p -

Therefore, A%~1z belongs to Da(f + 1,00), which is the domain of Ag in D4(f,00). It
follows that z is in the domain of Aét, and

Ait - C// e7rt _ e*ﬂ't
| 91‘||(X,D(A))9m =

”xH (XvD(A))G,oo .

The rest of the statement follows by interpolation: knowing that for 0 < 6; < 05 < 1
the part of A% in (X, D(A))s, .00 and in (X, D(A))g,  is a bounded operator, from theorem
1.1.6 it follows that for every 6 € (61, 6) the part of A” in (X, D(A)), and in (X, D(A))g
is a bounded operator. O
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Another important example follows from the so called “transference principle”. See
Coifman—Weiss [16].

Theorem 4.2.4 Let (Q, u) be a o-finite measure space, and let 1 < p < oco. If A is a
positive operator in LP(Q, ) such that |[(M + A)7Y| < 1/X and (A + A)~1 is positivity
preserving for A > 0 (i.e. f(x) > 0 a.e. implies (M + A)"1f)(x) > 0 a.e), then the
operators A" are bounded in LP(S), 1), and there is C > 0 such that

A" < C(1+2)e™l2 ¢t e R.

Let us come back to the general theory. Due to theorem 4.1.6, if the operators A%
are bounded for any ¢ in a small neighborhood of 0, then they are bounded for every
t € R. Moreover, if ||A®|| < C for —6 < t < §, then there exists C’, v > 0 such that
|A%|| < C'el for every t € R.

Lemma 4.2.5 Let A be a positive operator such that A" € L(X) for every t € R, and
t s ||A%®|| is locally bounded. Then for every x € D(A) the function z — A*w is continuous
in the closed halfplane Re z < 0.

Proof. If x € D(A) then z — A*z is holomorphic for Re z < 1, so that it is obviously
continuous for Re z < 0. We have already remarked that (4.14) implies ||A%|| < M for
—1/2 < a <0, so that for z = a+1i8, —1/2 < a < 0, we get

17| < M AP.

In particular, for every ¢t € R and 7 > 0 small enough the norm [|A* — A%|| is bounded in
the half circle {z : |z —it|] <7, Re z < 0}, by a constant independent of z. It follows that
for every x € D(A), lim,_; A%z = Ax. O

Note that if 2 ¢ D(A) the function z — A%z cannot be continuous in the halfplane
Re z < 0. Indeed by proposition 4.1.7, A*z € (X, D(A))_Rez00 for —1 < Re z < 0, and
(X, D(A))_Re 2,00 is contained in D(A).

The family of operators {A” : t € R} plays an important role also in the interpolation
properties of the domains D(A%).

Theorem 4.2.6 Let A be a positive operator with dense domain such that for everyt € R
A% € L(X), and there are C, v > 0 such that

|A%|| < ce |t eR.
Then for 0 < Re a < Re 3
[D(A®), D(AP)]g = D(AU=0+07),

Proof. Thanks to theorem 4.1.6 we may assume that o = 0 without loss of generality.
Moreover since A* is bounded for every t € R, then D(A%) = D(AR®H) for Re 3 > 0. See
exercise 2, §4.2.1. So we may also assume that 3 € (0, c0).

Let 2 € D(A%), and set

flz) =400, 0 <Rez <1,
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Let us prove that f € F(X, D(AP)). f is obviously holomorphic in the strip Re z € (0,1)
and continuous up to Re z = 1 with values in X. Since D(A) is dense in X, f is also
continuous up to Re z = 0 with values in X. Indeed, A=(=98z = A=2F A% and we
know from lemma 4.2.5 that w — A%y is continuous with values in X for Re w < 0 for
every y € D(A) = X. Similarly, ¢ +— f(1 + it) is continuous with values in D(AP). f is
also bounded, since

A== = [|A=Im = A=Re= 493y < | A=FRe3) CerPlm el 497,
Therefore, f € F(X, D(AP)). Since f(0) = x, then = € [X, D(AP)]y and

42002 4 (it_
zllix, peasy, < max{sup,cg |l 405 A= (@=0)8 ||,

2+(1-0)? 4—(1+it—6

supep [l )ﬂxHD(Aﬁ)}

IN

C'|| A%z ||.

It follows that D(A%) is continuously embedded in [X, D(A?)]y.
Conversely, let z € D(AP), and let f € F(X, D(A?)) be such that f(6) = z.
The function )
F(z) = el 45 1)
is continuous with values in X both for Re z = 0 and for Re z = 1, and we have

sup || F(it)]| < supe "+ CeM sup || 1(it)| < C'| fll2(x,p(any). (4.15)
teRr teR teR

sup [|F(1 4 it)|| < supe O CerMsup AP F(1 +it)|| < C'||f |l 7 x,pasy),  (4:16)
teR teR teR

so that F' is bounded with values in X for Re z = 0 and for Re z = 1. If F would
be holomorphic in the interior of S and continuous in S, we could apply the maximum
principle to get “||A%z| < C'l|fll 7(x,p(a8y)”- But in general I is not even defined in the
interior of S, because f has values in X and not in the domain of some power of A. So

we have to modify this procedure.
By remark 2.1.5,

2l x peasy, = I fllzx.pasy © f € VX, D(AP)), f(0) =z}
So, let f € V(X, D(AP)) be such that f(f) = z. The function
F(z)= e(zfa)zAzﬁf(z), 0<Rez<l1,

is now well defined and holomorphic for Re z € (0, 1), continuous with values in X up
to Re z = 0, Re z = 1, and bounded with values in X. By the maximum principle (see
exercise 1, §2.1.1),

1A% ]| = [ f(O)]] < max{supcg | F(it)ll, supeg [ F(1+it)]}

< N fllzex,peasy)s

where the last inequality follows from estimates (4.15) and (4.16).
Taking the infimum over all the f € V(X, D(A®)) such that f(6) = 2 we get

|A% || < C'|lxllix.pasy, = € D(AP).

Since D(AP) is dense in [X, D(AP)]y it follows that [X, D(A?%)]g is continuously embedded
in D(A%). O
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4.2.1 Exercises

In exercises 1-9, A is a positive operator in general Banach space X.

1) Let Y be any interpolation space between X and D(A). Prove that the part of A inY
is a positive operator.

2) Let Re a > 0, t € R. Show that D(A%) = D(A%*%) with equivalence of the norms if
and only if A* is bounded.

3) Prove that (4.8) holds for —1 < Re a < 1.

4) Show that for Re a > 1, Re a ¢ N, D(A®) belongs to Jige DL}(D(A[Re o) D(AlReal+1y)
and to K(Re CX}(D(A[Re o), D(ARe d+1)) "where {Re a} and [Re o] are the fractional part
and the integral part of Re «, respectively.

5) Prove that for every a > 0, A% is a positive operator, and that

R(\, A%) = 1/ Rz4) 4. A <o
Yr,0

271 A — 2@

6) Prove that if A : D(A) C X — X is a linear closed operator, and B : X — X is a linear
bounded operator, then C : D(C) = {x € X : Bx € D(A)} — X, Cx = ABx, is a closed
operator. (This is used to check that A% is a closed operator for each ¢t € R).

7) Prove that if t, s € R and 2 € D(A*) N D(A"*+9) then A%z € D(A®) and A* A%z =
Ait+s) o

8) Improve the estimate of proposition 4.2.3 showing that for each 8 < arctan 1/M there
is C such that ‘
|A%|| < Cem=OIM ¢ e R,

Hint: instead of using formula (4.9), modify formula (4.3) for A%~z letting only r — 0
and leaving § < arctan 1/M fixed.

9) Prove that A~! is a nonnegative operator, and that for 0 < Re o < 1
AT = (A’l)a.

10) Let A be a densely defined nonnegative operator such that R(A) is dense in X. Show
that R(A) N D(A) is dense in X, and that the operators B, : D(A) N R(A) — X defined
in (4.11) are closable.

11) Let A be a nonnegative one to one operator, and set A. = (eI + A)(eA + I)~! for
e > 0. Show that (i) p(A:) D (—00,0], (ii) M+ A)"t - (M +A) "t for A\ >0, Acx — =
forz € D(A), A-'x — A~tx for v € R(A) as e — 0, (iii) AZx — A%x for v € D(A)NR(A)
as € — 0.

12) Let A be a positive operator in a Hilbert space H. Show that for each a@ € C,
(A*)* = (A%)*, so that if « is real, then (A*)® = (A%)*.

13) Prove that the realization A of —A in LP(R™), 1 < p < oo, is a nonnegative operator.
Prove that if p < oo A is one to one, and that if p = oo the kernel of A consists of the
constant functions.

Hint: denoting by T'(¢) the Gauss-Weierstrass semigroup, use || DT (t)||pr») < C/VE
to show that if Af =0 then D;f = D;T(t)f vanishes for every i = 1,...,n, so that f is
constant.



82 Chapter 4

4.2.2 The sum of two operators with bounded imaginary powers

We consider now two positive operators, A : D(A) ¢ X — X, B: D(B) C X — X,
having bounded imaginary powers and such that

|A%|| < Meltl || B < MeB1H | ¢ e R. (4.17)
We also assume that A and B commute in the resolvent sense,
R\, A)R(u,B) = R(pu, B)R(M\, A), A\, n<0. (4.18)

Our assumptions imply immediately (through formula (4.2)) that A*B* = B"A* for Re
w, Re z < 0 and also (less immediately but easily) for Re w, Re z < 0.

We shall study the closability and the invertibility of the operator A + B, following
the approach of Dore and Venni [18].

Proposition 4.2.7 Let A, B be positive operators satisfying (4.17) and (4.18). Assume in
addition that ya+vyp < m and that D(A) or D(B) is dense in X. Then A+B : D(A)ND(B)
1s closable, and its closure A+ B is invertible with inverse S given by

S dz (4.19)

B 1 /a—i-ioo Aszzfl p 1 /a-‘rioo BzflAfz
2 o

a—ico  SIN(72) T o Sin(mz)

with any a € (0,1). Moreover, S is a left inverse of A+ B.

Proof. Since y4 + yp < 7 the norm of the operator A=*B*~!/sin(nz) in the integral
decays exponentially as [Im z| — oo. Therefore S is a bounded operator, and since
z — A7*B*7!/sin(nz) is holomorphic in the strip Re z € (0,1), S is independent of
ac(0,1).

The proof is in three steps: (i) we show that S is a left inverse of A+ B; (ii) we show that
if D(A) (resp. D(B)) is dense, then for every € € (0,1) S maps D(A'~¢) (resp. D(B'79))
to D(A)ND(B) and (A+ B)Sz = x for each x € D(A'7) (resp. z € D(B'7)); (iii) using
steps (i) and (ii) we show in a standard way that A + B is closable and S = A + B
(i) For every x € D(A) N D(B) it holds

a+i00 z—1 Al—z —znz
S(Ax+Ba:):1/ <B A l’+A Bm)dz

20 Jo—ioo sin(7z) sin(7z)
1 a—1+i0c0 B*A %z 1 a-+io00 A *B*r

= / —Q—— az / —dz.
20 Jo1—ico Sin(mz) 2i Jy_ino sin(mz)

The function g : 2 ={z € C: —1 < Re z < 1} — X defined by

B*A %z, —1<Rez<0,

9(z) =
A*B*z, 0<Rez< 1,

is holomorphic in the strips —1 < Re z < 0, 0 < Re z < 1 and continuous up to the
imaginary axis (see exercise 2, §4.2.3). Therefore it is holomorphic in the whole strip €.
It follows that z — g¢(z)/sin(7z) is holomorphic in © \ {0}. Moreover it has a simple pole
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at z = 0, with residue x/m, and it decays exponentially, uniformly for —1 < Re z < 1, as
| Im z| — oo. It follows that

S(A+ B)x = 7rRes< .g(z) ,O> = 7.
sin(7z)
(ii) Assume for instance that that D(A) is dense. Fix # € D(A'™¢), with 0 < ¢ < 1 and

choose a = ¢ in the definition of S. The function z — A'"*B*~1z/sin(72) is well defined
because B*~! maps D(A'~¢) = D(A'~%) into itself, and it is integrable over ¢ + iR, since

HAl—sz—lxn _ HAs—sz—lAl—ExH < Ce(VA+’yB)|Imz\HA1—5l,”.

Therefore, Sz € D(A) and

1 a+1i00 Al—sz—l 1 a-+100 Bz—lAl—z
2i Jy—ine  sin(mz) 20 Jo—ico  sin(mz)

To show that Sz belongs to D(B), we remark that the function z — B*~1A=%z/sin(72)
is holomorphic for e — 1 < Re z < 1, z # 0, continuous up to Re z =& — 1 (because D(A)
is dense, see lemma 4.2.5), and it decays exponentially as |[Im z| — oco. Therefore, we may
shift the vertical line Re z = a to Re z = ¢ — 1 in the definition of S, to get

1 e—1+io0 BzflAfz.r

Sr = dz+7rRes(

B> 1A %y
271’ e—1—ioo Sin(ﬂ-z) ’ )

sin(7z)
1 e—1+io0 Bz—lA—z
L
20 J._1_joo sin(mz)

As easily seen, the integral defines an element of D(B). Therefore Sz € D(B) and

1 e—1+1200 BzA—z
BSz = / 7xdz+x
g

20 J.1_iso sin(mz)

1 e+100 Bz—lAl—z
/ 7xdz+x:—ASx+x.
1>

20 )i sin(mz2)

(iii) Let us show that A 4+ B is closable. Let x, € D(A) N D(B) be such that z,, — 0,
(A+ B)x, — y as n — o0o. Since S is a left inverse of A + B then

0= lim z, = lim S(A+ B)z, = Sy.
Since A~ly € D(A) C D(A'~¢) for each € > 0, then by step (ii) SA~ly € D(A) N D(B)

and
A7ly=(A+B)SA 'y =(A+ B)A™ 1Sy =0,

so that y = 0 and A + B is closable.

As a last step we prove that A + B is invertible and its inverse is S. If x € D(A + B)
there is a sequence x,, € D(A) N D(B) such that x, — x and (A + B)z, — A+ Bz as
n — o0o. Then

z = lim z, = lim S(A+ B)z, = SA+ Bz,

n—oo n—oo
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which means that S is a left inverse of A+ B. Now for x € X let x, € D(A) be such
that x,, — = as n — oo. By step (ii) Sz, € D(A) N D(B), lim, . Sz, = Sz and
lim,, 00 (A+B)Sx,, = lim,,_,o £, = . This implies that Sz € D(A+ B) and A+ B Sz =
x, so that S is also a right inverse of A + B. O

Under the assumptions of proposition 4.2.7 the operator A+ B is not closed in general.
If we knew that A + B is closed, it would follow that A + B is invertible with bounded
inverse. In the next proposition we use this fact to get information on the resolvent set of
a positive operator with bounded imaginary powers.

Proposition 4.2.8 Let A be a positive operator with bounded imaginary powers, satisfying
| A% < cealtl ¢ e R.
If 0 < y4 < 7, the resolvent set of A contains the sector {\ € C: |arg (A —m)| <7 —ya}.

Proof. We apply proposition 4.2.7 to the operators A, B = —AI for every A in the sector.
If =\ = pe? with p > 0, 6 € (—x,7), then |B¥|| = ||(=\)*I|| = e7%, so that yp = 0 =
arg (—A). Since D(B) = X and A+ B = A — A is closed, the statement follows from
proposition 4.2.7. 0

Under a further suitable assumption on the space X, the conditions of proposition 4.2.7
are sufficient for A+ B to be closed. Such assumption has several equivalent formulations.

The “geometric” formulation is the following: there exists a symmetric function ( :
X x X +— R which is convex in each variable, such that ¢(0,0) > 0, and {(z+y) < ||[x+y||
whenever [|z|| < 1 < |ly||. In this case the space X is said to be (-convex.

The “probabilistic” formulation is the following: there are p € (1,00), C' > 0 such that
for every probability space (£, F, P) and for every martingale {uy : Q — X} with respect
to any filtration {F}}, for each choice of ¢ € {—1,1}, and for each n € N we have

1~ enur = un—1) o) < CID (uk — ur—1)l zogsx)
k=0 k=0

(where we set u_1 = 0). In this case X is said to be a UMD space, or to have the property
of unconditionality of martingale differences.

The formulation which is useful here is the following: for some p € (1,00) and £ > 0,
the truncated Hilbert transform

PV CREY R

is a bounded operator from LP(R; X) to itself. Then it is possible to show that this is true
for every p € (1,00) and € > 0. Moreover for each f € LP(R; X) there exists the limit

lim H, f
e—0

in LP(R; X) and a.e. pointwise. Such a limit is denoted by H f and it is called the Hilbert
transform of f.

Equivalence of the above properties is not trivial. Bourgain [6] showed that any UMD
space has the Hilbert transform property. The converse was proved by Burkholder [11],
who also proved in [10] that X is (-convex iff it is a UMD space.
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Theorem 4.2.9 Let X be a (-convex space, and let A, B be densely defined)) positive
operators in X satisfying the assumptions of proposition 4.2.7. Then A+ B : D(A) N
D(B) — X is closed, and 0 € p(A+ B).

Proof. After proposition 4.2.7, we have only to show that S maps X into D(A) N D(B).
This obviously implies that S is a right inverse of A + B, since by proposition 4.2.7 S is a
right inverse of A + B. Again by proposition 4.2.7, S is a left inverse of A+ B. Therefore
S is the inverse of A+ B and 0 € p(A + B).

Let us show that S maps X into D(B). For 0 < ¢ < 1/2 we have

—zRz—1
szl./ wdz
2i Jp. sin(mz)

where I'; is the curve {is: [s| > e} U{z € C: |z| = ¢}, Re z > 0, oriented with increasing
imaginary part. So,

Sy = 1/ Mds+l/”/2 %A—Se"eBEe”—lxdg
2 Jjsjze sin(mis) 2 J_z )2 sin(mee’?)

= Il,a + 1275'

Since D(A) is dense, Is. goes to B™1x/2 as e — 0. Moreover I . is in D(B) for every .
We reach our goal if we show that I; . converges in D(B) as ¢ — 0, i.e. if BI; . converges
in X as € — 0. Indeed, in that case we have

Sx=Blz/2+ lim I, . € D(B).
E—

Let us split BI; . into the sum

1 AfisBis 1 AfisBis
13115:/ ,,xds—i—/ £ 2 T
T2 Jigz1 sin(mis) 2 Je<ps<1 s

-i—l/ AT Bisy 1 ds
2 Je<isl<t sin(wis) mwis)

The first term is independent of €, the third one is easily seen to converge as ¢ — 0 because
1/(sin(mis)) — 1/(mis) is bounded. The second term is equal to 1/(2¢)H. f(0) where

f(s) = X(fl,l)(S)AisBiist‘, seR.

Since f € LP(R; X)) for each p > 1 and X is (-convex, the truncated Hilbert transform of
f converges in X for almost every t € R. Let us prove that 0 is one of such ¢’s. Fix once
and for all ¢ € (0,1) such that H.f(t) converges. Then

. i(t—s) gi(s—t) .
n(H.f)(0) = A~"B" / ATTBT e ds = A~"B™.

e<|s|<1 S

_ t—1 Ai(t—s) pi(s—t) t+1 Ai(t—s) pi(s—t)
(/ ft—s) ds+/ A B xds—/ A B xds)
|s]>e s —1 s 1 s

'Every (-convex space X is reflexive, and therefore by [27] all positive operators in X are densely
defined.
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converges as ¢ — 0. This concludes the proof that Sz € D(B). In the same way one
shows that Sz € D(A), and the statement follows. O

The main application — at least, from our point of view — of the theorem of Dore and
Venni is to evolution equations in a (-convex space X,

w(t) + Au(t) = f(t), 0<t<T,
(4.20)

with f € LP(0,T; X)) for some p € (1,00), T' > 0. Here we assume that A : D(A) C X — X
is a positive operator having bounded imaginary powers, and

|4 < el s eR.
Then it is not hard to see that the operator A defined by
A IP(0,T; D(A) — X = LP(0,T: X), (Af)(t) = Af(1)
is positive and has bounded imaginary powers, given of course by
(A= F)(t) = Af(t), sER, feX,

and ‘
A < el s e R.

It is also possible to show that the operator
B:D(B)={f e W'(0,T; X) : f(0) =0} — X, (Bf)(t) = [(t),
is positive and has bounded imaginary powers, satisfying the estimate
1B < C(1+|s[})e™/?2 seR.

See [18]. Therefore, if y4 < 7/2 it is possible to apply theorem 4.2.9 to equation (4.20),
seen as the equation in X

Au+ Bu = f,

getting that for every f € LP(0,T; X) problem (4.20) has a unique solution u € WP (0, T;
X) N LP(0,T; D(A)), which depends continuously on f.

For instance, if A is the realization of —A in LP(Q2), 1 < p < oo, with Dirichlet
boundary condition:

D(A) = W2P(Q) N W, P(Q), Au= —Au,

Q) being an open bounded set in R™ with regular boundary, then A is a positive operator
with bounded imaginary powers, and y4,7/2 due to [34]. We get that for each f €
LP((0,T) x Q) the problem

w(t,x) = Au(t,z) + f(t,z), 0<t<T, x €,
u(t,z) =0, 0<t<T, x €09,

u(0,2) =0, = €Q,

has a unique solution u € Wpl’Q((O,T) x ), i.e. u, ug, Diju € LP((0,T) x ).
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4.2.3 Exercises

1) Let A, B be two positive operators with bounded imaginary powers, satisfying (4.18).
Show that A*B* = B"A? for Re z, Re w < 0. Show that for Re z < 0, A* maps D(B)

into itself, and A*Bx = BA*z for each x € D(B). Show that for Re z < 0, A* maps D(B)
into itself.

2) Let A, B be two positive operators with bounded imaginary powers, satisfying (4.17)
and (4.18). Show that for every x € D(A) N D(B) the functions z — B*A %z, —1 <
Re 2 <0, and z — A7*B*z, 0 < Re z < 1, are continuous (this is used in the proof of
proposition 4.2.7).

4.3 M-accretive operators in Hilbert spaces

Throughout this section H is a complex Hilbert space, and A : D(A) C H — H is a linear
operator satisfying

D(A) = H, p(A) D (—00,0), [[(M+A)7H <1/\ A>0. (4.21)

Therefore, A is a nonnegative operator. Moreover it satisfies the resolvent estimate with
constant M = 1, and this is not a mere notational simplification but it is a crucial as-
sumption.

Due to the Hille-Yosida theorem, assumption (4.21) is equivalent to the hypothesis
that —A be the infinitesimal generator of a contraction semigroup e *4. Therefore, for

each x € D(A),
tA

e ‘v —x
£ TTT <o

Re (—Azx,z) = %ir%Re ( , <

Any operator B : D(B) C H — H satisfing
Re (Bz,z) > 0, = € D(B)

is called accretive. Therefore, A is accretive.

It is possible to show that A is m-accretive (maximal accretive), in the sense that it
has no proper accretive extension, and conversely, any closed m-accretive operator satisfies
(4.21). So, operators satisfying (4.21) are often referred in the literature as m-accretive
operators.

It is easy to see that A satisfies (4.21) iff A* does. Moreover, if A satisfies (4.21) and
it is one to one, then the range of A is dense in H.

We shall follow the approach of Kato [25, 26] to study the imaginary powers of A and
the relationship between the domains of A% and (A*)“.

First we consider m-accretive bounded operators satisfying in addition

Re (Az,z) > §||z||?, = € H. (4.22)

for some § > 0. The case of unbounded operators will be reduced to this one, through the
use of the Yosida approximations nA(nl + A)~!.

Assumption (4.22) implies that the resolvent set of A contains (—o0,d), and [[(A] +
A)7YH < (A +6)7 ! for every A > 0. Therefore A is a positive bounded operator, so that
for each z € C the complex powers A are defined by

1
A= — [ N¥R(\, A)d\ 4.2
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where « is any regular curve surrounding o(A) with index 1 with respect to every point
of 0(A), and avoiding (—o0, 0]. Moreover we have

(A%)* = (A*)®, acC.

See exercise 12, §4.2.1.
We will need the following lemma.

Lemma 4.3.1 Let A be a bounded m-accretive operator satisfying (4.22). Then for real
B € [—1,1], A® satisfies

Re (A%z,z) > 6°|z||?, 0<B<1, z€H, (4.24)
Re (A%z,2) > (0| AII7*) =], ~1<B8<0, z€H. (4.25)
Proof. For 0 < § < 1 we use the Balakrishnan formula (4.7), which implies
(AP, zy = ST / PUAET + A) ™ a, z)de.
Recalling that

Re(A(ET + A)~lz,x) = Re((I — £(&1 + A) Yz, x)

> |lzl* = €€+ A) e, 2)| = [l2l® = =]l

£+5
2
— el
we obtain, through (4.5),
Ssin(wB) [ &P~
(Wiaa) > ST [ & oz — 50,

B ™ o £+
i.e. (4.24) holds. Moreover,

Re(A™ z, ) = Re(A™z, AA™ 2) > 6| A7 a|® = 8| A 72|,

so that (4.25) holds for § = —1. But using again the representation formula (4.23) we see
easily that
AP=(Aa7P pec,

so that (4.25) holds for every 8 € [—1,0]. O
Theorem 4.3.2 Let A : H — H be a bounded operator. Assume that there exists 6 > 0
such that (4.22) holds. Then for each o € [0,1/2) and for each x € H

(A% 2| < cal| A%, [[A%]| < call(A")%],
with cq = tanm(1 + 2a) /4. Moreover,

|A%|| < ™12 ¢ eR.
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Proof. Let us introduce the “real part” and the “imaginary part” of A% defined by

_ AT+ (AT A% = (A7)

H, = K, =
e} 2 y 2Z I

i.e.

A% = Hy +iKa, (A")® = H, —iK,.
Then for every x € H
HH@EH2 — |]Kazn|]2 = Re (A%, (A*)*z) = Re (A%, 2).

If —1/2 < Re a < 1/2, then A** still satisfies (4.22) with & replaced by the constant
8o = min{d?, (§]|A||72)*} thanks to lemma 4.3.1. Therefore,

HHaiL'H2 > HKaxHZ + (5aHxH2, x € H. (4.26)

This implies that H, is one to one. Since H} = (A® + (A*)¥)/2, and A* satisfies the
assumptions of the theorem, also H is one to one. Therefore H, is invertible, and since
| Koyl < ||Hayl| for every y because of (4.26), then ||K H, x| < ||HoH; x| = ||z|| for
each z, so that

K HY <1, —1/2<Rea <1/2.

Now we improve this estimate applying the maximum principle to the function

K. H;!

a— (o) = tan(ra,/2)’

—1/2<Rea <1/2.
Such a function is holomorphic in the whole strip (even at a = 0, because Ky = 0)
and bounded with values in L(H); moreover |tan(ma/2)| = 1 if Re « = £1/2 so that
|®(a)|| < 1 on the boundary of the strip. Therefore ||®(a)|| < 1 for each « in the strip,
ie.

| Ko H Y| < tan(ma/2), —1/2 <Rea < 1/2. (4.27)
This is an important improvement of ||K,H, || < 1, because |tan(ma/2)| < 1 for |Re
al < 1/2, so that I +iK,H" is invertible with bounded inverse.

Since A® = H,, +iK,, (A*)* = H, —iK,, we get for |[Re ] < 1/2

1+ |tan(ma/2)|
1 — |tan(ma/2)|

[(ANA™| = (I = iKaHZ (I +iKoHy )7 < (4.28)

Therefore for real o € [0,1/2)

1+ tan(7wa/2)

N (1 + 2av)
[[(A%)%z]| < 1 — tan(ra/2) B

A%zl =t
4% = tan T

|A%z||, =€ H,
and we get a similar inequality exchanging A with A*. So, the first statement is proved.
Moreover, taking o = —it with real ¢, in (4.28) we get

”A—z'tl_”2 _ <(A*)itA—itm’x> < 1+ |tan(mt/2)|

2 _ Y 2

and the last statement follows. O

Theorem 4.3.2 is the starting point to show several properties of the powers of general
m-accretive operators. The first property concerns the equivalence of the domains D(A%),
D((A*)*) for 0 < a < 1/2. But we need a preliminary lemma.
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Lemma 4.3.3 Let A: D(A) C H — H satisfy (4.21). For every n € N set
A\ 1
In = <I + ) =n(nl +A)~.
n

Then Jy, is a bounded nonnegative operator, and for every o € [0, 1]
Il <1,

lim Jyz =2, »¢€ H.
n—oo

Proof. As easily seen, for every A > 0 AI + J,, is invertible with (bounded) inverse
M+ J,) "=l + A)(n(A+1)+ A)~ L.
For every € > 0 the operator I +¢A is positive. The representation formula (4.6) gives

sin(ma)

(I+A/n) = /Ooo EET+ T+ Afn)tde,

s

where ||(¢1 + 1+ A/n)~ Y| < 1/(€ + 1), so that due to (4.5)

It follows (see exercise 9, §4.2.1)
I+ A/m)= | = I((1 + A/n)"H) ™ = 3] < 1,

and by the dominated convergence theorem

lim JSz = lim (I + A/n) % = lim sin(ra) & rxdé =z, xe H.

n—00 n— n—00 T 0 § +1

g

Theorem 4.3.4 Let A : D(A) C H — H be any m-accretive operator. Then for every
a €1[0,1/2), D(A%) = D((A*)%) and for each x in the common domain

()] < tan T2

Proof. We know already (theorem 4.3.2) that the statement is true if A is bounded and
satisfies (4.22) for some § > 0. As a second step, we prove that the statement is true if A
satisfies (4.21) and 0 € p(A). Then it will follow easily that the statement is true in the
general case.

Let 0 € p(A). Let us consider the Yosida approximations,

[A%z]], [|A%]] < tan

n(1+20)
2 Ayl

A, = AJ, =nA(nI+ A~ neN.

It is not hard to see that the operators A, are bounded (with ||A,| < n), m-accretive
(with (6T + A,) L =n2/(n+&)?(né/(n+ I+ A)~L+1/(n+€)), and satisfy (4.22) since

1 1
(Apz,x) = (Adpz, ;(n[ + A)Jpx) = (Adpz, Jpx) + gHAanQ
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and A, is invertible, with A, ' = A~! + I /n. Therefore by theorem 4.3.2 we have

1+2
1A42)° < tan "EF20) 4
(4.29)

142 < tan TET29)

1AL,
for every n € N.
Note that since I + A/n is a positive operator, then (I + A/n)~% is well defined for
every a > 0, and by exercise 9, §4.2.1, (I + A/n)™* = J for 0 < o < 1. Therefore,
JE = (A7 A,)* = AZATY = A7A2,

n

as it is easy to check. Therefore for every x € D(A%), Jix € D(A%), and we have
Aje =AJ e = JJA%:, 0<a <L

Now we use lemma 4.3.3, which states that ||J$|| < 1, and lim, . J5z = z for each x.
We get
(1) JASz|| < ||A%]|, (i7) lim Afx = A%, z € D(A%). (4.30)
n—oo

Using (4.29) for 0 < a < 1/2 and then (4.30)(i) we get

(1 + 2a) (1 + 2a)

1(An)" 2| < tan [ A7 ]| < tan [ A%]], (4.31)
so that the sequence (A4; )%z is bounded for each z € D(A%). Moreover, for every y €

D(A®) we have, due to (4.30)(ii),
(A7), y) = (z, AJy) — (z, A%), n — oo.

Since D(A®) is dense in H (because D(A) is dense and D(A®) D D(A)), and ||(A%)*z|| is
bounded thanks to (4.31), then (A% )*x converges weakly to some w € H. Such a w satisfies
(w,y) = (x, A%y) for every y € D(A®), and this implies that x € D((A%)*) = D((A*)%)
and w = (A*)*z. Therefore, the domain of A% is contained in the domain of (A*)*.
Exchanging the roles of A and A* we get that D(A%) = D((A*)%), and lim,,_,(A})*z =
(A*)*x for each = in the common domain. Letting n — oo in (4.31), and in the similar
estimate with A* in the place of A, we get the claimed estimates.

Now we consider the case where 0 € o(A). For each € > 0 the operator A+ ¢l satisfies
(4.21) and 0 belongs to its resolvent set, so D((A+el)®) = D((A*+el)?) for 0 < a < 1/2,
and for every z in the common domain we have

(14 2a)

(A" + )] < tan I(A+eD)a],

(1 + 2a)

(A +el)%| < tan |(A* 4+ el)%z]|.

By lemma 4.1.11, D((A +el)*) = D(A®) and (A + el)%z — A% for each x € D(A%),
and the same holds with A replaced by A*. Letting ¢ — 0 the statement follows. O

Let us consider now the imaginary powers A%, t € R.
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Theorem 4.3.5 Assume that A : D(A) C H — H is m-accretive and that 0 € p(A).
Then the imaginary powers A, t € R, are bounded operators, and

A% < ez, ¢ e R

Proof. Theorem 4.3.2 implies that the statement is true if A is bounded and satisfies
(4.22).

Next step is to show that the statement is true if A is bounded, m-accretive and one
to one. This is done considering the operators A+ el with £ > 0, which satisfy (4.22) with
§ = ¢, and letting ¢ — 0. Indeed, since (A+el)z — x and (E1+A+el) ez — (A+el) o
for each z € H, and (A +el) 'z — A~z for each € R(A) as ¢ — 0, we may let ¢ — 0
in formula (4.11) getting

|A%a]) = tim [[(A + eT)a] < e V2], +e R
E—>

Since A™ is closed, we may conclude that D(A®) = H and ||A%|| < e™!/2 for every t € R.
The fact that (A +el)™lx — A~ 'z for each € R(A) as e — 0 may be proved as
follows: from the equality

A(A+e) ™y — ATy +e((A+el)ly — A7ly) = —ey,
which holds for each y € H, we obtain
JA(A+eD) ™y = A7) P + /(A + D)7y — A7yl < €%y,

so that 0 = lim. g A((A+el)ly—A~1y) = lim._o(A+el) "t Ay— A=t Ay, ie. lim._o(A+
el)~lx = A~z for every = Ay in the range of A.

In the final step we consider a general m-accretive operator A with 0 € p(A). Therefore
A~!is bounded, m-accretive and one to one. It is not hard to see that

At = (A7H7" teR.

But we already know that (A~1)~% is bounded, with norm not exceeding e™t/2. The
statement follows. g

Theorems 4.3.5 and 4.2.6 yield the next corollary.

Corollary 4.3.6 If A: D(A) C H — H is m-accretive and 0 € p(A) then for 0 < Re a <
Re (8 we have
[D(A%), D(A7)]g = D(AU-0405),

4.3.1 Self-adjoint operators in Hilbert spaces

Here H is again a complex Hilbert space, and A : D(A) C H — H is a positive definite
self-adjoint operator. A self-adjoint operator is said to be positive if there is § > 0 such
that

(Az,z) > §||z||?, = € D(A). (4.32)

Lemma 4.3.7 If A is a self-adjoint operator satifying (4.32), then p(A) contains (—oo, d)
and

1
IR A)| < 5—. A< (4.33)
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Proof. Let A < 4, x € D(A). Then

1AL = A)z||? = [[(A = 8)x + (61 — A)z||?

=(A=0)?|z]|® +2(\ = §)(x, 6z — Ax) + ||(6] — A)z]?,

so that
(AT = A)z|* > (A= 6)?||lz|]%, (4.34)

and therefore A\I — A is one to one. We prove that it is also onto, showing that its range
is both closed and dense in H. Let x,, € D(A) be such that \z,, — Ax,, converges. From
the inequality (4.34) we get

I = A) (@ — 2a)lP = (A= 8l — 2l n,m €N,

so that z,, is a Cauchy sequence, Ax,, is a Cauchy sequence, and Ax,, is a Cauchy sequence.
Then z,, and Ax,, converge; let x, y be their limits. Since A is self-adjoint, then it is closed
(we recall that each adjoint operator is closed), so that € D(A), Az =y, and A\z,, — Axy,
converges to Az — Az € Range (A — A). Therefore, the range of A\ — A is closed.

Let y be orthogonal to the range of (A — A). Then for each z € D(A) we have
(y,\x — Ax) = 0, so that y € D(A*) = D(A) and Ay — A*y = \y — Ay = 0. Since \] — A
is one to one, it follows y = 0. Therefore, the range of (A — A) is dense.

Let us estimate |R(A, A)||. For z € H, let u = R(\, A)x. From the equality (x,u) =
(Au — Au,u) it follows (x,u) < (A — 8)||ul|* <0, so that

(6 = Mlull® < [, w)| < [l |ull
which implies | R(\, A)|| < (6 — )7L O
In this case it is possible to define the powers A% for z € C through the spectral
decomposition of A.
Theorem 4.3.8 Let A : D(A) C H be a self-adjoint operator. There exists a unique
family of projections Ex € L(H), X\ € R, with the following properties:
(i) ENE, = E,E)\ =E\ <E,, for A\ <p,
(i) limy_g+ Fxjyx = Exx, \€e R,z € H,
(i5i) limy—,_oo Exx =0, limy 400 Exx =2, z € H,

such that

+oo +00
DA)={x € H: / Nd||Eyz|]? < 00, Az = / pdE,x, x € D(A).
—0o0 —0o0
The above integrals are meant as improper integrals of Stieltjes integrals (note that
A — ||[Exz||? = (E\z,z) is nonnegative and nondecreasing). The family {E) : A € R} is
called the spectral resolution or spectral decomposition of A. See e.g. [33, Ch. VIII, sect.
120-121].
If f: R +— C is continuous, the operator f(A) is defined by

+oo
D(f(4)) = {x e H - / (N Pd| Exe|? < oo},
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+o0
(f(A)z,y) = / Mkd<Equ',y>, x € D(f(A)), y€ H.

—00

It is possible to show (see [33, Ch. IX, sect. 126-128]) that for every A € p(A) we have

+o0o

(RO A)z, y) = / d(E,z.y), yeH,

—infty A— 2

and that this definition agrees with the usual definition in the case where f is a power
with integer exponent, i.e.

+0o0
D(AF) ={z e H: / MRd||Eye|? < o0, k€ Z,

+o00
o) = [ td(Buay), keZ, o€ DAY, ye .

—00
More generally, this definition agrees with the definition of the powers A® for any
z e C.

Theorem 4.3.9 For every z € C we have
+oo
DA ={zc H: |A%z|* = / AZRez | Byz||? < oo}, (4.35)
0

and

+0o0
A = / NdEyz, x € D(A?). (4.36)
0

Proof. Let Re 2z < 0. Then

1
2

1 ~ 1 1 A?
/ )\Z/ —dE, d\ :/ / d\ dE,
2mi sy, , 0 A—pU 0o 2miJ, ,A—p

[e.e]
= /O NZdE/u

and the statement holds for Re z < 0. If Re 2z > 0 let n > Re z, n € N. By definition,
x € D(A?) if and only if

A? / NR(X, A)d\
Vr,0

+0o0
ATy = / N ""dEyz € D(A™).
0

For each y € H, y € D(A") iff f0+°° p?d|| Euyl|* < oo. Therefore, x € D(A?) iff

400 “+o0 o0
| wmaimasaE = [ g, [ s

+00 Iz +o0
/0 MQndH/O Az—nE/\xl2_/O ,U,2RedeE“$H2<OO
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and in this case

+o00 +oo
(A7, y) = / id, / Nd(Exe, Eyy)
0 0

+o0 w 400
—/0 ,u”du/o NN (Eyz, y) —/0 prd(Eux,y).

g

The function FE) is constant on each interval contained in the resolvent set of A. In
the case of a positive operator the spectrum of A is contained in (0,00), so that all the
above integrals are in fact integrals over (0, 00).

It follows from the definition that if f is bounded, then f(A) is a bounded operator,
with norm not exceeding || f||co. If A satisfies (4.32), then o(A) C [d, +00), so that defining
f(A) = A for A > § and extending f to a continuous bounded function to the whole R,
we obtain that A% is a bounded operator, and ||A%|| < 1, for every real ¢.

Example 4.3.10 Let © be a bounded open set with C? boundary, and let H = L?(1Q),
A:D(A) = H*(Q)NH(Q), Au = —Au. Tt is well known that o(A) consists of a sequence
of positive eigenvalues, each of them with finite dimensional eigenspace, and there exists
an orthonormal basis of H consisting of eigenfunctions of A. Denoting such a basis by
{en}nen and denoting by A, the eigenvalue with eigenfunction e,, we have

Eyu= Z (u, ep)en.

n: Ap <A

For every o with positive real part, the domain of A® consists of those u € L?(2) such
that

oo
ZA%Rea|un|2 < oo,
n=1
where u,, = (u,e,), and
o0
A% = Z AoUpen, ue D(A®).
n=1
Moreover, {e,/v/A, : n € N} is an orthonormal basis of H}(€2), with respect to the
scalar product (Du, Dv) = [, u(z)v(z)dr (see e.g. [8, §IX.8]).
In the particular case Q = (0, ) it is easy to see that

en(z) = \/2/msin(nz), A, = n>.

Therefore, u € D(A) = H?(0, m)NHE(0,7) iff >-°° | n|un|? < oo, and Au = Y"°° | nuye,.
Taking o = 1/2, we get u € D(A'Y?) iff 3°°°  n?|u,|> < oo, that is iff u € H}(0,7), and
AV = oo | NUupen.

Let us come back to the general theory. If A satisfies (4.32), (4.35)-(4.36) could be
taken as a definition of A%, and all the properties of A* could be deduced, without invoking
any result of the previous sections. For instance, it follows immediately that for every
x € D(A®) the function z — A%z is holomorphic in the halfplane Re z < Re «, that
D(A?) depends only on Re z, and if Re 21 < Re 23 then D(A*) D D(A*).
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Most important, it is clear from (4.35) that for every ¢t € R, A" is a bounded op-
erator, and ||A"|| < 1. Thanks to theorem 4.2.6, this implies that [D(A%), D(A®)] =
D(A(=92+08) for 0 < Re o < Re (. Moreover, these spaces coincide also with the real
interpolation spaces (D(A%), D(AP))p 2, as the next theorem 4.3.12 shows. For its proof
we need a lemma.

Lemma 4.3.11 Let L : D(L) C H be a self-adjoint positive operator. Then iL generates
a strongly continuous group of contractions e’ in H.

Proof. Let us prove that the resolvent set of iL contains R \ {0}.

Since L is self-adjoint, then (Lz, x) € R for each x € D(L), so that Re (iLx,z) = 0 for
each © € D(L) = D(i¢L). This implies that for every A > 0, A\l —iL and —AI —iL are one
to one, and |[(A —iL)~'z| < ||z||/\, for each x € (AT —iL)(H), | A +iL) " x| < ||z||/A,
for each x € (M +4L)(H). Indeed for A > 0, x € X, setting y = R(\,iL)x we have

Mlyll* < ReAllyl* = Re (iLy,y) = Re (z.y) < || |1yl

so that [ly|| = [[R(A,iL)x|| < [[=]|/A.

To prove that A\I —iL and —\I — iL are onto it is enough to check that their ranges
are dense in H. Let y be orthogonal to the range of A\I —iL, then (Ax — iLz,y) = 0 for
each x € D(L), so that

y € DO — (iL)*), Ay — (iL)*y = \y +iLy =0,

so that y = 0. It follows that the range of A\l —iL is dense in H. Similarly one shows that
the range of A\I + ¢L is dense in H. Consequently, R\ {0} C p(iL) and ||[R(\,iL)|| < 1/A,
and this implies the statement. O

Theorem 4.3.12 Let o, € C with Re « > 0, Re 3 > 0. Then for every 6 € (0,1)
[D(A%), D(A?))g = (D(A%), D(A”))g,5 = D(AU-0405),
Proof. It is sufficient to prove that for real 5§ > 0
(H,D(A"))g2 = D(A™)

and the general statement will follow by interpolation and reiteration.
Since A? is in its turn a positive self-adjoint operator, iA% generates a strongly con-
tinuous group of operators
T(t) = e teR.

By proposition 3.2.1 (H, D(A%))g2 consists of the elements x such that ¢ — () =
t=9T(t)x — 2| € L2(0,00). We have

< dt
"wH%Z(O,oo) :/ t QHHT(t)x—l'HZ?
0

00 0o dt 00 00 | itAE 1 2 dt
_ t729 ‘ezt)\ﬁ _ 1’2dHE)\xH27 _ ‘6 ’ we dHE)\l'HQ
20
0 0 t 0 0 t t

[T AR [ g Byl = A%
A 720+1 0 A - )



Powers of positive operators 97

so that (H, D(A”))g2 = D(AP?), with equivalence of the norms. O

An important corollary about interpolation in Hilbert spaces follows.

Corollary 4.3.13 Let Hy, Hy be Hilbert spaces, with Ho C Hy, Ho dense in Hi. Then
for every 6 € (0,1),
[H1, Ha)p = (H1, H2)p 2.

Proof. It is known (see e.g. [33, Ch. VIII, sect. 124]) that there exists a self-adjoint
positive operator A in H; such that D(A) = Hs. The statement is now a consequence of
theorem 4.3.12. O
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Chapter 5

Analytic semigroups and
interpolation

Throughout the chapter X is a complex Banach space, and A : D(A) C X — X is a
sectorial operator, that is there are constants w € R, # € (7/2,7), M > 0 such that

(1)  p(A) D Spw={AeC: A#w, farg(A —w)| < B},

. M (5.1)
(i) [[ROA Al < ool VA € Sp -
(5.1) allows us to define a semigroup et in X , by means of the Dunford integral
1
e = — ePR(X, A)dA, t >0,
211 WY

where » > 0, n € (7/2,0), and 7, is the curve {A € C : |argh\| = n, |A| > r} U
{A € C:|arg\| <n, |A| = r}, oriented counterclockwise. We also set ¢%4 = T.

It is possible to show that the function ¢ — e is analytic in (0, +00) with values in
L(X) (in fact, with values in L(X, D(A™)) for every m), so that e** is called analytic
semigroup generated by A. One sees easily that for z € X there exists lim;_q 'z if and
only if # € D(A) (and in this case the limit is ). Therefore e/ is strongly continuous
if and only if D(A) is dense in X. In any case e/* € L(X,D(A™)) for every t > 0 and
m € N, and d™/dt™e!4 = AmetA for t > 0. Moreover there are constants My > 0 such

that

(a) [l px) < Moe*t, ¢ >0,
(5.2)
(0)  [It*(A —wDke! | px) < Mye', > 0.

Note that for every x € X and 0 < s < t, the function o +— €4z is in C*([s,t]; X) N
C([s,t]; D(A)), so that

¢ t
ety — ey = / AeArdo = A/ e“Aado.
S S

The same is true also for s = 0, in the sense specified by the following lemma.

Lemma 5.0.14 For every x € X and t > 0, the integral fg esAzds belongs to D(A), and
t
A/ eAads = ety — .
0

99
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If in addition the function s — Ae*x belongs to L'(0,t; X), then

t
ey — = / Ae*Axds.
0

Other properties of sectorial operators and analytic semigroups may be found in [32,
Ch. 2].

5.1 Characterization of real interpolation spaces

Throughout the section we denote by My, My two constants such that HetAHL(X) < My,
||tAetAHL(X) < M, for every t € (0, 1].
Since A is sectorial, the operator A — wl satisfies the assumptions of chapter 3, and
we may use the results of §3.1 to characterize the interpolation spaces (X, D(A™))g .
Another characterization, which is very useful in abstract parabolic problems, was
found by Butzer and Berens (see e.g. [12]) for m = 1.

Proposition 5.1.1 For0 <6< 1,1 <p < oo we have
(X, D(A))gy = {2 € X 5 (1) = 11 Aeta] € L2(0,1)},

and the norms || - H(X,D(A))e,p and

z = [zl +llellzz

are equivalent.
Proof. For every x € (X, D(A))p,p let a € X, b € D(A) be such that = a + b. Then

70| AetAz|| < t170) Aetal| + 10| Aet ||

< t=Milall + ¢'~°Mo|| Ab|| < max{Mo, M1}t~ (|lal| +t[[bll p(a))

so that
19| Ae! x| < max{ Moy, M1}t K (t, 2z, X, D(A)),

which implies that ¢ € L£(0,1) with norm not exceeding {Mo, M1}z (x,p(a)),, max
{M07M1}'
Conversely, if ¢ € LE(0,1) write z as

t
mz(w—etAx)—i-etAx:—/ Aettrds + ele, 0 <t <1.
0

Since t!79||AetAx|| € LE(0,1) the same is true for t'=%v(¢), where v is the mean value
v(t) =t1 fot | Aes4z||ds, thanks to corollary A.3.1, and

t
1
-0 -0 A
[t — t' V() 0,1) = Ht =1 /0 |Ae* z||ds < §‘|<PHL2(0,1)~

2(0,1)

Moreover,
le' 2l pay = lle4a + [[Ae* ]| < Mol + ¢+ (2).
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Therefore
t
K (1,2, X, D(A)) < 1 / | Ac*ads + 10 Molzl| + (1),
0

so that t=K(t,z, X, D(A)) € L£(0,1), with norm not exceeding C(||z| + lell e 0,1))-
We recall that it belongs to LL(1,00), with norm not exceeding C|x||. Therefore, x €
(X,D(A))s,p, and the statement follows. O

Proposition 5.1.1 has the following generalization.
Proposition 5.1.2 For0 <6 <1, 1< p < oo we have
(X, D(A™))g,p = {z € X = pm(t) = "=V A7 e € L2(0, 1)},
and the norms || - [|(x, p(amy),, and
z = [zl + llemllizz o)

are equivalent.

Proof. (Sketch) Let m = 2. The embedding C may be proved as in proposition 5.1.1,
splitting
tm(lfe)AmetAx — tm(lfe)AmetAa + tm(lfe)AmetAb

if x = a+b. Also the idea of the proof of the other embedding is similar, but now instead
of the kernel Ae®4z we have to use sA2e*4x: we have

t t d
/ sA%2e*4 ds = / s— Ae* Az ds
0 0 dS

t
= — / Ae’Ax ds + tAetds = x — Az + tAetx.
0
For every t € (0,1) we split x as
t
T = / sA%e* Az ds + e — tAet .
0

Since t!729||tA%etAx|| € L2(0,1) the same is true for t'=2%y(t), where v is the mean value
v(t) =t1 fg |sA%e*4x||ds. Therefore
t
t—g(t) = t_29/ |sA%es4z||ds € LP(0,1).
0
So,

¢
72K (12, x, X, D(A%)) < t_29</ |sA%esAx||ds + 2 ||t — tAetA:c]D(Az)>
0

< g(t) + 272 (Mo + My) || + || A%e ]| + 20, || A%/ 2]

and =2 K (2,2, X, D(A?)) € L£(0,1), with norm less than C(||¢2] rr01) t lz]). Then
t7OK(t,z, X, D(A?)) € L%(0,1), again with norm less than C'(lp2llp(0,1y + llz[l), and the
statement follows for m = 2.

If m is arbitrary the procedure is similar, with the kernel s x replacing
sAZes g O

m—1 Am €sA

In the case where Om is not integer, proposition 5.1.2 may be deduced from proposition
3.1.8 and proposition 5.1.1.
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5.2 Generation of analytic semigroups by interpolation

In this section we shall use interpolation to check that certain operators are sectorial in
suitable functional spaces.

Theorem 5.2.1 Let Y be any interpolation space between X and D(A). Then the part
of A in'Y, that is the operator

Ay : D(Ay)—Y, D(Ay)={ye D(A): Ay €Y}, Ayy= Ay

1s sectorial in'Y .

In particular, for every 6 € (0,1), 1 < p < oco. the parts of A in Da(0,p), in Da(6),
and in [X,D(A)|p are sectorial operators. Similarly, for every k € N the part of A in
DA(0 + k,p) is sectorial in D (0 + k,p).

Proof. Let A € Sg,. Since R()\, A) commutes with A on D(A), then ||R(A, A)||5(pa)) <
M/|A—w|. By interpolation it follows that R(), A) € L(Y') and ||R(A, A)|[1(v) < M/|A—w],
and the statement follows. O

In the next theorem we use the Stein interpolation theorem to prove generation of
analytic semigroups in LP spaces.

Theorem 5.2.2 Let (2, 1) be a o-finite measure space, and let T(t) : L?(Q) + L>®(Q) —
L2(Q) + L>®(Q) be a semigroup such that its restriction to L*(Q) is a bounded analytic
semigroup in L?(Q2) and its restriction to L>(Q) is a bounded semigroup in L>=(Q). Then
the restriction of T'(t) to LP(QQ) is a bounded analytic semigroup in LP(QY), for every p €
(2,00).

Proof. Let 6y € (0,7/2) and M > 0 be such that T'(t) has an analytic extension to the
sector Yo = {2 € C: 2 # 0, |arg z| < bo}, and || T(2)[|(z2y < M for every 2 € %o,
IT ()| L(rey < M for every t > 0.
Let S be the strip {z € C: Re z € [0,1]}. For every r > 0 and 6 € (—6p,0y) define a
function h : S +— Yo by
h(z) =re?1=2) 2 e 8,

and define a family of operators ©, € L(L?) by
©,=T(h(z)), z€S.

Then z — O, is continuous and bounded in S, holomorphic in the interior of S, with
values in L(L?). Consequently, if a is a simple function on € and b is a simple function
on A, the function

- / (0.a)(2)b(z)v(d)
A

is continuous and bounded in S, holomorphic in the interior of S. If Rez = 1, h(z) =
re? Mz ig a positive real number, so that ©, € L(L*>). Moreover

sup [|©itllp(z2) < M, sup |O14itl| p(re) < M.
teR teR

By the Stein interpolation theorem 2.1.15, applied with pg = qo0 = 2, p1 = @1 = +0,
for every s € (0,1) the operator © has an extension in L(LP) with p = 2/(1 — s), and
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1Os|(zry < M. Note that since s runs in (0, 1), then p runs in (2, 00). ©; is nothing but
T(re?1=9)). Since 7 and 6 are arbitrary, for every z # 0 with |arg z| < (1 — s) = 26, /p
T(z) € L(LP), with norm less or equal to M.

Let us show that z +— T'(z) is holomorphic in the sector ¥, = {z # 0 : |arg z| < 26y/p}
with values in L(LP) (for the moment we know only that it is bounded).

Let f € LP, g € L”, and let f, € LP N L?, g,, € LP N L2, be such that f, — f in LP,
gn — g in LP". Then the functions z — (T(2)fn,gn) are holomorphic in ¥y O %, and
converge to (T'(z)f, g) uniformly in X, because ||T'(2)|/1(z»y is bounded in X,. Therefore
z — (T'(2)f,g) is holomorphic in 3,. This implies that z +— T'(z) is holomorphic with
values in L(LP). O

Theorem 5.2.2 may be easily generalized as follows: if a semigroup 7'(¢) is analytic in
LPo and bounded in LP* then it is analytic in LP for every p in the interval with endpoints
po and pp. But the most common situation is pg = 2, p1 = co. For instance, if

n
Au =" Di(ay(x)Dju)(z), = €R",
ij=1
where the coefficients a;; are in H. (R™) and

n

Z a;j(x)&& >0, x, £ € R",

ij=1

then the realization of A in L?(R"™) generates an analytic bounded semigroup in L?(R"),
whose restriction to L>°(R"™) is a bounded semigroup in L>°(R"™). The proof may be found
in the book of Davies [17, Ex. 3.2.11].

5.3 Regularity in abstract parabolic equations

Throughout the section we fix 7' > 0 and we set

M= sup [[tFA%e" L (x), ke Nu{0}, (5.3)
0<t<T+1
and, for a € (0,1),
Mk,a = sup Htk_o‘AketAHL(DA(OC,OO),X), k € N. (5.4)
0<t<T+1

Let f:[0,T] — X, and ug € X. Cauchy problems of the type

u(t) = Au(t) + f(t), 0<t<T,
(5.5)
u(0) = ug

are called abstract parabolic problems, since the most known examples of sectorial oper-
ators are the realizations of elliptic differential operators in the usual functional Banach
spaces (LP spaces, spaces of continuous or Holder continuous functions in R™ or in open
sets of R™, etc.).

In this section we will see some optimal regularity results for (5.5) involving the inter-
polation spaces D 4(6,p). To begin with, we need some notation and general results about
abstract parabolic problems.
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Definition 5.3.1 Let T > 0, let f : [0,T] — X be a continuous function, and let uy € X.
Then:

(i) A function u € C*([0,T]; X) N ([ T); D(A)) is said to be a strict solution of (5.5)
in the interval [0,T] if u/(t) = Au(t) + f(t) for each t € [0,T], and u(0) = uy.

(i) A function u € C1((0,T); X)NC((0,T); D(A)NC([0,T); X) is said to be a classical
solution of (5.5) in the interval [0,T] if u'(t) = Au(t) + f(t) for each t € (0,T], and
u(0) = ug.

From definition 5.3.1 it follows easily that if problem (5.5) has a strict solution then

ug € D(A), Aug+ f(0) € D(A), (5.6)
and if problem (5.5) has a classical solution, then
ug € D(A). (5.7)
Moreover, any strict solution is also classical.

Proposition 5.3.2 Let f € C([0,T],X), and let ug € D(A). If u is a classical solution
of (5.5), then it is given by the variation of constants formula

t
u(t) = et g —i—/ e(t*S)Af(s)ds, 0<t<T. (5.8)
0

Proof. Let u be a classical solution of (5.5) in [0,77], and let t € (0,7]. Since u €
CH((0,T); X) N C([0,T]; X) N C((0,T); D(A)), then u(t) belongs to D(A) for 0 <t < T,
the function

v(s) = e y(s), 0<s<t,
belongs to C([0,t]; X) N C((0,t), X), and
v(0) = e"tug, w(t) = ul(t),
V' (s) = — At (s) + WA (5) = A f(5), 0< s <t
Then, for 0 < 2¢ < ¢,

v(t—e)—wv(e) = / - =94 £ (5)ds,

so that letting ¢ — 0 we get

and the statement follows. O

Proposition 5.3.2 implies that the classical solution of (5.5) is unique. Therefore the
strict solution is unique. Unfortunately, in general the function defined by (5.8) is not a
classical or a strict solution of (5.5). It is called mild solution of (5.5). The first term
t — etdug is OK: it is a classical solution of w’ = Aw, w(0) = ug if ug € D(A), it is a
strict solution if ug € D(A), Aug € D(A). The difficulties come from the second term,

t
o) = / =4 f(s)ds, 0<t<T.

0
Its regularity properties are stated in the next proposition.
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Proposition 5.3.3 Let f € L>®(0,T;X). Then, for every o € (0,1), v € C*([0,T]; X)
N C([0,T]; Da(a, 1)). More precisely, it belongs to C*=*([0,T); Da(a, 1)), and there is C
independent of f such that

[vllcr-ao,m:Da@1)) < CllFllLoo0,1:x)- (5.9)

Proof. Due to estimate (5.3), with & = 0, v satisfies
t
lo@)] < MO/ 1£(8)llds < MoT||flloo, 0 <t <T. (5.10)
0

Since ||etAHL(X) and HtetAHL(X’D(A)) are bounded in (0, T'], by interpolation there is K¢ o >
0 such that HetAHL(X,DA(aJ)) < Koot~ for 0 < t <T. Similarly, since HtAetAHL(X) and
HtQAetAHL(X,D(A)) are bounded in (0,7, by interpolation there is K;, > 0 such that
||AetAHL(X,DA(a,1)) < Kl,atfafl for0<t<T.
Therefore, s — He(t*S)AHL(X,DA(%l)) belongs to L1(0,t) for every t € (0,7]. Then v(t)
belongs to Da(a, 1) for every a € (0,1), and
WO Daa) < Koall =) T flleorx) (5.11)

Moreover, for 0 < s <t <T,

v(t) —v(s) = /OS (e(t*U)A — e(S*“)A> f(o)do + /:e(t”)Af(U)da

s t—o t
= /da/ AeTAf(a)dT+/ et~ f(0)do,
0 s—o s

which implies

S t—o
[0(t) = v(3) [ pagany < Kia /0 do / P0G £l

(5.12)

t
o Ko Koo I—a
K, _ < ) ) _
+ 070[/3 (t—o) %o || fllec < <a(1 — Q) + 1 —a) (t—s) 1 lloos

so that v is (1 — «)-Holder continuous with values in D 4(a, 1). Estimate (5.9) follows now
from (5.11) and (5.12). O

The estimates for v(¢) blow up as a — 1. In fact it is possible to show that in general
v is not Lipschitz continuous with values in X, nor bounded with values in D(A).

Next lemma is useful because it cuts half of the job in showing that a mild solution is
classical or strict.

Lemma 5.3.4 Let f € C([0,T]; X), let ug € D(A), and let u be the mild solution of (5.5).
The following conditions are equivalent.

(a) we C((0,T]; D(A)),
(b) uwe CH(0,T]; X),
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(c) w is a classical solution of (5.5).

Moreover the following conditions are equivalent.
(@) we C([0,T]; D(A)),
(v') we CH0, T}; X),

(') w is a strict solution of (5.5).

Proof. Of course, (c) is stronger than (a) and (b). Let us show that if either (a) or
(b) holds, then u is a classical solution. Since ug € D(A), then t — e'4ug belongs to
C’([O T]; X). We know already that u belongs to C([0,7;X). Moreover the integral
fo s)ds belongs to D(A), and

u(t)—uo—i—A/ ds+/f 0<t<T (5.13)

Indeed, for every t € [0,T] we have

t t ¢ s

/u(s)ds = /eSAu()ds—l—/ ds/ e (0)do
0 0 0 0
t ¢ t

= /eSAu[)ds—i—/ do/ e=DAf(5)ds
0 0 o

By lemma 5.0.14, the integral f; s=0)Af(g) fg 7 e f(o)dr is in D(A), and

A / te<8—0>A f(o)ds = (¥4 — 1) f(o) € LY(0,1).

Therefore the integral fo s)ds belongs to D(A), and

¢ ¢
A/ u(s)ds = eug — ug + / (e =DA _1)f(o)do, 0<t<T,
0 0

so that (5.13) holds.
From (5.13) we infer that for every ¢, h such that ¢, t + h € (0,7],

U —u t+h t+h
W = ;A/t u(s)ds + % i f(S)dS (514)

Since f is continuous at ¢, then
1 t+h

lim F(s)ds = f(2). (5.15)

h—0 h

Let (a) hold. Then Auw is continuous at ¢, so that

1 t+h 1 [tth
lim A/ u(s)ds = lim — Au(s)ds = Au(t).
h—0 t h—0 t
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By (5.14) and (5.15) we get now that u is differentiable at the point ¢, with «/(¢) =
Au(t)+ f(t). Since both Au and f are continuous in (0,77, then «’ too is continuous, and
u is a classical solution.

Let now (b) hold. Since u is continuous at ¢, then

t+h
1 t).
hli%h/ = u(®)

On the other hand, by (5.14) and (5.15), there exists the limit

]%iil%A (i /tHh u(s)ds> =/'(t) — f(t).

Since A is a closed operator, then u(t) belongs to D(A), and Au(t) = «'(t) — f(t). Since
both ' and f are continuous in (0,77, then also Au is continuous in (0,77, so that u is a
classical solution.

The equivalence of (a’), (¢'), (¢) may be proved in the same way. O

Now we are ready to prove regularity results for (5.5).
Let u be the mild solution of (5.5), and set u = u; + ug, where

ul(t) - /te(tS)A(f(s) - f(t))d37 0<t<T,
" (5.16)

ug(t) = et4 uo—l—/ t=)Art)ds, 0<t<T.
0

Theorem 5.3.5 Let 0 < a <1, f € C*([0,T],X), up € X. Then the mild solution u of
(5.5) belongs to C(|e, T], D(A)) N C1*%([e, T), X) for every e € (0,T), and

(1) if up € D(A), then u is a classical solution of (5.5);

(i) if ugp € D(A) and Aug+ f(0) € D(A), then u is a strict solution of (5.5), and there
is C' such that

lullero,m,x) + lullegom,piayy < CUlfllceo,m,x) + lluollpay); (5.17)

(111) if ug € D(A) and Aug + f(0) € Da(a, ), then v’ and Au belong to C*([0,T], X),
u’ belongs to B([0,T]; Da(a, o0)), and there is C' such that

uller+eo,m,x) + 1 Au]lcao,r1,x) + 114 | B(j0,77,0 4 (as00)
(5.18)

< O flleeo,m,x) + lwollpeay + lAuo + fF(O) b 4 (a00))-

Proof. Thanks to lemma 5.3.4, to prove statements (i) and (ii) it is sufficient to show
that u belongs to C'((0,T]; D(A)) in the case where ug € D(A), and to C([0,T]; D(A)) in
the case where ug € D(A) and Aug+ f(0) € D(A). We know already by proposition 5.3.3
that u € C%([e, T]; X) for every € € (0,T), and that u € C([0,T]; X) if up € D(A). So we
have to study Au.
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Let u; and ug be defined by (5.16). Then wu;i(t) € D(A) for t > 0, ua(t) € D(A) for
t >0, and

@ Aanw= | "AIA(f(s) — f(t)ds, 0<t<T. -

(i1)  Aug(t) = Aettug + (e — 1) f(t), 0 <t <T.

If ug € D(A), then (5.19)(ii) holds also for ¢t = 0.
Let us show that Awuy is Holder continuous in [0,7]. For 0 < s <t < T

Auy(t) — Aui(s) = /OSA <e(t*U)A — e(S*G)A) (f(o) — f(s))do
(5.20)

HEA = A (1) = f0) + [ AL (o) - (D)o

so that, since A(e(t=)4 — e(s=0)4) — ft::: A%emAdr,

t—o

|Aui(t) — Auq(s)]| < MQ/OS(S - 0)0‘/ 772dr do [f]ce

—0

+2Mo(t — 5)*[f]ca + M1/t(t —0)* do [f]ce
(5.21)

s t—o a2 1 o
§M2/0 da/ 22247 [floe + (2Mo + Mia™Y)(t — 5)°[f]oe

M M N
< <04(1—204)+2M0+ al) (t—S) [f]CO‘-

Therefore, Au; is a-Hélder continuous in [0,7]. Moreover, Aug is obviously a-Holder
continuous in [e, T]: hence, if ug € D(A), then v € C([0,T], X) and Au € C((0,T]; X), so
that, by Lemma 5.3.4, u is a classical solution of (5.5), and statement (i) is proved.

If ug € D(A) we have

Aus(t) = e (Aug + f(0)) + e (f(8) = F(0)) = f(1), 0<E<T, (5.22)

so that if Aug + f(0) € D(A) then Aus is continuous also at ¢ = 0, and statement (ii)
follows.

In the case where Az + f(0) € D4(a, 00), from (5.22) we get, for 0 < s <t < T,
[Auz(t) — Auz(s)l| < [[(e"! — e54)(Aug + £(0))]

e = e (f(s) = FODI + I = D(F(E) = ()l

t
< / A (D A (000,80 [[Atig + f(0)]| s (cr00)

t
A / " Ado

M o a M a
< 2 duo + JO) b= 90+ (5 + Mo-+1) (¢ = 97w,

(5.23)

[flee + (Mo + 1)(t — s)*[f]ce
L(X)

+s®




Analytic semigroups and interpolation 109
so that also Aus is Holder continuous, and the estimate
[ullor+a o) + 1wl oo o, x)

< C(Ifllee(om,x) + llwoll peay + 1Auo + £(0)[ D 4 (a,00))

follows easily.
Let us estimate [[u'(t)[|p,(a,00)- For 0 < ¢ < T we have, by (5.19),

() = / ADA(f(s) — F(t))ds + € (Aug + F(0)) + MA(F(E) — £(0)),
so that for 0 < ¢ <1

- acsh ) < e [ A 505) — sionas

+H AT (Aug + f(0))] + [I€!~*AHOA(f (1) — £(0))]]
t
< M2€1°‘/ (t — s)*(t+ & — s)"2ds [f]ce (5.24)
0
+M0[Au0 + f(0>]DA(a,oo) + Mlglia(t + 5)71150[ [f]C’O‘

< My / " 0%(0 + 1)"2do [flee + MolAuo + F(O)], ey + Milflco.

Therefore, [|u/(t)||p ,(a,00) i3 bounded in [0,77], and the proof is complete. O

Theorem 5.3.6 Let 0 < a < 1, up € X, f € C([0,T]; X) N B([0,T]; Da(cr,0)), and
let u be the mild solution of (5.5). Then u € C((0,T]; X) N C((0,T); D(A)), and u €
B([e,T]; Da(a + 1,00)) for every e € (0,T). Moreover, the following statements hold.

(i) if uop € D(A), then u is a classical solution;

(i) if uop € D(A), Aug € D(A), then u is a strict solution;

(1i1) if ug € Da(a+1,00), then v’ and Au belong to C([0,T]; X) N B([0,T]; Da(c, 0)),
Au belongs to C([0,T]; X), and there is C' such that

41| B((0,77:D  (@,00)) + 1A% B([0,71;D 4 (,00)) T+ [[AUll o (0,77:x)
(5.25)

< C(IfllB(o,11;D4(as00)) + 110l D 4 (at1,00))-

Proof. Let us consider the function v. We are going to show that it is the strict solution
of

V(t) = Av(t) + f(t), 0<t<T, v(0)=0, (5.26)
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and moreover v' and Av belong to B([0,T]; Da(a, 00)), Av € C*([0,T]; X), and there is
C such that

1| B(j0,71; D4 (0,00)) T 1AV B([0,71;D 4 (a,00)) T+ 1AV cef0,77:%)

(5.27)
< C I B(10,71:D 4 (cs00))-
For 0 <t < T, v(t) belongs to D(A), and
t o TaMl o
[Av(t)]| < Ml,a/o (t = $)* 7 ds || 1l B(Da(a00)) = =N B(DA(,00))- (5.28)
Moreover, for 0 < £ <1,
t
€12 AcsAo(e)| = 61 | [ A2eH9A payas
0
! 2
< Mg,aﬁla/o (t+& =) "ds|| fll B(o,:Da(e00)) < (5.29)
Ms o
1 —2’06 ||f||B([O,T};DA(a,oo))7

so that Av is bounded with values in D4(«, o0). Let us show that Av is Holder continuous
with values in X: for 0 < s <t < T we have

| Av(t) — Av(s)|| < HA /0 ’ (-4 — =Y f()d

t S t—o
+HA/ =4 f(o)do| < Mz,a/o dU/ 72T || Fll B0, D a(0,00))

(5.30)

t
+M1,a/ (t —o)* o || fll B(0,17:D4(c00))
S

MZ,a Ml,a o
= (oz(l — a) + a > <t - 5) HfHB([O,T];DA(apo)),

so that Av is a-Holder continuous in [0,7]. Estimate (5.27) follows now from (5.28),
(5.29), (5.30). Moreover, thanks to Lemma 5.3.4, v is a strict solution of (5.26).

Let us consider now the function ¢ — e4uy.

If ug € D(A), t — ey is the classical solution of w' = Aw, t > 0, w(0) = u.
If up € D(A) and Aug € D(A) it is a strict solution. If z € Dy(a + 1,00), it is a strict
solution, moreover it belongs to B([0,T]; Da(a+1,00)) N C*([0,T]; D(A)). Summing up,
the statement follows. O

5.4 Applications to regularity in parabolic PDE’s

Consider the problem

ut(t,x) = Au(t,z) + f(t,z), 0<t<T, x € R",
(5.31)
u(0,2) = up(z), = eR",
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where f and ug are continuous and bounded functions. We read it as an abstract Cauchy
problem of the type (5.5) in the space X = C'(R™) with the sup norm, setting u(t) = u(t,-)
and f(t) = f(t,-). A is the realization of the Laplace operator A in X. It is the generator
of the Gauss-Weierstrass analytic semigroup defined by (3.6). Note that the domain of A,

D(A) ={p € C(R™) : Ap (in the sense of distributions) € C(R")}

={p e CRMNNWZP(R")Vp>1: Ap € C(R™)}
contains properly C2(R"). However, we already know that for 0 < 6 < 1, 6 # 1/2
Da(6,00) = CH(R™), Da(0+1,00) = CH+2(R™),

For every f :[0,T] x R™ — C set f(t) = f(t,-), 0 <t <T. The following statements
are easy to be checked.

(i) f:1]0,T] — X is continuous iff f is continuous, bounded, and for every ¢ty € [0,7]
limy ., SUPgeRrn ’f(ta l’) - f(tO) :L')’ =0;

(i) if 0 < a < 1, then f € C*([0,T); X) if and only if f is continuous and bounded, and
moreover Sup, 4, o (1) — £(5,2)]/|t — 5| < o

(i) if 0 < <1, a #1/2, f € B([0,T); Da(a,0)) iff f(t,-) € C2*(R™) for every ¢, and
supg<i<r [|f(t; ) lo2e@mny < 00

So, we may apply theorems 5.3.5 and 5.3.6. Theorem 5.3.5 gives

Theorem 5.4.1 Let 0 < a < 1, o« # 1/2, and let f : [0,T] x R™ — C be continuous,
bounded, such that f(-,z) € C*([0,T]) for each x € R™ and sup,egn || f(-, )|l ¢ (jo,m) < o0-
Let ug € D(A) be such that Aug + f(0,-) € C?**(R™). Then problem (5.31) has a unique
solution u such that u, uy, Au are continuous, bounded, and sup,cgn ||ut(-, )| ce((o,m) <

00, SUPgcRrn HAU('aﬂf)ch([o,T]) < 00, SUPye(o,1)eR™ [l (2, ')HCM(Rn) < Q.
Applying theorem 5.3.6 gives

Theorem 5.4.2 Let 0 < a < 1, a # 1/2, and let f : [0,T] x R" — C be uniformly
continuous, bounded, and such that sup.cio || f (L, -)llo2e@mny < 0o. Let ug € C?F2(R™).
Then problem (5.31) has a unique solution w such that u, uz, Au are uniformly con-
tinuous, bounded, and sup;cio 1y [[ue(t, )|l c2amny < 00, supseio ) [ Diju(l, -)|lo2e@ny < oo,
supgegn [|[Au(:, )| e po,r7) < o0.

Putting together theorems 5.3.5 and 5.3.6 we get the Ladyzhenskaja—Solonnikov—
Ural’ceva theorem (see [29] for a completely different proof). For simplicity we consider

only the case 0 < a < 1/2. It is convenient to adopt the usual notation: we denote by
C*2([0,T] x R™) the space of the bounded functions f such that

|f(t,z) — f(s,9)]
t#s, 2y |t —s|* + |z — y|?

< 00,

and we denote by C'*2+29([0, T] x R") the space of the bounded functions f with
bounded f;, D;jf, such that fi, D;;f are in C*2%([0,T] x R"). It is possible to see that
this implies that the space derivatives D; f are (1/2 + «)-Hoélder continuous with respect
to t, with Holder constant independent of x.
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Theorem 5.4.3 (Ladyzhenskaja—Solonnikov—Ural’ceva) Let 0 < a < 1/2 and let f €
C*2([0,T] x R"), ug € C?*T2(R™). Then problem (5.31) has a unique solution u €
Cl+a,2+2a([0’T] % Rn)

Proof. Almost all follows from patching together the results of the above two theorems.
It remains to show that the space derivatives D;ju are time a-Holder continuous. To
this aim we use the fact that C%(R") belongs to the class Ji_, between C?*(R") and
C?+2%(R™) (see the exercises of chapter 1). Moreover, since ||u(t, )| czagn) is bounded
in [0, 7], then ¢ ~ u(t,-) is Lipschitz continuous with values in C2*(R"), with Lipschitz
constant supy<, <7 ||u¢(c,-)||c2a. So, for 0 < s <t < T we have

lut,) —uls, oz < Cllut, ) = uls, M gealult, ) = uls, ) g2t
< C((t = 8) supg<p<r [lue (0, )l c20)* (28UPoepo 17 Ul ) [ c22a)
<C(t—s)°

and the statement follows. g

This procedure works also if the Laplacian is replaced by any uniformly elliptic operator
with regular and bounded coefficients. Indeed it is known that the realization A of such an
operator in C'(R™) is sectorial, and that D 4(a, 00) = C?**(R"), Da(a+1,00) = C?*+2(R")
for av # 1/2. But the proofs of this properties are not trivial; they rely on the Stewart’s
theorem [35] which, in its turn, is based on the Agmon-Douglis—Nirenberg theorem [3].
See [32, Ch. 3].
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The Bochner integral

A.1 Integrals over measurable real sets

We recall here the few elements of Bochner integral theory that are used in these notes.
Extended treatments, with proofs, may be found in the books [7], [37].

X is any real or complex Banach space. We consider the usual Lebesgue measure in
R, and we denote by M the o-algebra consisting of all Lebesgue measurable subsets of R.
If A CR, x, denotes the characteristic function of the set A.

Definition A.1.1 A function f : R — X is said to be simple if there aren € N, x1,..,x, €
X, Ay, . Ay, € M, with meas A; < oo and A; N A; =0 for i # j, such that

n
=Y mix,,-
i=1

If I € M, a function f : I — X is said to be Bochner measurable if there is a sequence of
simple functions {fn} such that

lim f,(t) = f(t) for almost all ¢ € I.
n—oo

It is easy to see that every continuous function is measurable.
If f=37",xix, isasimple function we set

/ f(t)ydt = zn:xz measA;. (A.1)
R i=1

Definition A.1.2 Let f : R+— X. f is said to be Bochner integrable if there is a sequence
of simple functions {f,} converging to f almost everywhere, such that

n—oo

tim [ [[£a(t) — FO)lldt = 0.
R

Then n — [ fn(t)dt is a Cauchy sequence in X. We set

n—oo

/ F@Odt = tim [ fu(t)dt. (A.2)
R R
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Arguing as in the case X = R, one sees that fR f(t)dt is independent of the choice of the
sequence {f,}. If f is defined on a measurable set, the above definition can be extended
as follows.

Definition A.1.3 If I ¢ M and f : I — X, f is said to be integrable over I if the

extension f defined by
3 = f(t)v iftel
f(t){ =0, ifte¢ I

1s integrable. In this case we set

/I F(t)dt = /R F(t)at. (A.3)

If I = (a,b), with —oo < a < b < +o0, we set as usual

b a b
fde= [ s [ fode=- [ s
(avb) a b a
A simple criterion for establishing whether a function is integrable is stated in the
following proposition.

Proposition A.1.4 Let I € M, and let f : I — X. Then f is integrable if and only if f
is measurable and t — || f(t)|| is Lebesque integrable on I. Moreover,

H/If(t)dtH g/lllf(t)Hdt. (A.4)

From the definition it follows easily that if Y is another Banach space and A € L(X,Y),
then for every integrable f : I — X the function Af : [ — Y is integrable, and

/1 Af(t)dt = A /I F(t)dt.

In particular, if ¢ € X’ then for every integrable f : I — X the function ¢t — (f(t), ) is
integrable, and

</1 ft)dt, ) = /I<f(t),g0>dt.

It follows that for every couple of integrable functions f, ¢ it holds

J s+ uaeyie =2 [ 1)+ [ s vauec,
Another important commutativity property is the following one.

Proposition A.1.5 Let X, Y be Banach spaces, and let A: D(A) C X — Y be a closed
operator. Let I € M, let f : I — X be an integrable function such that f(t) € D(A) for
almost all t € I, and Af : I — Y is integrable. Then the integral fI f(t)dt belongs to
D(A), and

A/If(t)dy:/[Af(t)dt.
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A.2 [P and Sobolev spaces

On the set of all measurable functions on I we define the equivalence relation
f~g< f(t) =g(t) for almost all t € I. (A.5)

Definition A.2.1 L'(I; X) is the set of all equivalence classes of integrable functions
f:1w— X, with respect to the equivalence relation (A.5).

Since no confusion will arise, in the sequel we shall identify the equivalence class [f] €
LY(I; X) with the function f itself. We define a norm on L(I, X) by setting

Il = [ 17Ot (16)
We define now the spaces LP(I; X) for p > 1.

Definition A.2.2 Let p € (1,+0o0], and I € M. LP(I;X) is the set of all equivalence
classes of measurable functions f : I — X, with respect to the equivalence relation (A.5),
such that t — || f(t)| belongs to LP(I).

LP(I; X) is endowed with the norm

1/p
Hmmmm:(¢WUWW) ifp < oo (A7)

[f1lLoe(r,x) = ess sup {[|f(¥)[| : t € I} (A.8)

Arguing as in the case X = R, it is not difficult to see that for 1 < p < oo, the space
LP(I; X) is complete.

In the following, if there is no danger of confusion, we shall write | f]|, instead of

£l e (r;x)-
To introduce the Sobolev space WP (a,b; X) we need a lemma.

Lemma A.2.3 Let p € [1,00). Then the operator
Lo : D(Lo) = C'([a,0]; X) = LP(a,b; X), Lof = f’

is preclosed in LP(a,b; X), that is the closure of its graph is the graph of a closed operator.

Definition A.2.4 Let L : D(L) C LP(a,b; X) be the closure of the operator Lo defined
in Lemma (A.2.3). We set
WP(a,b; X) = D(L)

and we endow it with the graph norm. For every f € WYP(a,b; X), Lf is said to be the
strong derivative of f, and we denote it by f'.

In other words, f € W'P(a,b; X) if and only if there is a sequence {f,} C C*([a,b]; X)
such that f, — f in LP(a,b;X) and f) — g in LP(a,b; X), and in this case g = f'.
Moreover we have

Hf”Wl’P(a,b;X) = ”f”LP(a,b;X) + Hf/HLP(a,b;X) Vf € Wl,p(aa baX)
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Since L is a closed operator, then WP (a, b; X) is a Banach space.
Let f € WP(a,b; X), and let {f,} C C'([a,b]; X) be such that f, — f and f, — f’
in LP(a,b; X). From the equality

Falt) = fuls) = / fi(0)do (A.9)

we get, integrating with respect to s in (a,b) and letting n — oo,

(1) = b_la(/abf(s)ds—I—/at(a—a)f’(a)do), ac.in (a,b).

Therefore, W'P(a, b; X) is continuously embedded in C([a, b]; X). Letting n — oo in (A.9)

we get also
9= [ rio

Sometimes it is easier to deal with weak (or distributional) derivatives, defined as
follows.

Definition A.2.5 Let f € LP(a,b; X). A function g € L*(a,b; X) is said to be the weak
derivative of f in (a,b) if

b b
/ F(t) (£)dt = / g(t)p(t)dt, Yo € C(a,b).

It can be shown that weak and strong derivatives do coincide. More precisely, the
following proposition holds.

Proposition A.2.6 Let f € W'P(a,b; X). Then f is weakly differentiable, and f' is the
weak derivative of f.

Conversely, if f € LP(a,b; X) admits a weak derivative g € LP(a,b; X), then f €
WP(a,b; X), and g = f'.

A.3 Weighted L? spaces

Let I be an interval contained in (0, +00). For 1 < p < oo we denote by LY(I) the space
of the LP functions in I with respect to the measure dt/t, endowed with its natural norm

400 di\ P .
ez = ([ 1#0PS) it <o,

£l zeory = ess supyes [£(2)].

Dealing with L% spaces, the Hardy-Young inequalities are often more useful than the
Holder inequality. They hold for every positive measurable function ¢ : (0,a) — R,
0 < a < oo, and every a > 0, p > 1. See [23, p.245-246].

a t ds\? dt 1 /@ ds
y t*ap < —ap p
i [rer([ewD) § 2o [t

a a ds\? dt 1 [ ds
» ap @ - ap P
@ [ ([ ) F s L [Ceretrt

(A.10)
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The measure m(dt) = dt/t is the Haar measure of the multiplicative group Ri. So,
it is invariant under multiplication: m(A) = m(AA), for every measurable A C Ry and
A >0, and [l (0,00) = 0 (A) | £2(0,00)-

For every a # 0 the space LY (0,00) is invariant under the change of variable ¢ ~— t%,
in the sense that ¢ € LL(0,00) iff t — (t*) € LL(0,00), and

1l 2 0,00) = [ P11t = ()| L2 (0,00)-

(This is obviously true also for p = oo, with the usual convention 1/00 = 0). In particular,
for « = —1 we get an isometry:

el 220,00y = It = @) 22 (0,00

Moreover, the change of variable ¢ ~— ¢~! is an isometry also between LZ(1, 00) and L£(0, 1).

If X is any Banach space and 1 < p < co the space LE(I; X) is the set of all Bochner
measurable functions f : I — X, such that ¢ — || f(¢)||x is in LE(I). It is endowed with
the norm

/]

In chapters 1 and 3 we have used the following consequence of inequality (A.10)(i).

w0 = e 1 Olx Lz,

Corollary A.3.1 Let u be a function such that t — ug(t) = t%u(t) belongs to LY(0,a; X),
with 0 <a<o00,0<0<1andl <p<oo. Then also the mean value

1

v(t) = t/o u(s)ds, t>0 (A.11)

has the same property, and setting vg(t) = tv(t) we have

1
lvell £z (0,a;x) < 1-9 luoll 22 (0,0:x) (A.12)
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Vector-valued holomorphic
functions

Let X be a complex Banach space, let 2 be an open subset of C, f : & — X be a
continuous function and v : [a,b] — Q be a piecewise C'-curve. The integral of f along v
is defined by

b
/ f(2)dz = / S (bt

As usual, we denote by X’ the dual space of X consisting of all linear bounded operators
from X to C. For each x € X, 2’ € X' we set 2/(z) = (z,2').

Definition B.0.2 f is holomorphic in § if for each zy € Q the limit
o 1) = 1)

2=z z— 2

= f'(20)

exists in X. f is weakly holomorphic in § if it is continuous in ) and the complex-valued
function z — (f(2),2') is holomorphic in Q for every ' € X'.

Clearly, any holomorphic function is weakly holomorphic; actually, the converse is also
true, as the following theorem shows.

Theorem B.0.3 Let f: Q — X be a weakly holomorphic function. Then f is holomor-
phic.

Proof. Let B(zg, ) be a closed ball contained in €2; we prove that for all z € B(zg,r) the
following Cauchy integral formula holds:

fo) = L £(©)

210 JoB(aos) € — 2

dg. (B.1)

First of all, we observe that the right hand side of (B.1) is well defined because f is con-
tinuous. Since f is weakly holomorphic in €, the complex-valued function z — (f(2),z')
is holomorphic in § for all 2 € X’, and hence the ordinary Cauchy integral formula in
B(zp,r) holds, i.e.,

n_ 1 (£(§),2") _ L & /
{f(2),27) = 2m./BB(W)f_zdg— <2m. /é)B(ZO’T)g_st,x>.
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Since 2/ € X' is arbitrary, we obtain (B.1). We can differentiatee with respect to z under
the integral, so that f is holomorphic and

)y _ 1l f(€)
f (Z) - 2mi /83(zo7r) (€ - Z)n+1 &

for all z € B(zp,r) and n € N. O

Definition B.0.4 Let f: Q — X. We say that f admits a power series expansion around
a point zy € Q if there exist a X -valued sequence (a,) and r > 0 such that B(zp,r) C
and

+oo
f(z) = Zan(z —2p)" in B(zg,r).
n=0

Theorem B.0.5 Let f : Q) — X be a continuous function; then f is holomorphic if and
only if f has a power series expansion around every point of €).

Proof. Assume that f is holomorphic in Q. Then, if zy € Q and B(zg,r) C 2, the Cauchy
integral formula (B.1) holds for every z € B(zg,7).
Fix z € B(zp,r) and observe that the series

f (z—20)" 1

ezt -2

converges uniformly for £ in 0B(zo, ), since ‘(z—zo)/(f —20)| = 17|z —20|. Consequently,
by (B.1) we obtain

Mo = L oS BT
= 211 0B(zo0,r) "0 (f — Zo)n+1
5[, @) )
) 7;0 [Tm /83(20,7’) W dg} (z — 20)",

the series being convergent in X.
Conversely, suppose that

+oo
flz) = Zan(z —20)", z€ B(zo,r1),
n=0

where (a,) is a sequence with values in X. Then f is continuous, and for each 2’ € X',

“+o00

(f(z),x’) = Z<an7x/>(z - Zo)n, VS B(Zo,?“).

n=0

This implies that the complex-valued function z — (f(z),2’) is holomorphic in B(zg, )
for all 2/ € X’ and hence f is holomorphic by Theorem B.0.3. O

Now we extend some classical theorems of complex analysis to the case of vector-valued
holomorphic functions.
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Theorem B.0.6 (Cauchy) Let f : Q — X be holomorphic in Q2 and let D be a regular
domain contained in 2. Then

f(z)dz = 0.
oD

Proof. For each 2/ € X’ the complex-valued function z — (f(z),2’) is holomorphic in
and hence

0= | enads= (] fana),
|

Remark B.0.7 [improper complex integrals| As in the case of vector-valued func-
tions defined on a real interval, it is possible to define improper complex integrals in an
obvious way. Let f : Q@ — X be holomorphic, with Q C C possibly unbounded. If I = (a, b)
is a (possibly unbounded) interval and «y : I — C is a piecewise C'* curve in €2, then we set

[fz= [ o)

provided that the limit exists in X.

Theorem B.0.8 (Laurent expansion) Let f : D:={z € C:r <|z—2)| < R} - X
be holomorphic. Then, for every z € D

where

_ 1 f(2)
an—m/ mdz,néz,
9B(z0,0) 0

and r < o < R.

Proof. Since for each 2/ € X’ the function z — (f(z),2’) is holomorphic in D the usual
Laurent expansion holds, that is

—+00

(f)a) = ) an(@’)(z = 20)"

n=—0oo

where the coefficients a,(z’) are given by

Y Ge
ap(z') = /BB(ZO N dz, €.

2mi z — zp)"H1

It follows that
an(z") = (an,2"), n ez,

where the a,, are those indicated in the statement. O
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