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Introduction

Let X, Y be two real or complex Banach spaces. By X = Y we mean that X and Y
have the same elements and equivalent norms. By Y ⊂ X we mean that Y is continuously
embedded in X.

The couple of Banach spaces (X,Y ) is said to be an interpolation couple if both X and
Y are continuously embedded in a Hausdorff topological vector space V. In this case the
intersection X ∩ Y is a linear subspace of V, and it is a Banach space under the norm

‖v‖X∩Y = max{‖v‖X , ‖v‖Y }.

Also the sum X + Y = {x + y : x ∈ X, y ∈ Y } is a linear subspace of V. It is endowed
with the norm

‖v‖X+Y = inf
x∈X, y∈Y, x+y=v

‖x‖X + ‖y‖Y .

As easily seen, X+Y is isometric to the quotient space (X×Y )/D, where D = {(x,−x) :
x ∈ X ∩Y }. Since V is a Hausdorff space, then D is closed, and X+Y is a Banach space.
Moreover, ‖x‖X ≤ ‖x‖X+Y and ‖y‖Y ≤ ‖y‖X+Y for all x ∈ X, y ∈ Y , so that both X
and Y are continuously embedded in X + Y .

The space V is used only to guarantee that X+Y is a Banach space. It will disappear
from the general theory.

If (X,Y ) is an interpolation couple, an intermediate space is any Banach space E such
that

X ∩ Y ⊂ E ⊂ X + Y.

An interpolation space between X and Y is any intermediate space such that for every
T ∈ L(X) ∩ L(Y ) (that is, for every T ∈ L(X + Y ) whose restriction to X belongs to
L(X) and whose restriction to Y belongs to L(Y )), the restriction of T to E belongs
to L(E). We could also require that there is a constant independent of T such that
‖T‖L(E) ≤ C(‖T‖L(X) + ‖T‖L(Y )), but often this property is neglected.

The general interpolation theory is not devoted to characterize all the interpolation
spaces between X and Y but rather to construct suitable families of interpolation spaces
and to study their properties. The most known and useful families of interpolation spaces
are the real interpolation spaces which will be treated in chapter 1, and the complex
interpolation spaces which will be treated in chapter 2.

Interpolation theory has a wide range of applications. We shall emphasize applications
to partial differential operators and partial differential equations, referring to [36], [12] for
applications to other fields. In particular we shall give self-contained proofs of optimal
regularity results in Hölder and in fractional Sobolev spaces for linear elliptic and parabolic
differential equations.

The domains of powers of positive operators in Banach spaces are not interpolation
spaces in general. However in some interesting cases they coincide with suitable complex
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6 Introduction

interpolation spaces. In any case the theory of powers of positive operators is very close
to interpolation theory, and there are important connections between them. Therefore
in chapter 4 we give an elementary treatment of the powers of positive operators, with
particular attention to the imaginary powers.



Chapter 1

Real interpolation

Let (X,Y ) be a real or complex interpolation couple.
If I is any interval contained in (0,+∞), Lp

∗(I) is the Lebesgue space Lp with respect
to the measure dt/t in I. In particular, L∞∗ (I) = L∞(I). See Appendix, §2.

1.1 The K-method

Definition 1.1.1 For every x ∈ X + Y and t > 0, set

K(t, x,X, Y ) = inf
x=a+b, a∈X, b∈Y

(‖a‖X + t‖b‖Y ) . (1.1)

If there is no danger of confusion, we shall write K(t, x) K(t, x,X, Y ) instead of K(t, x,X,
Y ).

Note that K(1, x) = ‖x‖X+Y , and for every t > 0 K(t, ·) is a norm in X+Y , equivalent
to the norm of X +Y . Now we define a family of Banach spaces by means of the function
K.

Definition 1.1.2 Let 0 < θ < 1, 1 ≤ p ≤ ∞, and set
(X,Y )θ,p = {x ∈ X + Y : t 7→ t−θK(t, x,X, Y ) ∈ Lp

∗(0,+∞)},

‖x‖(X,Y )θ,p
= ‖t−θK(t, x,X, Y )‖Lp

∗(0,∞);
(1.2)

(X,Y )θ = {x ∈ X + Y : limt→0+ t−θK(t, x,X, Y )

= limt→+∞ t−θK(t, x,X, Y ) = 0}.
(1.3)

Such spaces are called real interpolation spaces.

Since t 7→ K(t, x) is continuous in (0,∞) for each x ∈ X+Y , then (X,Y )θ ⊂ (X,Y )θ,∞.
The spaces (X,Y )θ are also called continuous interpolation spaces.

The mapping x 7→ ‖x‖(X,Y )θ,p
is easily seen to be a norm in (X,Y )θ,p. If no confusion

may arise, we shall write ‖x‖θ,p instead of ‖x‖(X,Y )θ,p
.

Note that K(t, x,X, Y ) = tK(t−1, x, Y,X) for each t > 0. By the transformation
τ = t−1, which preserves Lp

∗(0,∞), we get

(X,Y )θ,p = (Y,X)1−θ,p, 0 < θ < 1, 1 ≤ p ≤ ∞, (1.4)

7



8 Chapter 1

and
(X,Y )θ = (Y,X)1−θ. (1.5)

So, pay attention to the order!
Let us consider some particular cases.

(a) Let X = Y . Then X + Y = X, and K(t, x) ≤ min{t, 1}‖x‖. Therefore

X ⊂ (X,X)θ,p, 0 < θ < 1, 1 ≤ p ≤ ∞.

In the next proposition we will see that for any interpolation couple we have (X,Y )θ,p

⊂ X + Y . So, if X = Y then (X,X)θ,p = X.

(b) If X ∩ Y = {0}, then for each x ∈ X + Y there are a unique a ∈ X and a unique
b ∈ Y such that x = a + b, hence K(t, x) = ‖a‖X + t‖b‖Y and t 7→ t−θK(t, x) does
not belong to any Lp

∗(0,∞), unless x = 0. Therefore, (X,Y )θ,p = (X,Y )θ = {0} for
every p ∈ [1,∞], θ ∈ (0, 1).

(c) In the important case where Y ⊂ X we have K(t, x) ≤ ‖x‖X for every x ∈ X, so that
t 7→ t−θK(t, x) ∈ Lp

∗(a,∞) for all a > 0, and limt→+∞ t−θK(t, x) = 0. Therefore,
only the behavior near t = 0 of t−θK(t, x) plays a role in the definition of (X,Y )θ,p

and of (X,Y )θ. Indeed, one could replace the halfline (0,+∞) by any interval (0, a)
in definition 1.1.2, obtaining equivalent norms.

The inclusion properties of the real interpolation spaces are stated below.

Proposition 1.1.3 For 0 < θ < 1, 1 ≤ p1 ≤ p2 ≤ ∞ we have

X ∩ Y ⊂ (X,Y )θ,p1 ⊂ (X,Y )θ,p2 ⊂ (X,Y )θ ⊂ (X,Y )θ,∞ ⊂ X + Y. (1.6)

Moreover,
(X,Y )θ,∞ ⊂ X ∩ Y ,

where X, Y are the closures of X, Y in X + Y .

Proof. Let us show that (X,Y )θ,∞ is contained in X ∩Y and it is continuously embedded
in X + Y . For x ∈ (X,Y )θ,∞ we have

K(t, x) = inf
x=a+b

‖a‖X + t‖b‖Y ≤ tθ‖x‖θ,∞, t > 0,

so that for every n ∈ N (taking t = 1/n) there are an ∈ X, bn ∈ Y such that x = an + bn,
and

‖an‖X +
1
n
‖bn‖Y ≤ 2

nθ
‖x‖θ,∞.

In particular, ‖x − bn‖X+Y = ‖an‖X+Y ≤ ‖an‖X ≤ 2‖x‖θ,∞n
−θ, so that the sequence

{bn} goes to x in X + Y as n → ∞. This implies that (X,Y )θ,∞ is contained in Y .
Arguing similarly (i.e., replacing 1/n by n and letting n → ∞), or else recalling that
(X,Y )θ,∞ = (Y,X)1−θ,∞) we see that (X,Y )θ,∞ is contained also in X. Moreover, by
definition ‖x‖X+Y = K(1, x). Therefore

‖x‖X+Y = K(1, x) ≤ ‖x‖θ,∞, ∀x ∈ (X,Y )θ,∞,
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so that (X,Y )θ,∞ is continuously embedded in X + Y .
The inclusion (X,Y )θ ⊂ (X,Y )θ,∞ is obvious becauseK(·, x) is continuous (see exercise

1, §1.1.1) so that t−θK(t, x) is bounded in every interval [a, b] with 0 < a < b.
Let us show that (X,Y )θ,p is contained in (X,Y )θ and it is continuously embedded in

(X,Y )θ,∞ for p <∞. For each x ∈ (X,Y )θ,p and t > 0, recalling that K(·, x) is increasing
we get

t−θK(t, x) = (θp)1/p

(∫ +∞

t
s−θp−1ds

)1/p

K(t, x)

≤ (θp)1/p

(∫ +∞

t
s−θp−1K(s, x)pds

)1/p

, t > 0.

(1.7)

The right hand side is bounded by (θp)1/p‖x‖θ,p. Therefore x ∈ (X,Y )θ,∞, and ‖x‖θ,∞ ≤
(θp)1/p‖x‖θ,p. Changing θ with 1−θ and X with Y we obtain ‖x‖θ,∞ ≤ ((1−θ)p)1/p‖x‖θ,p.
Therefore,

‖x‖θ,∞ ≤ [min{θ, 1− θ}p]1/p‖x‖θ,p. (1.8)

Moreover letting t→∞ we get limt→∞ t−θK(t, x) = 0. To prove that x ∈ (X,Y )θ we need
also that limt→0 t

−θK(t, x) = 0. This can be seen as follows: since (X,Y )θ,p = (Y,X)1−θ,p

then

0 = lim
t→+∞

t−(1−θ)K(t, x, Y,X) = lim
t→+∞

tθK(t−1, x,X, Y ) = lim
τ→0+

τ−θK(τ, x,X, Y ).

Let us prove that (X,Y )θ,p1 ⊂ (X,Y )θ,p2 for p1 < p2 < +∞. For x ∈ (X,Y )θ,p1 we
have

‖x‖θ,p2 =
(∫ +∞

0
t−θp2K(t, x)p2

dt

t

)1/p2

=
(∫ +∞

0
t−θp1K(t, x)p1(t−θK(t, x))p2−p1

dt

t

)1/p2

≤
(∫ +∞

0
t−θp1K(t, x)p1

dt

t

)1/p2 (
supt>0 t

−θK(t, x)
)(p2−p1)/p2

= (‖x‖θ,p1)
p1/p2(‖x‖θ,∞)1−p1/p2 ,

and using (1.8) we find

‖x‖θ,p2 ≤ [min{θ, 1− θ}p1]1/p1−1/p2‖x‖θ,p1 . (1.9)

Finally, from the inequality K(t, x) ≤ min{1, t} ‖x‖X∩Y for every x ∈ X ∩Y it follows
immediately that X ∩ Y is continuously embedded in (X,Y )θ,p for 0 < θ < 1, 1 ≤ p ≤ ∞.

The statement is so completely proved. �

The first part of the proof of proposition 1.1.3 shows the connection between inter-
polation theory and approximation theory. Indeed, the sequence bn in the proof consists
of elements of Y and converges to x in X + Y . The rate of convergence of bn and the
rate of blowing up of ‖bn‖Y are described precisely by the fact that x ∈ (X,Y )θ,∞ (or
x ∈ (X,Y )θ,p ⊂ (X,Y )θ,∞). In particular, if x ∈ (X,Y )θ,∞ then ‖x − bn‖X+Y ≤ const.
n−θ, and ‖bn‖Y ≤ const. n1−θ.

If Y ⊂ X other embeddings hold.
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Proposition 1.1.4 If Y ⊂ X, for 0 < θ1 < θ2 < 1 we have

(X,Y )θ2,∞ ⊂ (X,Y )θ1,1. (1.10)

Therefore, (X,Y )θ2,p ⊂ (X,Y )θ1,q for every p, q ∈ [1,∞].

Proof. For x ∈ (X,Y )θ2,∞ we have, using the inequalities K(t, x) ≤ ‖x‖X for t ≥ 1 and
K(t, x) ≤ tθ2‖x‖θ2,∞ for 0 < t ≤ 1,

‖x‖θ1,1 =
∫ 1

0
t−θ1−1K(t, x)dt+

∫ +∞

1
t−θ1−1K(t, x)dt

≤
∫ 1

0
t−θ1−1‖x‖θ2,∞t

θ2dt+
∫ +∞

1
t−θ1−1‖x‖Xdt

≤ 1
θ2 − θ1

‖x‖θ2,∞ +
1
θ1
‖x‖X ,

(1.11)

and the statement follows since (X,Y )θ2,∞ ⊂ X + Y = X because Y ⊂ X. �

Note that (1.10) is not true in general. See next example 1.1.10.

Proposition 1.1.5 For all θ ∈ (0, 1), p ∈ [1,∞], (X,Y )θ,p is a Banach space. For all
θ ∈ (0, 1), (X,Y )θ is a Banach space, endowed with the norm of (X,Y )θ,∞.

Proof. Let {xn}n∈N be a Cauchy sequence in (X,Y )θ,p. By the continuous embedding
(X,Y )θ,p ⊂ X + Y , {xn}n∈N is a Cauchy sequence in X + Y too, so that it converges to
an element x ∈ X + Y .

Let us estimate ‖xn − x‖θ,p. Fix ε > 0, and let ‖xn − xm‖θ,p ≤ ε for n, m ≥ nε. Since
y 7→ K(t, y) is a norm in X + Y , for every n, m ∈ N and t > 0 we have K(t, xn − x) ≤
K(t, xn − xm) +K(t, xm − x), so that

t−θK(t, xn − x) ≤ t−θK(t, xn − xm) + t−θ max{t, 1}‖xm − x‖X+Y . (1.12)

Let p = ∞. Then for every t > 0 and n, m ≥ nε

t−θK(t, xn − x) ≤ ε+ t−θ max{t, 1}‖xm − x‖X+Y .

Letting m → +∞, we find t−θK(t, xn − x) ≤ ε for every t > 0. This implies that
x ∈ (X,Y )θ,∞ and that xn → x in (X,Y )θ,∞. Therefore (X,Y )θ,∞ is complete.

It is easy to see that (X,Y )θ is a closed subspace of (X,Y )θ,∞. Since (X,Y )θ,∞ is
complete, then also (X,Y )θ is complete.

Let now p <∞. Then

‖xn − x‖θ,p = lim
δ→0

(∫ 1/δ

δ
t−θp−1K(t, xn − x)pdt

)1/p

.

Due again to (1.12), for every δ ∈ (0, 1) we get, for n, m ≥ nε,(∫ 1/δ

δ
t−θp−1K(xn − x)pdt

)1/p

≤ ‖xn − xm‖θ,p

+‖xm − x‖X+Y

(∫ 1/δ

δ
t−θp−1 max{t, 1}dt

)1/p

≤ ε+ C(δ, p)‖xm − x‖X+Y .
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Letting first m → ∞ and then δ → 0 we get x ∈ (X,Y )θ,p and xn → x in (X,Y )θ,p. So,
(X,Y )θ,p is complete. �

The spaces (X,Y )θ,p and (X,Y )θ are interpolation spaces, as a consequence of the
following important theorem.

Theorem 1.1.6 Let (X1, Y1), (X2, Y2) be interpolation couples. If T ∈ L(X1, X2) ∩
L(Y1, Y2), then T ∈ L((X1, Y1)θ,p, (X2, Y2)θ,p) ∩ L((X1, Y1)θ, (X2, Y2)θ) for every θ ∈ (0, 1)
and p ∈ [1,∞]. Moreover,

‖T‖L((X1,Y1)θ,p,(X2,Y2)θ,p) ≤ (‖T‖L(X1,X2))
1−θ(‖T‖L(Y1,Y2))

θ. (1.13)

Proof. If T is the null operator, there is nothing to prove. If T 6= 0, either ‖T‖L(X1,X2) 6= 0
or ‖T‖L(Y1,Y2) 6= 0. Assume that ‖T‖L(X1,X2) 6= 0. Let x ∈ (X1, Y1)θ,p: then for every
a ∈ X1, b ∈ Y1 such that x = a+ b and for every t > 0 we have

‖Ta‖X2 + t‖Tb‖Y2 ≤ ‖T‖L(X1,X2)

(
‖a‖X1 + t

‖T‖L(Y1,Y2)

‖T‖L(X1,X2)
‖b‖Y1

)
,

so that, taking the infimum over all a, b as above, we get

K(t, Tx,X2, Y2) ≤ ‖T‖L(X1,X2)K

(
t
‖T‖L(Y1,Y2)

‖T‖L(X1,X2)
, x,X1, Y1

)
. (1.14)

Setting s = t
‖T‖L(Y1,Y2)

‖T‖L(X1,X2)
we get Tx ∈ (X2, Y2)θ,p, and

‖Tx‖(X2,Y2)θ,p
≤ ‖T‖L(X1,X2)

( ‖T‖L(Y1,Y2)

‖T‖L(X1,X2)

)θ

‖x‖(X1,Y1)θ,p
,

and (1.13) follows. From (1.14) it follows also that

limt→0 t
−θK(t, x,X1, Y1) = limt→∞ t−θK(t, x,X1, Y1) = 0 =⇒

=⇒ limt→0 t
−θK(t, Tx,X2, Y2) = limt→∞ t−θK(t, Tx,X2, Y2) = 0,

that is, T maps (X1, Y1)θ into (X2, Y2)θ.
In the case where ‖T‖L(X1,X2) = 0 we get the result either replacing everywhere

‖T‖L(X1,X2) by ε > 0 and then letting ε → 0, or else replacing Xi by Yi for i = 1, 2
and θ by 1− θ (see (1.4) and (1.5)). �

Taking X1 = X2 = X, Y1 = Y2 = Y , it follows that (X,Y )θ,p and (X,Y )θ are
interpolation spaces. Another important consequence is the next corollary.

Corollary 1.1.7 Let (X,Y ) be an interpolation couple. For 0 < θ < 1, 1 ≤ p ≤ ∞ there
is c(θ, p) such that

‖y‖(X,Y )θ,p
≤ c(θ, p)‖y‖1−θ

X ‖y‖θ
Y ∀y ∈ X ∩ Y. (1.15)
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Proof. Set K = R or K = C, according to the fact that X, Y are real or complex
Banach spaces. Let y ∈ X ∩ Y , and define T by T (λ) = λy for each λ ∈ K. Then
‖T‖L(K,X) = ‖y‖X , ‖T‖L(K,Y ) = ‖y‖Y , and ‖T‖L(K,(X,Y )θ,p) = ‖y‖(X,Y )θ,p

. The statement
follows now taking X1 = Y1 = K and X2 = X, Y2 = Y in theorem 1.1.6, and recalling
that (K,K)θ,p = K.

Another more direct proof is the following: for y ∈ X ∩ Y \ {0}, we have K(t, y) ≤
min{‖y‖X , t‖y‖Y }, so that

t ≤ ‖y‖X

‖y‖Y
=⇒ K(t, y) ≤ t‖y‖Y =⇒ t−θK(t, y) ≤ t1−θ‖y‖Y ≤ ‖y‖1−θ

X ‖y‖θ
Y ,

and

t ≥ ‖y‖X

‖y‖Y
=⇒ K(t, y) ≤ ‖y‖X =⇒ t−θK(t, y) ≤

(
‖y‖Y

‖y‖X

)θ

‖y‖X = ‖y‖1−θ
X ‖y‖θ

Y .

Therefore ‖y‖(X,Y )θ,∞ = supt>0 t
−θK(t, y) ≤ ‖y‖1−θ

X ‖y‖θ
Y , and the statement follows for

p = +∞ with constant c(θ,∞) = 1. For p < +∞ we already know that (X,Y )θ,p is
continuously embedded in (X,Y )θ,∞, and the proof is complete. �

1.1.1 Examples

Let us see some basic examples. Cb(Rn) is the space of the bounded continuous functions
in Rn, endowed with the sup norm ‖·‖∞; C1

b (Rn) is the subset of the continuously differen-
tiable functions with bounded derivatives, endowed with the norm ‖f‖∞ +

∑n
i=1 ‖Dif‖∞.

For θ ∈ (0, 1), Cθ
b (Rn) is the set of the bounded and uniformly Hölder continuous functions,

endowed with the norm

‖f‖Cθ
b

= ‖f‖∞ + [f ]Cθ = ‖f‖∞ + sup
x 6=y

|f(x)− f(y)|
|x− y|θ

.

For θ ∈ (0, 1), p ∈ [1,∞), W θ,p(Rn) is the space of all f ∈ Lp(Rn) such that

[f ]W θ,p =
(∫

Rn×Rn

|f(x)− f(y)|p

|x− y|θp+n
dx dy

)1/p

<∞.

It is endowed with the norm ‖ · ‖Lp + [ · ]W θ,p .

Example 1.1.8 For 0 < θ < 1, 1 ≤ p <∞ we have

(Cb(Rn), C1
b (Rn))θ,∞ = Cθ

b (Rn), (1.16)

(Lp(Rn),W 1,p(Rn))θ,p = W θ,p(Rn), (1.17)

with equivalence of the respective norms.

Proof. Let us prove the first statement. Let f ∈ (Cb(Rn), C1
b (Rn))θ,∞. Since (X,Y )θ,∞ ⊂

X + Y , we have ‖f‖∞ ≤ const. ‖f‖θ,∞. In our case the constant is 1, because for every
decomposition f = a+ b, with a ∈ Cb(Rn), b ∈ C1

b (Rn) we have ‖f‖∞ ≤ ‖a‖∞ + ‖b‖∞, so
that

‖f‖∞ ≤ K(1, f, Cb(Rn), C1
b (Rn)) ≤ ‖f‖θ,∞.
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Moreover for x 6= y and again for every decomposition f = a + b, with a ∈ Cb(Rn),
b ∈ C1

b (Rn), we have

|f(x)− f(y)| ≤ |a(x)− a(y)|+ |b(x)− b(y)| ≤ 2‖a‖∞ + ‖b‖C1 |x− y|,

so that, taking the infimum over all the decompositions,

|f(x)− f(y)| ≤ 2K(|x− y|, f, Cb(Rn), C1
b (Rn)) ≤ 2|x− y|θ‖f‖θ,∞.

Therefore f is θ-Hölder continuous and ‖f‖Cθ = ‖f‖∞ + [f ]Cθ ≤ 3‖f‖θ,∞.
Conversely, let f ∈ Cθ

b (Rn). Let ϕ ∈ C∞(Rn) be a nonnegative function with support
in the unit ball, such that

∫
Rn ϕ(x)dx = 1. For every t > 0 set

bt(x) =
1
tn

∫
Rn

f(y)ϕ
(
x− y

t

)
dy, at(x) = f(x)− bt(x), x ∈ Rn. (1.18)

Then

at(x) =
1
tn

∫
Rn

(f(x)− f(x− y))ϕ
(
y

t

)
dy

so that
‖at‖∞ ≤ [f ]Cθ

1
tn

∫
Rn

|y|θϕ(y/t)dy = tθ[f ]Cθ

∫
Rn

|w|θϕ(w)dw.

Moreover, ‖bt‖∞ ≤ ‖f‖∞, and

Dibt(x) =
1

tn+1

∫
Rn

f(y)Diϕ

(
x− y

t

)
dy.

Since
∫

Rn Diϕ((x− y)/t)dy = 0, we get

Dibt(x) =
1

tn+1

∫
Rn

(f(x− y)− f(x))Diϕ

(
y

t

)
dy, (1.19)

which implies

‖Dibt‖∞ ≤ tθ−1[f ]Cθ

∫
Rn

|w|θ|Diϕ(w)|dw.

Therefore,
t−θK(t, f) ≤ t−θ(‖at‖∞ + t‖bt‖C1) ≤ C‖f‖Cθ , 0 < t ≤ 1.

For t ≥ 1 (see remark (c) after definition 1.1.1), we can take at = f , bt = 0 which implies

t−θK(t, f) ≤ t−θ‖f‖∞ ≤ ‖f‖∞, t ≥ 1.

The embedding Cθ
b (Rn) ⊂ (Cb(Rn), C1

b (Rn))θ,∞ follows.
The proof of the second statement is similar. We recall that for every b ∈ W 1,p(Rn)

and h ∈ Rn \ {0} we have (see e.g. [8])(∫
Rn

(
|b(x+ h)− b(x)|

|h|

)p

dx

)1/p

≤ ‖Db‖Lp .

For every f ∈ (Lp(Rn),W 1,p(Rn))θ,p and h ∈ Rn let a = a(h) ∈ Lp(Rn), b = b(h) ∈
W 1,p(Rn) be such that f = a+ b, and

‖a‖Lp + |h| ‖b‖W 1,p ≤ 2K(|h|, f).
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Then
|f(x+ h)− f(x)|p

|h|θp+n
≤ 2p−1

(
|a(x+ h)− a(x)|p

|h|θp+n
+
|b(x+ h)− b(x)|p

|h|θp+n

so that ∫
Rn

|f(x+ h)− f(x)|p

|h|θp+n
dx

≤ 2p−1

∫
Rn

(
|a(x+ h)− a(x)|p

|h|θp+n
+
|b(x+ h)− b(x)|p

|h|θp+n

)
dx

≤ 22p−2 ‖a‖
p
Lp

|h|θp+n
+ 2p−1 |h|p‖ |Db| ‖

p
Lp

|h|θp+n

≤ Cp|h|−θp−n(‖a‖Lp + |h| ‖b‖W 1,p)p ≤ Cp|h|−θp−nK(|h|, f).
It follows that ∫

Rn×Rn

|f(x+ h)− f(x)|p

|h|θp+n
dx dh

≤ Cp

∫
Rn

|h|−θp−nK(|h|, f)pdh

= Cp

∫ ∞

0

K(r, f)p

rθp+1
dr

∫
∂B(0,1)

dσn−1 = Cp,n‖f‖p
θ,p.

Therefore, (Lp(Rn),W 1,p(Rn))θ,p is continuously embedded inW θ,p(Rn). To be precise, we
have estimated so far only the seminorm [f ]θ,p. But we already know that each (X,Y )θ,p

is continuously embedded in X + Y ; in our case X + Y = X = Lp(Rn) so that we have
also ‖f‖Lp ≤ C‖f‖θ,p.

To prove the other embedding, for each f ∈W θ,p define at and bt by (1.18). Then

‖at‖p
Lp =

∫
Rn

(∫
Rn

|f(y)− f(x)| 1
tn
ϕ

(
x− y

t

)
dy

)p

dx

≤
∫

Rn

∫
Rn

|f(y)− f(x)|p 1
tn
ϕ

(
x− y

t

)
dydx.

were for p > 1 we applied the Hölder inequality to the product

|f(x)− f(y)|(t−nϕ((x− y)/t))1/p · (t−nϕ((x− y)/t))1−1/p.

So we get∫ ∞

0
t−θp‖at‖p

Lp

dt

t
≤
∫ ∞

0

(∫
Rn×Rn

|f(y)− f(x)|p 1
tn
ϕ

(
x− y

t

)
dy dx

)
dt

t

=
∫

Rn×Rn

|f(y)− f(x)|p
(∫ ∞

0
t−θp 1

tn
ϕ

(
x− y

t

)
dt

t

)
dy dx

=
∫

Rn×Rn

|f(y)− f(x)|p
(∫ ∞

|x−y|
t−θp 1

tn
ϕ

(
x− y

t

)
dt

t

)
dy dx

≤ ‖ϕ‖∞
θp+ n

∫
Rn×Rn

|f(y)− f(x)|p

|y − x|θp+n
dx dy = C[f ]p

W θ,p .
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Using (1.19) and arguing similarly, we get also∫ ∞

0
t(1−θ)p‖Dibt‖p

Lp

dt

t
≤
Cp−1

i ‖Diϕ‖∞
θp+ n

[f ]p
W θ,p ,

with Ci =
∫

Rn |Diϕ(y)|dy, while ‖bt‖Lp ≤ ‖f‖Lp‖ϕ‖L1 = ‖f‖Lp .
Therefore, t−θK(t, f, Lp,W 1,p) ≤ t−θ‖at‖Lp + t1−θ‖bt‖W 1,p ∈ Lp

∗(0, 1), with norm esti-
mated by C‖f‖W θ,p , and the second part of the statement follows. �

Note that the proof of (1.16) yields also

(L∞(Rn), Lip(Rn))θ,∞ = (BUC(Rn), BUC1(Rn))θ,∞ = Cθ
b (Rn).

We shall see later (§3.2) another method to prove (1.16) and (1.17).

Example 1.1.9 Let Ω ∈ Rn be an open set with the following property: there exists an
extension operator E such that E ∈ L(Cb(Ω), Cb(Rn)) ∩ L(C1

b (Ω), C1
b (Rn)), and also, for

some θ ∈ (0, 1), E ∈ L(Cθ
b (Ω), Cθ

b (Rn)) (by extension operator we mean that Ef|Ω = f(x),
for all f ∈ Cb(Ω)). Then

(Cb(Ω), C1
b (Ω))θ,∞ = Cθ

b (Ω).

Proof. Theorem 1.1.6 implies that

E ∈ L((Cb(Ω), C1
b (Ω))θ,∞, (Cb(Rn), C1

b (Rn))θ,∞).

We know already that (Cb(Rn), C1
b (Rn))θ,∞ = Cθ

b (Rn). So, for every f ∈ (Cb(Ω), C1
b (Ω))θ,∞

the extension Ef is in Cθ
b (Rn) and ‖Ef‖Cθ

b (Rn) ≤ C‖f‖(Cb(Ω),C1
b (Ω))θ,∞

. Since f = Ef|Ω,

then f ∈ Cθ
b (Ω) and ‖f‖Cθ

b (Ω) ≤ C‖f‖(Cb(Ω),C1
b (Ω))θ,∞

.

Conversely, if f ∈ Cθ
b (Ω) then Ef ∈ Cθ

b (Rn) = (Cb(Rn), C1
b (Rn))θ,∞. The retraction

operator Rg = g|Ω belongs obviously to L(Cb(Rn), Cb(Ω)) ∩ L(C1
b (Rn), C1

b (Ω)). Again by
theorem 1.1.6, f = R(Ef) ∈ (Cb(Ω), C1

b (Ω))θ,∞, with norm not exceeding C‖Ef‖Cθ
b (Rn) ≤

C ′‖f‖Cθ
b (Ω). �

Such a good extension operator exists if Ω is an open set with uniformly C1 boundary.
∂Ω is said to be uniformly C1 if there are N ∈ N and a (at most) countable set of balls
Bk whose interior parts cover ∂Ω, such that the intersection of more than N of these balls
is empty, and diffeomorphisms ϕk : Bk 7→ B(0, 1) ⊂ Rn such that ϕk(Bk ∩ Ω) = {y ∈
B(0, 1) : yn ≥ 0}, and ‖ϕk‖C1 + ‖ϕ−1

k ‖C1 are bounded by a constant independent of k.
(In particular, each bounded Ω with C1 boundary has uniformly C1 boundary).

It is sufficient to construct E when Ω = Rn
+. The construction of E for any open set

with uniformly C1 boundary will follow by the usual method of local straightening the
boundary.

If Ω = Rn
+ = {x = (x′, xn) ∈ Rn : xn > 0} we may use the reflection method: we set

Ef(x) =


f(x), xn ≥ 0,

α1f(x′,−xn) + α2f(x′,−2xn), xn < 0,

where α1, α2 satisfy the continuity condition α1+α2 = 1 and the differentiability condition
−α1 − 2α2 = 1, that is α1 = 3, α2 = −2.
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Then E ∈ L(C(Rn
+), Cb(Rn)) ∩ L(Cθ(Rn

+), Cθ
b (Rn)) ∩ L(C1(Rn

+), C1
b (Rn)), for every

θ ∈ (0, 1).

Let now (Ω, µ) be a σ-finite measure space. To define the Lorentz spaces Lp,q(Ω) we
introduce the rearrangements as follows. For every measurable f : Ω 7→ R or f : Ω 7→ C
set

m(σ, f) = µ{x ∈ Ω : |f(x)| > σ}, σ ≥ 0,

and
f∗(t) = inf{σ : m(σ, f) ≤ t}, t ≥ 0.

Both m(·, f) and f∗ are nonnegative, decreasing (i.e. nonincreasing), right continuous,
and f∗, |f | are equi-measurable, that is for each σ0 > 0 we have

|{t > 0 : f∗(t) > σ0}| = m(σ0, f) = µ{x ∈ Ω : |f(x)| > σ0},

and consequently |{t > 0 : f∗(t) ∈ [σ1, σ2]}| = µ{x ∈ Ω : |f(x)| ∈ [σ1, σ2]}, etc. Therefore,
for each p ≥ 1,∫

Ω
|f(x)|pµ(dx) =

∫ ∞

0
(f∗(t))pdt; sup ess |f(x)| = f∗(0) = sup ess f∗(t), (1.20)

and for each measurable set E ⊂ Ω,∫
E
|f(x)|µ(dx) =

∫ µ(E)

0
f∗(t)dt.

f∗ is called the nonincreasing rearrangement of f onto (0,∞).
The Lorentz spaces Lp,q(Ω) (1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞) are defined by

Lp,q(Ω) =
{
f ∈ L1(Ω) + L∞(Ω) : ‖f‖Lp,q =

(∫ ∞

0
(t1/pf∗(t))q dt

t

)1/q

<∞
}
,

for q <∞, and

Lp,∞(Ω) = {f ∈ L1(Ω) + L∞(Ω) : ‖f‖Lp,∞ = sup
t>0

t1/pf∗(t) <∞}.

(For p = ∞ we set as usual 1/∞ = 0).
Note that in general ‖ · ‖Lp,q is not a norm but only a quasi-norm, i.e. the triangle

inequality is replaced by ‖f + g‖ ≤ C(‖f‖+ ‖g‖). Moreover, due to (1.20),

Lp,p(Ω) = Lp(Ω), 1 ≤ p ≤ ∞.

Example 1.1.10 Let (Ω, µ) be a σ-finite measure space. Then (L1(Ω), L∞(Ω)) is an
interpolation couple. For 0 < θ < 1, 1 ≤ q ≤ ∞ we have

(L1(Ω), L∞(Ω))θ,q = L
1

1−θ
,q(Ω). (1.21)

Proof. Let V be the space of all measurable, a.e. finitely valued (real or complex) functions
defined in Ω. V is a linear topological Hausdorff space under convergence in measure on
each measurable E ⊂ Ω with finite measure µ(E). Both L1(Ω) and L∞(Ω) are continuously
embedded in V. Therefore (L1(Ω), L∞(Ω)) is an interpolation couple.
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The proof of (1.21) is based on the equality

K(t, f, L1(Ω), L∞(Ω)) =
∫ t

0
f∗(s)ds, t > 0. (1.22)

Once (1.22) is established, (1.21) follows easily. Indeed, since f∗ is decreasing then
K(t, f) ≥ tf∗(t), so that for q <∞

‖t−θK(t, f)‖q
Lq
∗

=
∫ ∞

0
t−θqK(t, f)q dt

t
≥
∫ ∞

0
t−θq+qf∗(t)q dt

t

= ‖f‖q

L1/(1−θ),q(Ω)
,

and similarly, for q = ∞

sup
t>0

‖t−θK(t, f)‖L∞ ≥ sup
t>0

‖t1−θf∗(t)‖L∞ = ‖f‖L1/(1−θ),∞(Ω).

The opposite inequality follows from the Hardy-Young inequality (A.10) (i) for q <∞:

‖t−θK(t, f)‖q
Lq
∗

=
∫ ∞

0
t−θq

(∫ t

0
sf∗(s)

ds

s

)q dt

t

≤ 1
θq

∫ ∞

0
s(1−θ)q(f∗(s))q ds

s
= ‖f‖q

L1/(1−θ),q(Ω)
,

and from the obvious inequality

‖t−θK(t, f)‖L∞ ≤ t−θ

∫ t

0

ds

s1−θ
‖s1−θf∗(s)‖L∞ =

1
θ
‖f‖L1/(1−θ),∞(Ω)

for q = ∞.
Let us prove (1.22). To prove ≤, for every f ∈ L1(Ω)+L∞(Ω) and t > 0, x ∈ Ω we set

a(x)


= f(x)− f∗(t)

f(x)
|f(x)|

, if |f(x)| > f∗(t),

= 0 otherwise,

b(x) = f(x)− a(x).

The function a is defined in such a way that |a(x)| = |f(x)| − f∗(t) if |f(x)| > f∗(t),
|a(x)| = 0 if |f(x)| ≤ f∗(t). Then

‖a‖L1 =
∫

E
(|f(x)| − f∗(t))µ(dx),

where E = {x ∈ Ω : |f(x)| > f∗(t)} has measure µ(E) = |{s > 0 :> f∗(s) > f∗(t)}|
(because |f | and f∗ are equi-measurable) = m(f∗(t), f) ≤ t, and f∗ is constant in [µ(E), t].
Therefore,

‖a‖L1 =
∫ µ(E)

0
(f∗(s)− f∗(t))ds ≤

∫ t

0
(f∗(s)− f∗(t))ds.
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Moreover,

|b(x)|


= |f(x)| if |f(x)| ≤ f∗(t),

= f∗(t) if |f(x)| > f∗(t),

so that

|b(x)| ≤ f∗(t) =
1
t

∫ t

0
f∗(t)ds, x ∈ Ω.

Therefore,

K(t, f, L1, L∞) ≤ ‖a‖L1 + t‖b‖L∞ ≤
∫ t

0
f∗(s)ds.

To prove the opposite inequality we use the fact that for every decomposition f = a+b
we have (see exercise 7, §1.1.2)

f∗(s) ≤ a∗((1− ε)s) + b∗(εs), s ≥ 0, 0 < ε < 1.

Then, if a ∈ L1(Ω), b ∈ L∞(Ω), and a+ b = f we have∫ t

0
f∗(s)ds ≤

∫ t

0
a∗((1− ε)s)ds+

∫ t

0
b∗(εs)ds

≤ 1
1− ε

∫ ∞

0
a∗(τ)dτ + tb∗(0) =

1
1− ε

∫
Ω
|a(x)|µ(dx) + t sup ess |b(x)|.

Letting ε→ 0 we get ∫ t

0
f∗(s)ds ≤ ‖a‖L1 + t‖b‖L∞ ,

so that

K(t, f, L1(Ω), L∞(Ω)) ≤
∫ t

0
f∗(s)ds,

and the statement follows. �

1.1.2 Exercises

1) Prove that for every x ∈ X + Y , t 7→ K(t, x) is concave (and hence continuous) in
(0,∞).

2) Prove that x 7→ ‖x‖θ,p is a norm in (X,Y )θ,p, for each θ ∈ (0, 1), p ∈ [1,∞].

3) Take θ = 0 in definition 1.1.1 and show that (X,Y )0,p = (X,Y )0 = {0}, for all
p ∈ [1,∞). Show that X ⊂ (X,Y )0,∞.

Take θ = 1 in definition 1.1.1 and show that (X,Y )1,p = (X,Y )1 = {0}, for all
p ∈ [1,∞). Show that Y ⊂ (X,Y )1,∞.

4) Following the method of example 1.1.8 show that (Cb(Rn), C1
b (Rn))1,∞ = Lip(Rn), and

that for 1 < p <∞, (Lp(Rn),W 1,p(Rn))1,∞ = W 1,p(Rn).

5) Show that for 0 < θ < 1, C1
b (Rn) is not dense in Cθ

b (Rn). Show that (Cb(Rn), C1
b (Rn))θ

is the space of the “little Hölder continuous” functions hθ(Rn), consisting of those bounded
functions f such that

lim
h→0

sup
x∈Rn

|f(x+ h)− f(x)|
|h|θ

= 0.
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6) Following the method of example 1.1.8 show that

(Lp(Rn),W 1,p(Rn))θ,q = Bθ
p,q(Rn),

defined by Bθ
p,q(Rn) = {f ∈ Lp(Rn) : [f ]Bθ

p,q
<∞}, where

[f ]Bθ
p,q

=
(∫

Rn

(∫
Rn

|f(x)− f(x+ h)|pdx
)q/p 1

|h|θq+n
dh

)1/q

,

and ‖f‖Bθ
p,q

= ‖f‖Lp + [f ]Bθ
p,q

.

7) Let Ω be an open set in Rn such that there exists an extension operator E belonging to
L(Lp(Ω), Lp(Rn)) ∩ L(W θ,p(Ω),W θ,p(Rn)) ∩ L(W 1,p(Ω),W 1,p(Rn)), for some p ∈ [1,∞)
and θ ∈ (0, 1). Show that

(Lp(Ω),W 1,p(Ω))θ,p = W θ,p(Ω).

Show that if Ω has uniformly C1 boundary such extension operator E does exist (see the
remarks after example 1.1.9).

The space W θ,p(Ω) is usually defined as the set of the functions f ∈ Lp(Ω) such that

[f ]W θ,p =
(∫

Ω×Ω

|f(x)− f(y)|p

|x− y|θp+n
dx dy

)1/p

<∞.

8) Let (Ω, µ) be any measure space. Prove that for each a, b ∈ L1(Ω) + L∞(Ω) we have

(a+ b)∗(s) ≤ a∗((1 + ε)s) + b∗(εs), s ≥ 0, 0 < ε < 1.

(This is used in example 1.1.10). Hint: show preliminarly that

m(σ0 + σ1, a+ b) ≤ m(σ0, a) +m(σ1, b), σ0, σ1 ≥ 0.

9) Prove that for each x ∈ X + Y the function K(·, x) satisfies

K(t, x) ≤ t

s
K(s, x) 0 < s < t.

1.2 The trace method

In this section we describe another construction of the real interpolation spaces, which
will be useful for proving other properties, and will let us see the connection between
interpolation theory and trace theory.

We shall use Lp and Sobolev spaces of functions with values in Banach spaces, whose
definitions and elementary properties are in Appendix A.

Definition 1.2.1 For 0 < θ < 1 and 1 ≤ p ≤ ∞ define V (p, θ, Y,X) as the set of all
functions u : R+ 7→ X + Y such that u ∈W 1,p(a, b;X + Y ) for every 0 < a < b <∞, and

t 7→ uθ(t) = tθu(t) ∈ Lp
∗(0,+∞;Y ),

t 7→ vθ(t) = tθu′(t) ∈ Lp
∗(0,+∞;X),
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with norm
‖u‖V (p,θ,Y,X) = ‖uθ‖Lp

∗(0,+∞;Y ) + ‖vθ‖Lp
∗(0,+∞;X).

Moreover, for p = +∞ define a subspace of V (∞, θ, Y,X), by

V0(∞, θ, Y,X) = {u ∈ V (∞, θ, Y,X) : lim
t→0

‖tθu(t)‖X = lim
t→0

‖tθu′(t)‖Y = 0}.

It is not difficult to see that V (p, θ, Y,X) is a Banach space endowed with the norm
‖ · ‖V (p,θ,Y,X), and that V0(∞, θ, Y,X) is a closed subspace of V (∞, θ, Y,X). Moreover any
function belonging to V (p, θ, Y,X) has a X-valued continuous extension at t = 0. Indeed,
for 0 < s < t from the equality u(t)− u(s) =

∫ t
s u

′(σ)dσ it follows, for 1 < p <∞,

‖u(t)− u(s)‖X ≤
(∫ t

s
‖σθ−1/pu′(σ)‖p

Xdσ

)1/p(∫ t

s
σ−(θ−1/p)p′dσ

)1/p′

≤ ‖u‖V (p,θ,Y,X)[p′(1− θ)]−1/p′(tp
′(1−θ) − sp′(1−θ))1/p′ ,

with p′ = p/(p − 1). Arguing similarly, one sees that also if p = 1 or p = ∞, then u is
uniformly continuous near t = 0.

With the aid of corollary A.3.1 we are able to characterize the real interpolation spaces
as trace spaces.

Proposition 1.2.2 For (θ, p) ∈ (0, 1)× [1,+∞], (X,Y )θ,p is the set of the traces at t = 0
of the functions in V (p, 1− θ, Y,X), and the norm

‖x‖Tr
θ,p = inf{‖u‖V (p,1−θ,Y,X) : x = u(0), u ∈ V (p, 1− θ, Y,X)}

is an equivalent norm in (X,Y )θ,p. Moreover, for 0 < θ < 1, (X,Y )θ is the set of the
traces at t = 0 of the functions in V0(∞, 1− θ, Y,X).

Proof. Let x ∈ (X,Y )θ,p. We need to define a function u ∈ V (p, 1 − θ, Y,X) such that
u(0) = x.

For every t > 0 there are at ∈ X, bt ∈ Y such that ‖at‖X + t‖bt‖Y ≤ 2K(t, x). It holds
t1−θ‖bt‖Y ≤ 2t−θK(t, x), and the function t 7→ t−θK(t, x) is in Lp

∗(0,+∞). Moreover, we
already know (see the proof of proposition 1.1.3) that limt→0 bt = x in X + Y . So, the
function t 7→ bt looks a good candidate for u. But in general it is not measurable with
values in Y , and it is not in W 1,p

loc (0,∞) with values in X. So we have to modify it, and
we proceed as follows.

For every n ∈ N let an ∈ X, bn ∈ Y be such that an + bn = x, and

‖an‖X +
1
n
‖bn‖Y ≤ 2K(1/n, x).

For t > 0 set

u(t) =
∞∑

n=1

bn+1χ( 1
n+1 , 1

n ]
(t) =

∞∑
n=1

(x− an+1)χ( 1
n+1 , 1

n ]
(t),

where χI is the characteristic function of the interval I, and

v(t) =
1
t

∫ t

0
u(s)ds.
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Since (X,Y )θ,p is contained in (X,Y )θ,∞ then t−θK(t, x) is bounded, so that limt→0K(t, x)
= 0. Therefore, limn→∞ ‖an‖X = 0, so that ‖x − bn‖X+Y ≤ ‖an‖X → 0 as n → ∞, and
x = limt→0 u(t) = limt→0 v(t) in X + Y . Moreover,

‖t1−θu(t)‖Y ≤ t1−θ
∞∑

n=1

χ
( 1

n+1 , 1
n ]

(t)2(n+ 1)K(1/(n+ 1), x) ≤ 4t−θK(t, x), (1.23)

so that t 7→ t1−θu(t) ∈ Lp
∗(0,+∞;Y ). By Corollary A.3.1, t 7→ t1−θv(t) belongs to

Lp
∗(0,+∞;Y ), and

‖t1−θv‖Lp
∗(0,+∞;Y ) ≤ 4θ−1‖x‖θ,p.

On the other hand,

v(t) = x− 1
t

∫ t

0

∞∑
n=1

χ
( 1

n+1 , 1
n ]

(s)an+1ds,

so that v is differentiable almost everywhere with values in X, and

v′(t) =
1
t2

∫ t

0
g(s)ds− 1

t
g(t),

where g(t) =
∑∞

n=1 χ( 1
n+1 , 1

n ]
(t)an+1 is such that

‖g(t)‖X ≤
∞∑

n=1

χ
( 1

n+1 , 1
n ]

(t)2K(1/(n+ 1), x) ≤ 2K(t, x).

It follows that

‖t1−θv′(t)‖ ≤ t−θ sup
0<s<t

‖g(s)‖+ ‖t−θg(t)‖ ≤ 4t−θK(t, x). (1.24)

Then t 7→ t1−θv′(t) belongs to Lp
∗(0,+∞;X), and

‖t1−θv′‖Lp
∗(0,+∞;X) ≤ 4‖x‖θ,p.

Therefore, x is the trace at t = 0 of a function v ∈ V (p, 1− θ, Y,X), and

‖x‖Tr
θ,p ≤ 2(2 + 1/θ)‖x‖θ,p.

If x ∈ (X,Y )θ, then, by (1.23), limt→0 t
1−θ‖u(t)‖Y = 0, so that limt→0 t

1−θ‖v(t)‖Y = 0.
By (1.24), limt→0 t

−θ‖g(t)‖X = 0, so limt→0 t
1−θ‖v′(t)‖X = 0. Then v ∈ V0(∞, 1−θ, Y,X).

Conversely, let x be the trace at t = 0 of a function u ∈ V (p, 1− θ, Y,X). Then

x = x− u(t) + u(t) = −
∫ t

0
u′(s)ds+ u(t) ∀t > 0,

so that

t−θK(t, x) ≤ t1−θ

∥∥∥∥1
t

∫ t

0
u′(s)ds

∥∥∥∥
X

+ t1−θ‖u(t)‖Y . (1.25)

Corollary A.3.1 implies now that t 7→ t−θK(t, x) belongs to Lp
∗(0,+∞), so that x ∈

(X,Y )θ,p, and

‖x‖θ,p ≤
1
θ
‖x‖Tr

θ,p.

If x is the trace of a function u ∈ V0(∞, 1−θ, Y,X), we may assume without loss of gen-
erality that u vanishes for t large. Then, by (1.25), limt→0 t

−θK(t, x) = limt→∞ t−θK(t, x)
= 0, so that x ∈ (X,Y )θ. �
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Example 1.2.3 Choosing X = Lp(Rn), Y = W 1,p(Rn), and θ = 1 − 1/p, 1 < p < ∞,
we get the following well known characterization of W 1−1/p,p(Rn): W 1−1/p,p(Rn) is the
space of the traces at (x, 0) of the functions (x, t) 7→ v(x, t) ∈ W 1,p(Rn+1

+ ). Indeed, we
already know that W 1−1/p,p(Rn) = (Lp(Rn), W 1,p(Rn))1−1/p,p, thanks to to example 1.1.8.
By proposition 1.2.2, W 1−1/p,p (Rn) is the space of the traces at t = 0 of the functions
v ∈ V (1/p, p,W 1,p(Rn), Lp(Rn)). But v ∈ V (1/p, p,W 1,p(Rn), Lp(Rn)) if and only if
the function v(x, t) = v(t)(x) is in W 1,p(Rn+1

+ ). Indeed, concerning measurability, it is
possible to see that a function w : (0,+∞) 7→ Lp(Rn)) (resp., w : (0,+∞) 7→ W 1,p(Rn))
is measurable in the sense of definition A.1.1 iff (t, x) 7→ w(t, x) is measurable (resp.,
(t, x) 7→ w(t, x) and (t, x) 7→ Diw(t, x) are measurable for all i = 1, . . . n). Concerning
estimates, the condition t 7→ t1/pv(t) ∈ Lp

∗((0,+∞), W 1,p(Rn)) means that∫ +∞

0

∫
Rn

(
|v(x, t)|p +

n∑
i=1

|vxi(x, t)|p
)
dx dt <∞,

and the condition t 7→ t1/pv′(t) ∈ Lp
∗((0,+∞), Lp(Rn)) means that v′ is measurable with

values in Lp(Rn)) and ∫ +∞

0

∫
Rn

|vt(x, t)|pdx dt <∞.

In particular, choosing p = 2 we get that H1/2(Rn) is the space of the traces at (x, 0)
of the functions (x, t) 7→ v(x, t) ∈ H1(Rn+1

+ ).
This example shows an important connection between interpolation theory and trace

theory.

Remark 1.2.4 (important) 1. By Proposition 1.2.2, if x ∈ (X,Y )θ,p or x ∈ (X,Y )θ,
then x is the trace at t = 0 of a function u belonging to Lp(a, b;Y ) ∩W 1,p(a, b;X) for
0 < a < b. But it is possible to find a more regular function v ∈ V (p, 1 − θ, Y,X) (or
v ∈ V0(∞, 1− θ, Y,X)) such that v(0) = x. For instance we may take

v(t) =
1
t

∫ t

0
u(s)ds, t ≥ 0.

Then v ∈W 1,p(a, b;Y )∩W 2,p(a, b;X) for 0 < a < b, v(0) = x, and moreover t 7→ t1−θv(t)
belongs to Lp

∗(0,+∞;Y ), t 7→ t2−θv′(t) belongs to Lp
∗(0,+∞;Y ), and t 7→ t1−θv′(t) belongs

to Lp
∗(0,+∞;X), with norms estimated by const. ‖u‖V (p,1−θ,Y,X).

Even better, choose any smooth nonnegative function ϕ : R+ 7→ R, with compact
support and

∫∞
0 s−1ϕ(s)ds = 1, and set

v(t) =
∫ ∞

0
ϕ

(
t

τ

)
u(τ)

dτ

τ
=
∫ ∞

0
ϕ(s)u

(
t

s

)
ds

s
.

Then v ∈ C∞(R+;X ∩ Y ), v(0) = x, and

t 7→ tn−θv(n)(t) ∈ Lp
∗(0,+∞;X), n ∈ N,

t 7→ tn+1−θv(n)(t) ∈ Lp
∗(0,+∞;Y ), n ∈ N ∪ {0},

with norms estimated by c(n)‖u‖V (p,1−θ,Y,X). If in addition p = ∞ and x ∈ (X,Y )θ then

limt→0 t
n−θ‖v(n)(t)‖X = 0, n ∈ N,

limt→0 t
n+1−θ‖v(n)(t)‖Y = 0. n ∈ N ∪ {0},
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2. Let x ∈ X + Y be the trace at t = 0 of a function v ∈ V (p, 1 − θ, Y,X). Fix any
ϕ ∈ C∞

0 ([0,+∞)) such that ϕ ≡ 1 in a right neighborhood of 0, say in (0, 1]. The function
t 7→ ϕ(t)v(t) is in V (p, 1 − θ, Y,X), its norm does not exceed C‖v‖V (p,1−θ,Y,X), with C
depending only on ϕ, and its trace at t = 0 is still x. Moreover, it has compact support in
[0,+∞). This shows that in the defintion of the trace spaces one could consider just the
subset of V (p, 1− θ, Y,X) consisting of the functions with compact support, obtaining an
equivalent trace space (i.e., the same space with an equivalent norm).

By means of the trace method it is easy to prove some important density properties.

Proposition 1.2.5 Let 0 < θ < 1. For 1 ≤ p < ∞, X ∩ Y is dense in (X,Y )θ,p. For
p = ∞, (X,Y )θ is the closure of X ∩ Y in (X,Y )θ,∞.

Proof. Let p < ∞, and let x ∈ (X,Y )θ,p. By Remark 1.2.4, x = v(0), where v ∈
C∞((0,∞);X ∩ Y ) ∩ V (p, 1− θ, Y,X), and moreover t 7→ t2−θv′ ∈ Lp

∗(0,+∞;Y ). Set

xε = v(ε), ∀ε > 0.

Then xε ∈ X ∩ Y , and we shall show that xε → x in (X,Y )θ,p.
We have xε − x = zε(0), where

zε(t) = (v(ε)− v(t))χ[0,ε](t).

It is not hard to check that zε ∈ W 1,p(a, b;X) for 0 < a < b < ∞, and that z′ε(t) =
−v′(t)χ

(0,ε)
(t). It follows that

lim
ε→0

‖t1−θz′ε(t)‖Lp
∗(0,+∞;X) = 0.

Moreover, due to the equality

zε(t) =
∫ +∞

t
χ

(0,ε)
(s)v′(s)ds,

we get, using the Hardy-Young inequality (A.10)(ii),

‖t1−θzε(t)‖Lp
∗(0,+∞;Y ) ≤

(∫ +∞

0
t(1−θ)p

(∫ +∞

t
χ

(0,ε)
(s)s‖v′(s)‖Y

ds

s

)p
dt

t

)1/p

≤ 1
1− θ

(∫ +∞

0
χ

(0,ε)
(s)s(2−θ)p‖v′(s)‖Y

ds

s

)1/p

,

so that t 7→ t1−θzε(t) ∈ Lp
∗(0,+∞;Y ) for every ε, and

lim
ε→0

‖t1−θzε(t)‖Lp
∗(0,+∞;Y ) = 0.

Therefore, zε → 0 in V (p, 1 − θ, Y,X) as ε → 0, which means that ‖xε − x‖T
θ,p → 0 as

ε→ 0. From Proposition 1.2.2 we get limε→0 ‖xε − x‖θ,p = 0.
Let now x ∈ (X,Y )θ. Due again to remark 1.2.4, x is the trace at t = 0 of a function

v ∈ V0(∞, 1 − θ, Y,X), such that t 7→ t2−θv′(t) ∈ L∞(0,+∞;Y ) and limt→0 t
2−θ‖v′(t)‖Y

= 0. Let xε, zε be defined as above. Then limt→0 t
1−θ‖v′(t)‖X = 0, so that

sup
t>0

t1−θ‖z′ε(t)‖X = sup
0<t≤ε

t1−θ‖v′(t)‖X → 0, as ε→ 0,
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and
sup
t>0

t1−θ‖zε(t)‖Y = sup
0<t≤ε

t1−θ‖v(ε)− v(t)‖Y ≤ 2 sup
0<s≤ε

s1−θ‖v(s)‖Y → 0,

as ε→ 0. Arguing as before, it follows that ‖xε − x‖θ,∞ → 0 as ε→ 0. �

1.2.1 Exercises

1) Prove the statements of remark 1.2.4.

2) Prove that (X,Y )θ,p is the set of the elements x ∈ X + Y such that x = u(t) + v(t)
for almost all t > 0, with t 7→ t−θu(t) ∈ Lp

∗(0,∞;X), t 7→ t1−θu(t) ∈ Lp
∗(0,∞;Y ), and the

norm
x 7→ inf

x=u(t)+v(t)
‖tθu(t)‖Lp

∗(0,∞;X) + ‖t1−θv(t)‖Lp
∗(0,∞;Y )

is equivalent to the norm of (X,Y )θ,p.

3) Prove that (X,Y )θ,p is the set of the elements x ∈ X + Y such that x =
∫∞
0 u(t)dt/t,

with t 7→ t−θu(t) ∈ Lp
∗(0,∞;X), t 7→ t1−θu(t) ∈ Lp

∗(0,∞;Y ), and the norm

x 7→ inf
x=

R ∞
0 u(t)dt/t

‖tθu(t)‖Lp
∗(0,∞;X) + ‖t1−θv(t)‖Lp

∗(0,∞;Y )

is equivalent to the norm of (X,Y )θ,p.
Hint: use remark 1.2.4 to write any x ∈ (X,Y )θ,p as x = −

∫∞
0 v(t)dt, as in the proof

of next proposition 1.3.2.

4) Let Ω ⊂ Rn be a bounded open set with C1 boundary. Prove that for 1 < p <∞, the
space W 1−1/p,p(∂Ω) is the space of the traces on ∂Ω of the functions in W 1,p(Ω).

1.3 Intermediate spaces and reiteration

Let us introduce two classes of intermediate spaces for the interpolation couple (X,Y ).

Definition 1.3.1 Let 0 ≤ θ ≤ 1, and let E be a Banach space such that X ∩ Y ⊂ E ⊂
X + Y .

(i) E is said to belong to the class Jθ between X and Y if there is a constant c such that

‖x‖E ≤ c‖x‖1−θ
X ‖x‖θ

Y , ∀x ∈ X ∩ Y.

In this case we write E ∈ Jθ(X,Y ).

(ii) E is said to belong to the class Kθ between X and Y if there is k > 0 such that

K(t, x) ≤ ktθ‖x‖E , ∀x ∈ E, t > 0.

In this case we write E ∈ Kθ(X,Y ).

If θ ∈ (0, 1) this means that E is continuously embedded in (X,Y )θ,∞.

A useful characterization of Jθ(X,Y ) is the following one.
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Proposition 1.3.2 Let 0 < θ < 1, and let E be a Banach space such that X ∩ Y ⊂ E ⊂
X + Y . The following statements are equivalent:

(i) E belongs to the class Jθ between X and Y ,

(ii) (X,Y )θ,1 ⊂ E.

Proof. The implication (ii) ⇒ (i) is a straightforward consequence of Corollary 1.1.7, with
p = 1. Let us show that (i) ⇒ (ii). For every x ∈ (X,Y )θ,1, let u ∈ V (1, 1 − θ, Y,X) be
such that u(t) vanishes for large t, u(0) = x, and set

v(t) =
1
t

∫ t

0
u(s)ds.

By remark 1.2.4, t 7→ t2−θv′(t) belongs to L1
∗(0,+∞;Y ), and t 7→ t1−θv′(t) belongs to

L1
∗(0,+∞;X). Moreover v(0) = x, v(+∞) = 0, so that

x = −
∫ +∞

0
v′(t)dt.

Let c be such that ‖y‖E ≤ c‖y‖θ
Y ‖y‖

1−θ
X for every y ∈ X ∩ Y . Then

‖v′(t)‖E ≤ c‖v′(t)‖θ
Y ‖v′(t)‖1−θ

X = ct−1‖t2−θv′(t)‖θ
Y ‖t1−θv′(t)‖1−θ

X .

Since the function t 7→ ‖t2−θv′(t)‖θ
Y belongs to L1/θ

∗ (0,+∞) and t 7→ ‖t1−θv′(t)‖1−θ
X belongs

to L1/(1−θ)
∗ (0,+∞), by the Hölder inequality v′ ∈ L1(0,+∞;E), and

‖x‖E ≤ c(‖t2−θv′(t)‖L1
∗(0,∞;Y ))

θ(‖t1−θv′(t)‖L1
∗(0,∞;X))

1−θ ≤ const. ‖x‖θ,1.

�

By Definition 1.3.1 and Proposition 1.2.5, if 0 < θ < 1 a space E belongs to Kθ(X,Y )
∩ Jθ(X,Y ) if and only if

(X,Y )θ,1 ⊂ E ⊂ (X,Y )θ,∞.

In particular, (X,Y )θ,p and (X,Y )θ are in Kθ(X,Y ) ∩ Jθ(X,Y ), for every p ∈ [1,∞]. We
shall see in chapter 2 that also the complex interpolation spaces [X,Y ]θ are in Kθ(X,Y )
∩ Jθ(X,Y ).

But there are also intermediate spaces belonging to Kθ(X,Y ) ∩ Jθ(X,Y ) which are
not interpolation spaces.

Example 1.3.3 C1
b (Rn) ∈ J1/2(Cb(Rn), C2

b (Rn)) ∩ K1/2(Cb(Rn), C2
b (Rn)). But C1

b (Rn)
is not an interpolation space between Cb(Rn) and C2

b (Rn).

Proof. From the inequalities (i = 1, . . . , n)

|f(x+ hei)− f(x)−Dif(x)h| ≤ 1
2
‖Diif‖∞h2, ∀x ∈ Rn, h > 0,

we get

|Dif(x)| ≤ |f(x+ hei)− f(x)|
h

+
1
2
‖Diif‖∞h, ∀x ∈ Rn, h > 0,
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so that
‖Dif‖∞ ≤ 2‖f‖∞

h
+

1
2
‖Diif‖∞h, ∀h > 0.

Taking the minimum on h over (0,+∞) we get

‖Dif‖∞ ≤ 2(‖f‖∞)1/2(‖Diif‖∞)1/2, ∀f ∈ C2
b (Rn)

so that

‖f‖C1
b
≤ (‖f‖∞)1/2

(
(‖f‖∞)1/2 + 2

∑n
i=1(‖Diif‖∞)1/2

)
≤ C(‖f‖∞)1/2(‖f‖C2

b
)1/2.

This implies that C1
b (Rn) belongs to J1/2(Cb(Rn), C2

b (Rn)). To prove that it belongs also to
K1/2(Cb(Rn), C2

b (Rn)), namely that it is continuously embedded in (Cb(Rn), C2
b (Rn))1/2,∞,

we argue as in example 1.1.8: for every f ∈ C1
b (Rn) the functions at, bt defined in (1.18)

are easily seen to satisfy

‖at‖∞ ≤ Ct[f ]Lip, ‖bt‖C1
b
≤ C‖f‖C1

b
, ‖Dijbt‖∞ ≤ Ct−1[f ]Lip.

Therefore, K(t, f, Cb(Rn), C2
b (Rn)) ≤ ‖at1/2‖∞ + t‖bt1/2‖C2

b
≤ Ct1/2‖f‖C1

b
so that C1

b (Rn)
is in K1/2(Cb(Rn), C2

b (Rn)).
But C1

b (Rn) is not a real interpolation space between Cb(Rn) and C2
b (Rn), even for

n = 1. More precisely, there does not exist any constant C such that ‖T‖L(C1
b (R)) ≤

C(‖T‖L(C2
b (R)))

1/2(‖T‖L(Cb(R)))1/2 for all T ∈ L(C2
b (R)) ∩ L(Cb(R)).

Indeed, consider the family of operators

(Tεf)(x) =
∫ 1

−1

x

x2 + y2 + ε2
(f(y)− f(0)) dy, x ∈ R.

It is easy to see that ‖Tε‖L(Cb(R)) and ‖Tε‖L(C2
b (R)) are bounded by a constant independent

of ε. Indeed, for every continuous and bounded f ,

|(Tεf)(x)| ≤ 2
∫ 1

−1

|x|
x2 + y2 + ε2

‖f‖∞dy ≤ 2π‖f‖∞,

(Tεf)′(x) =
∫ 1

−1

−x2 + y2 + ε2

(x2 + y2 + ε2)2
(f(y)− f(0))dy,

and for every f ∈ C1
b (R),

(Tεf)′′(x) =
∫ 1

−1

−2x(−x2 + 3y2 + 3ε2)
(x2 + y2 + ε2)3

∫ y

0
f ′(s)ds dy

=
∫ 1

−1

−2x(−x2 + 3y2 + 3ε2)
(x2 + y2 + ε2)3

∫ y

0
(f ′(s)− f ′(0))ds dy,

so that, if f ∈ C2
b (R),

|(Tεf)′′(x)| ≤ |x|
∫ 1

−1

x2 + 3y2 + 3ε2

(x2 + y2 + ε2)2
dy ‖f ′′‖∞ ≤ 3π‖f ′′‖∞.
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On the contrary, choosing fε(x) = (x2 + ε2)1/2η(x), with η ∈ C∞
0 (R), η ≡ 1 in [−1, 1], we

get

(Tεfε)′(0) =
∫ 1

−1

(y2 + ε2)1/2 − ε

y2 + ε2
dy =

1
ε

∫ 1/ε

−1/ε

(s2 + 1)1/2 − 1
s2 + 1

ds

so that limε→0(Tεfε)′(0) = +∞, while the C1
b norm of fε is bounded by a constant inde-

pendent of ε. Therefore ‖Tε‖L(C1
b (R)) blows up as ε→ 0. By theorem 1.1.6, C1

b (R) cannot
be a real interpolation space between Cb(R) and C2

b (R).
This counterexample is due to Mitjagin and Semenov, it shows also that C1([−1, 1]) is

not a real interpolation space between C([−1, 1]) and C2([−1, 1]), and it may be obviously
adapted to show that for any dimension n, C1

b (Rn) is not a real interpolation space between
Cb(Rn) and C2

b (Rn). �

Remark 1.3.4 Arguing similarly one sees that Ck
b (Rn) is in J1/2(C

k−1
b (Rn), Ck+1

b (Rn))
∩ K1/2(C

k−1
b (Rn), Ck+1

b (Rn)), for every k ∈ N. It follows easily that for m1 < k < m2 ∈
N, Ck

b (Rn) belongs to J(k−m1)/(m2−m1)(C
m1
b (Rn), Cm2

b (Rn)). For instance, knowing that
C1

b (Rn) belongs to J1/2(Cb(Rn), C2
b (Rn)) and C2

b (Rn) belongs to J1/2(C1
b (Rn), C3

b (Rn)) one
gets, for every f ∈ C3

b (Rn),

‖f‖C1
b
≤ C‖f‖1/2

∞ ‖f‖1/2

C2
b
≤ C ′‖f‖1/2

∞ (‖f‖1/2

C1
b
‖f‖1/2

C3
b
)1/2

so that ‖f‖3/4

C1
b
≤ C ′‖f‖1/2

∞ ‖f‖1/4

C3
b
, which implies

‖f‖C1
b
≤ C ′′‖f‖2/3

∞ ‖f‖1/3

C3
b

that is, C1
b (Rn) belongs to J1/3(Cb(Rn), C3

b (Rn)).

Now we are able to state the Reiteration Theorem. It is one of the main tools of
general interpolation theory.

Theorem 1.3.5 Let 0 ≤ θ0, θ1 ≤ 1, θ0 6= θ1. Fix θ ∈ (0, 1) and set ω = (1 − θ)θ0 + θθ1.
The following statements hold true.

(i) If Ei belong to the class Kθi
(i = 0, 1) between X and Y , then

(E0, E1)θ,p ⊂ (X,Y )ω,p, ∀p ∈ [1,∞], (E0, E1)θ ⊂ (X,Y )ω.

(ii) If Ei belong to the class Jθi
(i = 0, 1) between X and Y , then

(X,Y )ω,p ⊂ (E0, E1)θ,p, ∀p ∈ [1,∞], (X,Y )ω ⊂ (E0, E1)θ.

Consequently, if Ei belong to Kθi
(X,Y ) ∩ Jθi

(X,Y ), then

(E0, E1)θ,p = (X,Y )ω,p, ∀p ∈ [1,∞], (E0, E1)θ = (X,Y )ω,

with equivalence of the respective norms.
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Proof. Without loss of generality (recalling that (E1, E0)θ,p = (E0, E1)1−θ,p and (E1, E0)θ =
(E0, E1)1−θ) we may assume that θ0 < θ1.

Let us prove statement (i). Let ki be such that K(t, x) ≤ kit
θi‖x‖Ei for every x ∈ Ei,

i = 0, 1. For each x ∈ (E0, E1)θ,p, let a ∈ E0, b ∈ E1 be such that x = a+ b. Then

K(t, x,X, Y ) ≤ K(t, a,X, Y ) +K(t, b,X, Y ) ≤ k0t
θ0‖a‖E0 + k1t

θ1‖b‖E1 .

Since a and b are arbitrary, it follows that

K(t, x,X, Y ) ≤ max{k0, k1}tθ0K(tθ1−θ0 , x, E0, E1).

Consequently,

t−ωK(t, x,X, Y ) ≤ max{k0, k1}t−θ(θ1−θ0)K(tθ1−θ0 , x, E0, E1). (1.26)

By the change of variable s = tθ1−θ0 we see that t 7→ t−ωK(t, x,X, Y ) is in Lp
∗(0,+∞),

which means that x belongs to (X,Y )ω,p, and
‖x‖(X,Y )ω,p

≤ max{k0, k1}(θ1 − θ0)−1/p‖x‖(E0,E1)θ,p
, if p <∞,

‖x‖(X,Y )ω,∞ ≤ max{k0, k1}‖x‖(E0,E1)θ,p
, if p = ∞.

If x ∈ (E0, E1)θ, by (1.26) we get

lim
t→0

t−ωK(t, x,X, Y ) ≤ max{k0, k1} lim
s→0

s−θK(s, x,E0, E1) = 0,

and
lim

t→+∞
t−ωK(t, x,X, Y ) ≤ max{k0, k1} lim

s→+∞
s−θK(s, x,E0, E1) = 0,

so that x ∈ (X,Y )ω.

Let us prove statement (ii). By proposition 1.2.2 and remark 1.2.4, every x ∈ (X,Y )ω,p

is the trace at t = 0 of a regular function v : R+ 7→ X ∩ Y such that v(+∞) = 0,
t 7→ t1−ωv′(t) belongs to Lp

∗(0,+∞, X), t 7→ t2−ωv′(t) belongs to Lp
∗(0,+∞, Y ), and

‖t1−ωv′(t)‖Lp
∗(0,+∞,X) + ‖t2−ωv′(t)‖Lp

∗(0,+∞,Y ) ≤ k‖x‖Tr
(X,Y )ω,p

,

with k independent of x and v. We shall show that the function

g(t) = v(t1/(θ1−θ0)), t > 0,

belongs to V (p, 1 − θ, E0, E1): since g(0) = x, this will imply, through proposition 1.2.2,
that x ∈ (E0, E1)θ,p.

To this aim we preliminarly estimate ‖v′(t)‖Ei , i = 0, 1. Let ci be such that

‖y‖Ei ≤ ci‖y‖1−θi
X ‖y‖θi

Y ∀y ∈ Y, i = 0, 1.

Then
‖v′(s)‖Ei ≤

ci
sθi+1−ω

‖s1−ωv′(s)‖1−θi
X ‖s2−ωv′(s)‖θi

Y , i = 0, 1,

so that from the equalities

θ0 + 1− ω = 1− θ(θ1 − θ0), θ1 + 1− ω = 1 + (1− θ)(θ1 − θ0),
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we get 
(i) ‖s1−θ(θ1−θ0)v′(s)‖Lp

∗(0,+∞;E0) ≤ c0k ‖x‖Tr
(X,Y )ω,p

,

(ii) ‖s1+(1−θ)(θ1−θ0)v′(s)‖Lp
∗(0,+∞;E1) ≤ c0k ‖x‖Tr

(X,Y )ω,p
.

(1.27)

From the equality v(t) = −
∫∞
t v′(s)ds and 1.27(ii), using the Hardy-Young inequality

(A.10)(ii) if p <∞, we get

‖t(1−θ)(θ1−θ0)v(t)‖Lp
∗(0,+∞;E1) ≤

c0k

(1− θ)(θ1 − θ0)
‖x‖Tr

(X,Y )ω,p
.

It follows that t 7→ t1−θg(t) ∈ Lp
∗(0,+∞;E1), and

‖t1−θg(t)‖Lp
∗(0,+∞;E1) ≤ (θ1 − θ0)−1/p‖t(1−θ)(θ1−θ0)v(t)‖Lp

∗(0,+∞;E1).

Moreover g′(t) = (θ1 − θ0)−1t−1+1/(θ1−θ0)v′(t1/(θ1−θ0)), so that, by (1.27)(i), t 7→ t1−θg′(t)
= (θ1 − θ0)−1t(1−θ(θ1−θ0))/(θ1−θ0)v′(t1/(θ1−θ0)) ∈ Lp

∗(0,+∞;E0), and

‖t1−θg′(t)‖Lp
∗(0,+∞;E0) ≤ (θ1 − θ0)−1−1/p‖t1−θ(θ1−θ0)v′(t)‖Lp

∗(0,+∞;E0).

Therefore, g ∈ V (p, 1− θ, E0, E1), so that x = g(0) belongs to (E0, E1)θ,p, and

‖x‖T
(E0,E1)θ,p

≤ (θ1 − θ0)−1−1/pk‖x‖T
(X,Y )ω,p

.

If x ∈ (X,Y )ω, then (1.27)(i) has to be replaced by

lim
s→0

s1−θ(θ1−θ0)‖v′(s)‖E0 = 0,

so that

lim
t→0

t1−θ‖g′(t)‖E0 = lim
t→0

t−θ+1/(θ1−θ0)

θ1 − θ0
‖v′(t1/(θ1−θ0))‖E0 = 0.

Similarly, (1.27)(ii) has to be replaced by

lim
s→0

s1+(1−θ)(θ1−θ0)‖v′(s)‖E1 = 0.

Using the equality

t1−θg(t) = t1−θ

∫ ε1/(θ1−θ0)

t1/(θ1−θ0)
v′(s)ds+

t1−θ

ε1−θ

(
ε1−θ

∫ +∞

ε1/(θ1−θ0)
v′(s)ds

)
,

which holds for 0 < t < ε, one deduces that limt→0 t
1−θ‖g(t)‖E1 = 0. �

Remark 1.3.6 The assumption θ0 6= θ1 is not removable. Consider for instance the case
E0 = E1 = (X,Y )θ0,∞, which is in Kθ0(X,Y ). If statement (i) of the theorem would be
true for θ0 = θ1 then (X,Y )θ0,∞ ⊂ (X,Y )θ0,p for each p <∞, which is false in general.

Remark 1.3.7 By proposition 1.2.3, (X,Y )θ,p and (X,Y )θ are in Kθ(X,Y ) ∩ Jθ(X,Y )
for 0 < θ < 1 and 1 ≤ p ≤ ∞. The Reiteration Theorem yields

((X,Y )θ0,q0 , (X,Y )θ1,q1)θ,p = (X,Y )(1−θ)θ0+θθ1,p,

((X,Y )θ0 , (X,Y )θ1,q)θ,p = (X,Y )(1−θ)θ0+θθ1,p,

((X,Y )θ0,q, (X,Y )θ1)θ,p = (X,Y )(1−θ)θ0+θθ1,p,
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for 0 < θ0, θ1 < 1, 1 ≤ p, q ≤ ∞. Moreover, since X belongs to K0(X,Y ) ∩ J0(X,Y ), and
Y belongs to K1(X,Y ) ∩ J1(X,Y ) between X and Y , then

((X,Y )θ0,q, Y )θ,p = (X,Y )(1−θ)θ0+θ,p, ((X,Y )θ0 , Y )θ = (X,Y )(1−θ)θ0+θ,

and
(X, (X,Y )θ1,q)θ,p = (X,Y )θ1θ,p, (X, (X,Y )θ1)θ = (X,Y )θ1θ,

for 0 < θ0, θ1 < 1, 1 ≤ p, q ≤ ∞.

1.3.1 Examples

The following examples are immediate consequences of examples 1.1.8, 1.1.10, 1.1.9 and
remark 1.3.7.

Example 1.3.8 Let 0 ≤ θ1 < θ2 ≤ 1, 0 < θ < 1. Then

(Cθ1
b (Rn), Cθ2

b (Rn))θ,∞ = C
(1−θ)θ1+θθ2

b (Rn).

If Ω is an open set in Rn with uniformly C1 boundary, then

(Cθ1
b (Ω), Cθ2

b (Ω))θ,∞ = C
(1−θ)θ1+θθ2

b (Ω).

Example 1.3.9 Let 0 ≤ θ1 < θ2 ≤ 1, 0 < θ < 1, 1 ≤ p <∞. Then

(W θ1,p(Rn),W θ2,p(Rn))θ,p = W (1−θ)θ1+θθ2,p(Rn).

If Ω is an open set in Rn with uniformly C1 boundary, then

(W θ1,p(Ω),W θ2,p(Ω))θ,∞ = W (1−θ)θ1+θθ2,p(Ω).

Example 1.3.10 Let (Ω, µ) be a σ-finite measure space, and fix 1 ≤ p0, p1. Then for
each q ≤ ∞, 0 < θ < 1 we have

(Lp0,q0(Ω), Lp1,q1(Ω))θ,q = Lp,q(Ω),

with
1
p

=
1− θ

p0
+

θ

p1
.

Recalling that Lp,p(Ω) = Lp(Ω), and taking p0 = q0, p1 = q1, we get

(Lp0(Ω), Lp1(Ω))θ,q = Lp,q(Ω),
1
p

=
1− θ

p0
+

θ

p1
.

In particular,

(Lp0(Ω), Lp1(Ω))θ,q = Lq,q(Ω) = Lq(Ω) for θ =
(

1− p0

q

)(
1− p0

p1

)−1

.

Another generalization of example 1.1.8 is the following.

Example 1.3.11 For 0 < θ < 1, 1 ≤ p, q <∞, m ∈ N,

(Lp(Rn),Wm,p(Rn))θ,q = Bmθ
p,q (Rn).
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Here Bs
p,q(Rn) is the Besov space defined as follows: if s is not an integer, let [s] and

{s} be the integral and the fractional parts of s, respectively. Then Bs
p,q(Rn) consists of

the functions f ∈W [s],p(Rn) such that

[f ]Bs
p,q

=

∑
|α|=[s]

(∫
Rn

dh

|h|n+{s}q

(∫
Rn

|Dαf(x+ h)−Dαf(x)|pdx
)q/p)1/q

is finite. In particular, for p = q we have Bs
p,p(Rn) = W s,p(Rn).

If s = k ∈ N, then Bk
p,q(Rn) consists of the functions f ∈W k−1,p(Rn) such that

[f ]Bk
p,q

=
∑

|α|=[s]−1

(∫
Rn

dh

|h|n+q

(∫
Rn

|Dαf(x+ 2h)− 2Dαf(x+ h) +Dαf(x)|pdx
)q/p)1/q

is finite. For m = 1 see exercise 5, §1.1.2. For the complete proof see [36, §2.3, 2.4].

1.3.2 Applications. The theorems of Marcinkiewicz and Stampacchia

Let (Ω, µ), (Λ, ν) be two σ-finite measure spaces. Traditionally, a linear operator T :
L1(Ω) + L∞(Ω) 7→ L1(Λ) + L∞(Λ) is said to be of weak type (p, q) if there is M > 0 such
that

sup
σ>0

σ(ν{y ∈ Λ : |Tf(y)| > σ})1/q ≤M‖f‖Lp(Ω),

for all f ∈ Lp(Ω). This is equivalent to say that the restriction of T to Lp(Ω) is a
bounded operator from Lp(Ω) to Lq,∞(Λ). Indeed, by the properties of the nonincreasing
rearrangements,

sup
σ>0

σ(ν{y ∈ Λ : |g(y)| > σ})1/q = sup
t>0

t1/qg∗(t) = ‖g‖Lq,∞ . (1.28)

T is said to be of strong type (p, q) if its restriction to Lp(Ω) is a bounded operator
from Lp(Ω) to Lq(Λ).

Since Lq(Λ) = Lq,q(Λ) ⊂ Lq,∞(Λ), then any operator of strong type (p, q) is also of
weak type (p, q).

Theorem 1.3.12 Let T : L1(Ω) + L∞(Ω) 7→ L1(Λ) + L∞(Λ) be of weak type (p0, q0) and
(p1, q1), with constants M0, M1 respectively, and

1 ≤ p0, p1 ≤ ∞, 1 < q0, q1 ≤ ∞,

q0 6= q1, p0 ≤ q0, p1 ≤ q1.

For every θ ∈ (0, 1) define p and q by

1
p

=
1− θ

p0
+

θ

p1
,

1
q

=
1− θ

q0
+
θ

q1
.

Then T is of strong type (p, q), and there is C independent of θ such that

‖Tf‖Lq(Λ) ≤ CM1−θ
0 M θ

1 ‖f‖Lp(Ω), f ∈ Lp(Ω).
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Proof. For i = 1, 2, T is bounded from Lpi(Ω) to Lqi,∞(Λ), with norm not exceed-
ing CMi. By the interpolation theorem 1.1.6, T is bounded from (Lp0(Ω), Lp1(Ω))θ,p to
(Lq0,∞(Λ), Lq1,∞(Λ))θ,p, and

‖T‖(Lp0 (Ω),Lp1 (Ω))θ,p,(Lq0,∞(Λ),Lq1,∞(Λ))θ,p) ≤ CM1−θ
0 M θ

1 .

On the other hand, we know from example 1.3.10 that

(Lp0(Ω), Lp1(Ω))θ,p = Lp,p(Ω) = Lp(Ω),

and
Lqi,∞(Λ) = (L1(Λ), L∞(Λ))1−1/qi,∞, i = 1, 2

(it is here that we need qi > 1: L1,∞(Λ) is not a real interpolation space between L1(Λ)
and L∞(Λ)), so that by the Reiteration Theorem

(Lq0,∞(Λ), Lq1,∞(Λ))θ,p = (L1(Λ), L∞(Λ))(1−θ)(1−1/q0)+θ(1−1/q1),p

= (L1(Λ), L∞(Λ))1−1/q,p.

The last space is nothing but Lq,p(Λ), again by example 1.1.10. Since p0 ≤ q0 and p1 ≤ q1
then p ≤ q, so that Lq,p(Λ) ⊂ Lq,q(Λ) = Lq(Λ). It follows that T is bounded from Lp(Ω)
to Lq(Λ), with norm not exceeding C ′M1−θ

0 M θ
1 . �

Theorem 1.3.12 is slightly less general than the complete Marcinkiewicz Theorem,
which holds also for q0 or q1 = 1.

Since every T of strong type (p, q) is also of weak type (p, q) we may recover a part of
the Riesz–Thorin Theorem from theorem 1.3.12: we get that if T is of strong type (pi, qi),
i = 0, 1, with pi, qi subject to the restrictions in theorem 1.3.12, then T is of strong type
(p, q). The full Riesz–Thorin Theorem will be proved in Chapter 2.

Let f be a locally integrable function. For each measurable subset A ⊂ Ω with positive
measure µ(A) we define the mean value of f on A by

fA =
1

µ(A)

∫
A
f(x)µ(dx).

The space BMO(Ω) (BMO stands for bounded mean oscillation) consists of those locally
integrable functions f such that

sup
0<µ(A)<∞

1
µ(A)

∫
A
|f(x)− fA|µ(dx) <∞.

If µ(Ω) <∞ we see immediately that L∞(Ω) ⊂ BMO(Ω) ⊂ L1(Ω).
It is possible to show that if Ω ⊂ Rn is a Lipschitz bounded domain, then BMO(Ω) is

contained in each Lp(Ω), 1 ≤ p <∞, and that the norms

‖f‖Lp + [f ]BMO,p = ‖f‖Lp + sup
A

(
1

µ(A)

∫
A
|f(x)− fA|pdx

)1/p

, 1 ≤ p <∞

are equivalent in BMO(Ω). This was proved by John and Nirenberg in the well known
paper [24] in the case where Ω is a cube. For such Ω’s we may extend the result of example
1.1.10 to the interpolation couple (L1(Ω), BMO(Ω)).
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Example 1.3.13 Let Ω be a bounded domain in Rn with Lipschitz continuous boundary.
Then for 0 < θ < 1, 1 ≤ q ≤ ∞,

(L1(Ω), BMO(Ω))θ,q = L
1

1−θ
,q(Ω).

As a consequence we get the main part of the Stampacchia interpolation theorem.

Theorem 1.3.14 Let Ω be a bounded domain in Rn with Lipschitz continuous boundary,
let 1 ≤ r < ∞ and let T ∈ L(Lr(Ω)) ∩ L(L∞(Ω), BMO(Ω)), or else T ∈ L(Lr(Ω)) ∩
L(BMO(Ω)). Then T ∈ L(Lp(Ω)) for every p ∈ (r,∞), and

‖T‖L(Lp) ≤ C‖T‖r/p
L(Lr)‖T‖

1−r/p
L(L∞,BMO)

in the first case,
‖T‖L(Lp) ≤ C‖T‖r/p

L(Lr)‖T‖
1−r/p
L(BMO)

in the second case.

Proof. In the first case, the interpolation theorem 1.1.6 implies that T ∈ L((Lr, L∞)θ,p,
(Lr, BMO)θ,p) for every θ ∈ (0, 1) and p ∈ [1,∞], and

‖T‖L((Lr,L∞)θ,p,(Lr,BMO)θ,p) ≤ ‖T‖1−θ
L(Lr)‖T‖

θ
L(L∞,BMO).

By example 1.3.10, (Lr(Ω), L∞(Ω))θ,p = L
r

1−θ
,p(Ω). By example 1.3.13 and reiteration,

we still have
(Lr(Ω), BMO(Ω))θ,p = L

r
1−θ

,p(Ω).

Taking θ = 1− r/p (so that r/(1− θ) = p) gives the first statement through the equality
Lp,p(Ω) = Lp(Ω). The proof of the second statement is similar. �

Campanato and Stampacchia ([15]) used the above interpolation theorem to prove
optimal regularity results for elliptic boundary value problems, as follows.

Let

A =
n∑

i,j=1

Di(aij(x)Dj)

be an elliptic operator with L∞ coefficients in a bounded open set Ω ⊂ Rn with regular
boundary. If fji, j = 0, . . . , n are in L2(Ω), a weak solution of the Dirichlet problem

Au = f in Ω,

u = 0 in ∂Ω

is any u ∈ H1
0 (Ω) such that for every ϕ ∈ C∞

0 (Ω) it holds∫
Ω

n∑
i,j=1

aij(x)Dju(x)Diϕ(x)dx = −
∫

Ω
f0(x)ϕ(x)dx+

∫
Ω

n∑
j=1

fj(x)Djϕ(x)dx.

Using the Lax-Milgram theorem, it is not hard to see that the Dirichlet problem has a
unique weak solution u, and ‖u‖H1 ≤ C

∑n
j=0 ‖fj‖L2 . This is a first step in several basic

courses in PDE’s; see e.g. [8, Ch. IX] or [1]. The second step is a regularity theorem: if
fj = 0 for each j and the coefficients aij ∈ C1(Ω), then u ∈ H2(Ω) and ‖u‖H2 ≤ C‖f0‖L2 .
See again [8] or [1].

Moreover Campanato in [14, Thm. 16.II] was able to prove the following:
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(i) if the coefficients aij are in Cα(Ω) for some α ∈ (0, 1) and the functions fj are
in BMO(Ω), then each derivative Diu belongs to BMO(Ω), and ‖Diu‖BMO,2 ≤
C
∑n

j=0 ‖fj‖BMO,2;

(ii) if the coefficients aij are in C1+α(Ω) for some α ∈ (0, 1), fj = 0 and f0 ∈ BMO(Ω),
then u ∈ H2(Ω) satisfies the equation a.e., each second order derivative Diju belongs
to BMO(Ω), and ‖Diju‖BMO,2 ≤ C‖f0‖BMO,2.

In case (i), applying theorem 1.3.14 with r = 2 to the operators Ti, i = 1, . . . , n,
defined by Ti(f0, . . . , fn) = Diu, u being the solution of the Dirichlet problem, we get
that if the fj ’s are in Lp(Ω), 2 < p <∞, then each derivative Diu belongs to Lp(Ω), and
‖Diu‖Lp ≤ C

∑n
j=0 ‖fj‖Lp .

In case (ii), applying again theorem 1.3.14 with r = 2 to the operators Tij , i, j =
1, . . . , n, defined by Tijf0 = Diu, we get that if f0 ∈ Lp(Ω), 2 < p < ∞, then each
derivative Diju belongs to Lp(Ω), and ‖Diju‖Lp ≤ C‖f0‖Lp .

1.3.3 Exercises

1) Show that for 0 < θ < 1, θ 6= 1/2,

(Cb(Rn), C2
b (Rn))θ,∞ = C2θ

b (Rn).

Hint: prove that (C1
b (Rn), C2

b (Rn))α,∞ = C1+α
b (Rn) using example 1.1.8, then use the

Reiteration Theorem with E = C1
b (Rn).

2) (extreme cases in reiteration)

(a) Using the examples of §1.1.1 find some interpolation couple (X,Y ) and intermediate
spaces in the classes J0, J1, K1 between X and Y that do not coincide with X or Y .

(b) Give a direct proof of statement (ii) of the Reiteration Theorem in the case (θ0, θ1) =
(0, 1).
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Complex interpolation

The complex interpolation method is due to Calderon [13]. It works in complex interpola-
tion couples. It may sound “artificial” compared to the more “natural” real interpolation
method of chapter 1, see next definitions 2.1.1 and 2.1.3. It is in fact an abstraction and a
generalization of the method used in the proof of the Riesz–Thorin interpolation theorem,
which we show below.

The theorem of Riesz–Thorin. Let (Ω, µ), (Λ, ν) be σ-finite measure spaces. Let
1 ≤ p0, p1, q0, q1 ≤ ∞ and let T : Lp0(Ω)+Lp1(Ω) 7→ Lq0(Λ)+Lq1(Λ) be a linear operator
such that

T ∈ L(Lp0(Ω), Lq0(Λ)) ∩ L(Lp1(Ω), Lq1(Λ)).

Then
T ∈ L(Lpθ(Ω), Lqθ(Λ)), 0 < θ < 1,

with
1
pθ

=
1− θ

p0
+

θ

p1
,

1
qθ

=
1− θ

q0
+
θ

q1
, (2.1)

and setting Mi = ‖T‖L(Lpi (Ω),Lqi (Λ)), i = 0, 1, then

‖T‖L(Lpθ (Ω),Lqθ (Λ)) ≤M1−θ
0 M θ

1 .

In the case that some of the pi’s or the qi’s is ∞ the statement still holds if we set as usual
1/∞ = 0.
Proof — We recall that the set of the simple functions (= finite linear combinations of
characteristic functions of measurable sets with finite measure) a : Ω 7→ C is dense in
Lp(Ω) for every p ∈ [1,+∞), and the set of the simple functions b : Λ 7→ C is dense in
Lq(Λ), for every q ∈ [1,+∞). Moreover, for each measurable function f : Λ 7→ C we have

‖f‖Lq(Λ) = sup
1

‖b‖Lq′ (Λ)

∣∣∣∣ ∫
Λ
f(x)b(x) ν(dx)

∣∣∣∣
where b 6≡ 0 varies in the set of the simple functions from Λ to C.

Let a : Ω 7→ C be a simple function. Then a ∈ Lp(Ω) for each p ∈ [1,+∞]; in particular
a ∈ Lpθ(Ω). To estimate ‖Ta‖Lqθ(Λ) we use the above characterization of the Lqθ -norm,
i.e. we estimate the integral ∣∣∣∣ ∫

Λ
(Ta)(x)b(x) ν(dx)

∣∣∣∣
35
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where b : Λ 7→ C is any simple function. To this aim, for every z ∈ S = {z = x+ iy ∈ C :
0 ≤ x ≤ 1}, we define

f(z)(x) =


|a(x)|pθ

(
1−z
p0

+ z
p1

)
a(x)
|a(x)| , if x ∈ Ω, a(x) 6= 0,

0, if x ∈ Ω, a(x) = 0,

g(z)(x) =


|b(x)|

q′θ

(
1−z
q′0

+ z
q′1

)
b(x)
|b(x)| , if x ∈ Λ, b(x) 6= 0,

0, if x ∈ Λ, b(x) = 0.

Then f(θ) = a, g(θ) = b and for each z ∈ S, f(z) ∈ Lp(Ω) for every p, g(z) ∈ Lq(Λ) for
every q. In particular, f(z) ∈ Lp0(Ω) ∩ Lp1(Ω) so that Tf(z) ∈ Lq0(Λ) ∩ Lq1(Λ), and the
function

F : S 7→ C, F (z) =
∫

Λ
Tf(z) g(z) ν(dx)

is well defined, holomorphic in the interior of S, continuous and bounded in S, and F (θ) =∫
Λ(Ta)(x)b(x) ν(dx) is the integral that we want to estimate. For every t ∈ R we have

|F (it)| ≤ ‖Tf(it)‖Lq0 (Λ)‖g(it)‖Lq′0 (Λ)
≤ ‖T‖L(Lp0 (Ω),Lq0 (Λ))‖a‖

pθ/p0

Lpθ (Ω)‖b‖
q′θ/q′0

L
q′
θ (Λ)

,

|F (1 + it)| ≤ ‖Tf(1 + it)‖Lq1 (Λ)‖g(1 + it)‖
Lq′1 (Λ)

≤ ‖T‖L(Lp1 (Ω),Lq1 (Λ))‖a‖
pθ/p1

Lpθ (Ω)‖b‖
q′θ/q′1

L
q′
θ (Λ)

.

By the three lines theorem (see exercise 2, §2.1.3) we get

|F (θ)| =
∣∣∣∣∫

Λ
Ta b ν(dx)

∣∣∣∣ ≤ (sup
t∈R

|F (it)|)1−θ(sup
t∈R

|F (1 + it)|)θ

≤ ‖T‖1−θ
L(Lp0 (Ω),Lq0 (Λ))‖T‖

θ
L(Lp1 (Ω),Lq1 (Λ))‖a‖Lpθ (Ω)‖b‖L

q′
θ (Λ)

.

Since ‖Ta‖Lqθ (Λ) is the supremum of |F (θ)|/‖b‖
L

q′
θ (Λ)

when b 6≡ 0 runs in the set of the
simple functions on Λ, we get

‖Ta‖Lqθ (Λ) ≤ ‖T‖1−θ
L(Lp0 (Ω),Lq0 (Λ))‖T‖

θ
L(Lp1 (Ω),Lq1 (Λ))‖a‖Lpθ (Ω),

for every simple function a : Ω 7→ C. Since the set of such a’s is dense in Lpθ(Ω) the
statement follows. �

Taking in particular pi = qi, we get that if T ∈ L(Lp0(Ω), Lp0(Λ)) ∩ L(Lp1(Ω), Lp1(Λ))
then T ∈ L(Lr(Ω), Lr(Λ)) for every r ∈ [p0, p1].

The crucial part of the proof is the use of the three lines theorem for the function F .
The explicit expression of F is not important; what is important is that F is holomorphic
in the interior of S, continuous and bounded in S, that F (θ) leads to the norm ‖Ta‖Lqθ (Λ),
and that the behavior of F in iR and in 1+iR is controlled. Banach space valued functions
of this type are precisely those used in the construction of the complex interpolation spaces.
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2.1 Definitions and properties

Throughout the section we shall use the maximum principle for holomorphic functions with
values in a complex Banach space X: if Ω is a bounded open subset of C and f : Ω 7→ X
is holomorphic in Ω and continuous in Ω, then ‖f(ζ)‖X ≤ max{‖f(z)‖X : z ∈ ∂Ω}, for
every ζ ∈ Ω. This is well known if X = C, and may be recovered for general X by the
following argument. For every ζ ∈ Ω let x′ ∈ X ′ be such that ‖f(ζ)‖X = 〈f(ζ), x′〉 and
‖x′‖X′ = 1. Applying the maximum principle to the complex function z 7→ 〈f(z), x′〉 we
get

‖f(ζ)‖X = |〈f(ζ), x′〉| ≤ max{|〈f(z), x′〉| : z ∈ ∂Ω}

≤ max{‖f(z)‖X : z ∈ ∂Ω}.

The maximum principle holds also for functions defined in strips. Dealing with complex
interpolation, we shall consider the strip

S = {z = x+ iy ∈ C : 0 ≤ x ≤ 1}.

If f : S 7→ X is holomorphic in the interior of S, continuous and bounded in S, then for
each ζ ∈ S

‖f(ζ)‖X ≤ max{sup
t∈R

‖f(it)‖X , sup
t∈R

‖f(1 + it)‖X}.

See exercise 1, §2.1.3.
Let (X,Y ) be an interpolation couple of complex Banach spaces.

Definition 2.1.1 Let S be the strip {z = x+ iy ∈ C : 0 ≤ x ≤ 1}. F(X,Y ) is the space
of all functions f : S 7→ X + Y such that

(i) f is holomorphic in the interior of the strip and continuous and bounded up to its
boundary, with values in X + Y ;

(ii) t 7→ f(it) ∈ Cb(R;X), t 7→ f(1 + it) ∈ Cb(R;Y ), and

‖f‖F(X,Y ) = max{sup
t∈R

‖f(it)‖X , sup
t∈R

‖f(1 + it)‖Y } <∞.

F0(X,Y ) is the subspace of F(X,Y ) consisting of the functions f : S 7→ X + Y such that

lim
|t|→∞

‖f(it)‖X = 0, lim
|t|→∞

‖f(1 + it)‖Y = 0.

It is not hard to see that F(X,Y ) and F0(X,Y ) are Banach spaces. Indeed, if fn is a
Cauchy sequence, the maximum principle gives, for all z ∈ S,

‖fn(z)− fm(z)‖X+Y

≤ max{supt∈R ‖fn(it)− fm(it)‖X+Y , supt∈R ‖fn(1 + it)− fm(1 + it)‖X+Y }

≤ max{supt∈R ‖fn(it)− fm(it)‖X , supt∈R ‖fn(1 + it)− fm(1 + it)‖Y }.

Therefore for every z ∈ S there exists f(z) = limn→∞ fn(z) in X+Y , and it is easy to see
that f ∈ F(X,Y ). Since t 7→ fn(it) converges in Cb(R;X) and t 7→ fn(1 + it) converges
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in Cb(R;Y ), then fn converges to f in F(X,Y ). Moreover, since F0(X,Y ) is closed in
F(X,Y ), then F0(X,Y ) is a Banach space too.

An important technical lemma about the space F0(X,Y ) is the following one. Its
intricate proof is due to Calderon [13, p. 132-133]. A very detailed proof is in the book of
Krein–Petunin–Semenov [28, p. 217-220].

Lemma 2.1.2 The linear hull of the functions eδz2+λza, δ > 0, λ ∈ R, a ∈ X ∩ Y , is
dense in F0(X,Y ).

The complex interpolation spaces [X,Y ]θ are defined through the traces of the functions
in F(X,Y ).

Definition 2.1.3 For every θ ∈ [0, 1] set

[X,Y ]θ = {f(θ) : f ∈ F(X,Y )}, ‖a‖[X,Y ]θ = inf
f∈F(X,Y ), f(θ)=a

‖f‖F(X,Y ).

[X,Y ]θ is isomorphic to the quotient space F(X,Y )/Nθ, where Nθ is the subset of
F(X,Y ) consisting of the functions which vanish at z = θ. Since Nθ is closed, the quotient
space is a Banach space and so is [X,Y ]θ.

Some immediate consequences of the definition are listed below.

(i) For every θ ∈ (0, 1),
[X,Y ]θ = [Y,X]1−θ.

(ii) We get an equivalent definition of [X,Y ]θ replacing the space F(X,Y ) by the space
F0(X,Y ). Indeed, for each f ∈ F(X,Y ) and δ > 0 the function fδ(z) = eδ(z−θ)2f(z)
is in F0(X,Y ), fδ(θ) = f(θ), and ‖fδ‖F(X,Y ) ≤ max{eδθ2

, eδ(1−θ)2}‖f‖F(X,Y ). Let-
ting δ → 0 we obtain also

inf
f∈F(X,Y ), f(θ)=a

‖f‖F(X,Y ) = inf
f∈F0(X,Y ), f(θ)=a

‖f‖F(X,Y ).

(iii) If Y = X then [X,X]θ = X, with identical norms (see exercise 1, §2.1.3).

(iv) For every t ∈ R and for every f ∈ F(X,Y ), then f(θ + it) ∈ [X,Y ]θ for each
θ ∈ (0, 1), and ‖f(θ + it)‖[X,Y ]θ = ‖f(θ)‖[X,Y ]θ . (this is easily seen replacing the
function f by g(z) = f(z + it))

Finally, from lemma 2.1.2 it follows that X ∩Y is dense in [X,Y ]θ for every θ ∈ (0, 1).
In the present chapter, this fact will be used only in example 2.1.11.

Proposition 2.1.4 Let 0 < θ < 1. Then

X ∩ Y ⊂ [X,Y ]θ ⊂ X + Y.

Proof — Let a ∈ X ∩ Y . The constant function f(z) = a belongs to F(X,Y ), and

‖f‖F(X,Y ) ≤ max{‖a‖X , ‖a‖Y }.

Therefore, a = f(θ) ∈ [X,Y ]θ and ‖a‖[X,Y ]θ ≤ ‖a‖X∩Y .
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The embedding [X,Y ]θ ⊂ X+Y follows again from the maximum principle: if a = f(θ)
with f ∈ F(X,Y ) then

‖a‖X+Y ≤ max{supt∈R ‖f(it)‖X+Y , supt∈R ‖f(1 + it)‖X+Y }

≤ max{supt∈R ‖f(it)‖X , supt∈R ‖f(1 + it)‖Y } = ‖f‖F(X,Y )

so that ‖a‖X+Y ≤ ‖a‖[X,Y ]θ . �

Remark 2.1.5 Let V(X,Y ) be the linear hull of the functions of the type ϕ(z)x, with
ϕ ∈ F0(C,C) and x ∈ X ∩ Y . If a ∈ X ∩ Y , its [X,Y ]θ-norm may be obtained also as

‖a‖[X,Y ]θ = inf
f∈V(X,Y ), f(θ)=a

‖f‖F(X,Y ). (2.2)

Proof — For each ε > 0 let f0 ∈ F0(X,Y ) be such that f0(θ) = a and ‖f0‖F(X,Y ) ≤
‖a‖[X,Y ]θ + ε. Let z 7→ r(z) be a function continuous in S and holomorphic in the interior
of S with values in the unit disk, and such that r(θ) = 0, r′(θ) 6= 0, r(z) 6= 0 for z 6= θ.
For instance, we may take

r(z) =
z − θ

z + θ
, z ∈ S.

Set

f1(z) =
f0(z)− e(z−θ)2a

r(z)
, z ∈ S.

Then f1 ∈ F0(X,Y ), so that by lemma 2.1.2 there exists a function

f2(z) =
n∑

k=1

exp(δkz2 + γkz)xk,

with δk > 0, γk ∈ R, xk ∈ X ∩ Y , such that ‖f1 − f2‖F(X,Y ) ≤ ε. Set

f(z) = e(z−θ)2a+ r(z)f2(z), z ∈ S.

Then f ∈ V(X,Y ) and

‖f‖F(X,Y ) ≤ ‖f0‖F(X,Y ) + ‖f − f0‖F(X,Y ) ≤ ‖a‖[X,Y ]θ + 2ε.

Remark 2.1.5 will be used in theorem 2.1.7 and in theorem 4.2.6.
We prove now that the spaces [X,Y ]θ are interpolation spaces.

Theorem 2.1.6 Let (X1, Y1), (X2, Y2) be complex interpolation couples. If a linear oper-
ator T belongs to L(X1, X2) ∩ L(Y1, Y2), then the restriction of T to [X1, Y1]θ belongs to
L([X1, Y1]θ, [X2, Y2]θ) for every θ ∈ (0, 1). Moreover,

‖T‖L([X1,Y1]θ,[X2,Y2]θ) ≤ (‖T‖L[X1,X2])
1−θ(‖T‖L[Y1,Y2])

θ. (2.3)
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Proof — First let ‖T‖L(X1,X2) 6= 0 and ‖T‖L(Y1,Y2) 6= 0. If a ∈ [X1, Y1]θ, let f ∈ F(X1, Y1)
be such that f(θ) = a. Set

g(z) =
(‖T‖L(X1,X2)

‖T‖L(Y1,Y2)

)z−θ

Tf(z), z ∈ S.

Then g ∈ F(X2, Y2), and

‖g(it)‖X2 ≤ (‖T‖L(X1,X2))
1−θ(‖T‖L(Y1,Y2))

θ‖f(it)‖X1 ,

‖g(1 + it)‖Y2 ≤ (‖T‖L(X1,X2))
1−θ(‖T‖L(Y1,Y2))

θ‖f(1 + it)‖Y1 ,

so that ‖g‖F(X2,Y2) ≤ (‖T‖L(X1,X2))1−θ(‖T‖L(Y1,Y2))θ‖f‖F(X1,Y1). Therefore Ta = g(θ) ∈
[X2, Y2]θ, and

‖Ta‖[X2,Y2]θ ≤ ‖g‖F(X2,Y2) ≤ (‖T‖L(X1,X2))
1−θ(‖T‖L(Y1,Y2))

θ‖f‖F(X1,Y1).

Taking the infimum over all f ∈ F(X1, Y1) we get

‖Ta‖[X2,Y2]θ ≤ (‖T‖L[X1,X2])
1−θ(‖T‖L[Y1,Y2])

θ‖a‖[X1,Y1]θ .

If either ‖T‖L(X1,X2) or ‖T‖L(Y1,Y2) vanishes, replace it by ε > 0 in the definition of g
and then let ε→ 0 to get the statement.

If both ‖T‖L(X1,X2) and ‖T‖L(Y1,Y2) vanish, set g(z) = Tf(z). �

Theorem 2.1.6 has an interesting extension to linear operators depending on z ∈ S.

Theorem 2.1.7 Let (X1, Y1), (X2, Y2) be complex interpolation couples.
For every z ∈ S let Tz ∈ L(X1 ∩ Y1, X2 + Y2) be such that z 7→ Tzx is holomorphic

in S and continuous and bounded in S for every x ∈ X1 ∩ Y1, with values in X2 + Y2.
Moreover assume that t 7→ Titx ∈ C(R;L(X1, X2)), t 7→ T1+itx ∈ C(R;L(Y1, Y2)) and that
‖Tit‖L(X1,X2), ‖T1+it‖L(Y1,Y2) are bounded by a constant independent of t.

Then, setting

M0 = sup
t∈R

‖Tit‖L(X1,X2), M1 = sup
t∈R

‖T1+it‖L(Y1,Y2)

for every θ ∈ (0, 1) we have

‖Tθx‖[X2,Y2]θ ≤M1−θ
0 M θ

1 ‖x‖[X1,Y1]θ

so that Tθ has an extension belonging to L([X1, Y1]θ, [X2, Y2]θ) (which we still call Tθ)
satisfying

‖Tθ‖L([X1,Y1]θ,[X2,Y2]θ) ≤M1−θ
0 M θ

1 . (2.4)

Proof — The proof is just a modification of the proof of theorem 2.1.6.
Assume first that M0 and M1 are positive. For every a ∈ X1 ∩Y1 let f ∈ V(X1, Y1) be

such that f(θ) = a (see remark 2.1.5), and set

g(z) =
(
M0

M1

)z−θ

Tzf(z), z ∈ S.
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Then g ∈ F(X2, Y2) and

‖g(it)‖X2 ≤M1−θ
0 M θ

1 ‖f(it)‖X1 ,

‖g(1 + it)‖Y2 ≤M1−θ
0 M θ

1 ‖f(1 + it)‖Y1 ,

so that ‖g‖F(X2,Y2) ≤M1−θ
0 M θ

1 ‖f‖F(X1,Y1). Therefore Tθa = g(θ) ∈ [X2, Y2]θ, and

‖Tθa‖[X2,Y2]θ ≤M1−θ
0 M θ

1 inf
f∈V(X1,Y1), f(θ)=a

‖f‖F(X1,Y1),

but by remark 2.1.5,

‖a‖[X1,Y1]θ = inf
f∈V(X1,Y1), f(θ)=a

‖f‖F(X1,Y1),

and the statement follows.
If either M0 or M1 vanishes, replace it by ε in the definition of g, and then let ε→ 0.

If both M0 and M1 vanish, define g by g(z) = Tzf(z) and follow the above arguments. �

Let us come back to theorem 2.1.6 and to its consequences. The same proof of corollary
1.1.7 (through the equality [C,C]θ = C with the same norm) yields

Corollary 2.1.8 For every θ ∈ (0, 1) we have

‖y‖[X,Y ]θ ≤ ‖y‖1−θ
X ‖y‖θ

Y , ∀y ∈ X ∩ Y. (2.5)

Therefore, [X,Y ]θ ∈ Jθ(X,Y ). This means that (X,Y )θ,1 ⊂ [X,Y ]θ, thanks to propo-
sition 1.3.2. It is also true that [X,Y ]θ ⊂ (X,Y )θ,∞; to prove it we need the following
lemma, which gives a Poisson formula for holomorphic functions in a strip with values in
Banach spaces.

Lemma 2.1.9 For every bounded f : S 7→ X which is continuous in S and holomorphic
in S we have

f(z) = f0(z) + f1(z), z = x+ iy ∈ S,

where
f0(z) =

∫
R
eπ(y−t) sin(πx)

f(it)
sin2(πx) + (cos(πx)− exp(π(y − t)))2

dt,

f1(z) =
∫

R
eπ(y−t) sin(πx)

f(1 + it)
sin2(πx) + (cos(πx) + exp(π(y − t)))2

dt.

(2.6)

Sketch of the proof — Let first X = C. Then (2.6) may be obtained using the Poisson
formula for the unit circle,

f̃(ζ) =
1
2π

∫
|λ|=1

f̃(λ)
1− |ζ|2

|ζ − λ|2
dλ, |ζ| < 1,

(which holds for every f̃ which is holomorphic in the interior and continuous up to the
boundary), and the conformal mapping

ζ(z) =
eπiz − i

eπiz + i
, z ∈ S,
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which transforms S into the unit circle. If X is a general Banach space (2.6) follows as
usual, considering the complex functions z 7→ 〈f(z), x′〉 for every x′ ∈ X ′, and applying
(2.6) to each of them. �

Proposition 2.1.10 For every θ ∈ (0, 1), [X,Y ]θ ∈ Kθ(X,Y ), that is [X,Y ]θ is continu-
ously embedded in (X,Y )θ,∞.

Proof — Let a ∈ [X,Y ]θ. For every f ∈ F(X,Y ) such that f(θ) = a split a = f0(θ)+f1(θ)
according to (2.6).

Note that for z = x+ iy ∈ S we have

0 <
∫

R
eπ(y−t) sin(πx)

1
sin2(πx) + (cos(πx)− exp(π(y − t)))2

dt < 1,

0 <
∫

R
eπ(y−t) sin(πx)

1
sin2(πx) + (cos(πx) + exp(π(y − t)))2

dt < 1.

Indeed, both kernels are positive so that both integrals are positive; moreover if f is
holomorphic in S, continuous and bounded in S and f ≡ 1 on iR and on 1+ iR then f ≡ 1
in S, so that the sum of the integrals is 1.

Therefore for every z ∈ S, f0(z) ∈ X, ‖f0(z)‖X ≤ supτ∈R ‖f(iτ)‖X , and f1(z) ∈ Y ,
‖f1(z)‖Y ≤ supτ∈R ‖f(1 + iτ)‖Y . Then for each t > 0 we get

K(t, a) ≤ ‖f0(θ)‖X + t‖f1(θ)‖Y ≤ sup
τ∈R

‖f(iτ)‖X + t sup
τ∈R

‖f(1 + iτ)‖Y .

The function g(z) = tθ−zf(z) is in F(X,Y ), and g(θ) = a. Applying the above estimate
to g we get

K(t, a) ≤ sup
τ∈R

‖f(iτ)‖Xt
θ + t sup

τ∈R
‖f(1 + iτ)‖Y t

θ−1 ≤ 2tθ‖f‖F(X,Y ).

Since f is arbitrary,
K(t, a) ≤ 2tθ‖a‖[X,Y ]θ ,

and the statement follows. �

By corollary 2.1.8 and proposition 1.1.3, [X,Y ]θ ∈ Jθ(X,Y ) ∩Kθ(X,Y ).
This implies, through proposition 1.1.4, that [X,Y ]θ2 ⊂ [X,Y ]θ1 for θ1 < θ2 whenever

Y ⊂ X.
This also allows to use the Reiteration Theorem to characterize the real interpolation

spaces between complex interpolation spaces. We get, for 0 < θ1 < θ2 < 1, 0 < θ < 1,
1 ≤ p ≤ ∞,

([X,Y ]θ1 , [X,Y ]θ2)θ,p = (X,Y )(1−θ)θ1+θθ2,p.

Further reiteration properties are the following. Calderon ([13]) showed that if one of the
spaces X, Y is continuously embedded in the other one, or if X, Y are reflexive and X∩Y
is dense both in X and in Y , then

[[X,Y ]θ1 , [X,Y ]θ2 ]θ = [X,Y ](1−θ)θ1+θθ2
,

Lions ([30]) proved that if X and Y are reflexive, then for 0 < θ1 < θ2 < 1, 0 < θ < 1,
1 < p <∞,

[(X,Y )θ1,p, (X,Y )θ2,p]θ = (X,Y )(1−θ)θ1+θθ2,p.



Complex interpolation 43

The question whether [X,Y ]θ coincides with some (X,Y )θ,p has no general answer.
We will see in the next chapter (sect. 3.4) that if X and Y are Hilbert spaces then

[X,Y ]θ = (X,Y )θ,2, 0 < θ < 1,

but in the non hilbertian case there are no general rules. See next examples 2.1.11 and
2.1.12.

2.1.1 Examples

Example 2.1.11 Let (Ω, µ) be a measure space with σ-finite measure, and let 1 ≤ p0, p1 ≤
∞, 0 < θ < 1. Then

[Lp0(Ω), Lp1(Ω)]θ = Lp(Ω),
1
p

=
1− θ

p0
+

θ

p1
,

and their norms coincide. (In the case p0 = ∞ or p1 = ∞ the statement is correct if we
set as usual 1/∞ = 0).

Proof — The proof follows the proof of the Riesz–Thorin theorem at the beginning of the
chapter.

We recall that Lp0(Ω) ∩ Lp1(Ω) is dense both in Lp(Ω) and in [Lp0(Ω), Lp1(Ω)]θ.
Let a ∈ Lp0(Ω) ∩ Lp1(Ω). We may assume without loss of generality that ‖a‖Lp = 1.

For z ∈ S set

f(z)(x) = |a(x)|p
(

1−z
p0

+ z
p1

)
a(x)
|a(x)|

, if x ∈ Ω, a(x) 6= 0,

f(z)(x) = 0, if x ∈ Ω, a(x) = 0.

Then f is continuous in S and holomorphic in the interior of S with values in Lp0(Ω) +
Lp1(Ω), and for each t ∈ R

|f(it)(x)| = |a(x)|
p

p0 , ‖f(it)‖Lp0 ≤ ‖a‖p/p0

Lp = 1,

|f(1 + it)(x)| = |a(x)|
p

p1 , ‖f(1 + it)‖Lp1 ≤ ‖a‖p/p1

Lp = 1.

Moreover, t 7→ f(it) is continuous with values in Lp0(Ω) and t 7→ f(1 + it) is continuous
with values in Lp1(Ω). Therefore, f ∈ F(Lp0(Ω), Lp1(Ω)) and ‖f‖F(Lp0 ,Lp1 ) ≤ 1. Since
f(θ) = a, then

‖a‖[Lp0 ,Lp1 ]θ ≤ 1 = ‖a‖Lp .

To prove the opposite inequality we remark that

1 = ‖a‖Lp = sup
{∣∣∣∣ ∫

Ω
a(x)b(x)µ(dx)

∣∣∣∣ : b ∈ Lp′0 ∩ Lp′1 , ‖b‖Lp′ = 1
}
.

For every b ∈ Lp′0 ∩ Lp′1 with ‖b‖Lp′ = 1 set, as before

g(z)(x) = |b(x)|
p′
(

1−z
p′0

+ z
p′1

)
b(x)
|b(x)|

, if x ∈ Ω, b(x) 6= 0,

g(z)(x) = 0, if x ∈ Ω, b(x) = 0,
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and define, for every f ∈ F(Lp0 , Lp1) such that f(θ) = a,

F (z) =
∫

Ω
f(z)(x)g(z)(x)dx, z ∈ S.

Then F is holomorphic in the interior of S and continuous in S, so that the maximum
principle (see exercise 2, §2.1.3) implies that for every z ∈ S it holds

|F (z)| ≤ max{sup
t∈R

|F (it)|, sup
t∈R

|F (1 + it)|}.

But |F (it)| and |F (1 + it)| may be easily estimated:

|F (it)| ≤ ‖f(it)‖Lp0‖g(it)‖
Lp′0

= ‖f(it)‖Lp0‖b‖p′/p′0
Lp′ = ‖f(it)‖Lp0 ,

|F (1 + it)| ≤ ‖f(1 + it)‖Lp1‖g(1 + it)‖
Lp′1

= ‖f(1 + it)‖Lp1‖b‖p′/p′1
Lp′ = ‖f(1 + it)‖Lp1 ,

so that
|F (z)| ≤ max{supt∈R ‖f(it)‖Lp0 , supt∈R ‖f(1 + it)‖Lp1}

≤ ‖f‖F(Lp0 ,Lp1 ), z ∈ S.
Therefore, ∣∣∣∣ ∫

Ω
a(x)b(x)dx

∣∣∣∣ = |F (θ)| ≤ ‖f‖F(Lp0 ,Lp1 ).

Since b is arbitrary,
‖a‖Lp ≤ ‖f‖F(Lp0 ,Lp1 ).

Since f is arbitrary,
‖a‖Lp ≤ ‖a‖[Lp0 ,Lp1 ]θ .

Therefore the identity is an isometry between Lp0∩Lp1 with the Lp norm and Lp0∩Lp1

with the [Lp0 , Lp1 ]θ norm. Since Lp0 ∩ Lp1 is dense respectively in Lp and in [Lp0 , Lp1 ]θ,
the statement follows. �

Example 2.1.12 For 0 < θ < 1, 1 < p <∞, m ∈ N,

[Lp(Rn),Wm,p(Rn)]θ = Hmθ,p(Rn).

The proof is in [36, §2.4.2].

We recall that for s > 0

Hs,p(Rn) = {f ∈ Lp(Rn) : ‖f‖Hs,p = ‖F−1(1 + |x|2)s/2Ff‖Lp <∞},
where F is the Fourier transform. It is known that if s = k is integer then

Hk,p(Rn) = W k,p(Rn), k ∈ N.

Moreover it is known that

Bs
p,p(Rn) ⊂ Hs,p(Rn) ⊂ Bs

p,2(Rn), 1 < p ≤ 2,

Bs
p,2(Rn) ⊂ Hs,p(Rn) ⊂ Bs

p,p(Rn), 2 ≤ p <∞,

and the inclusions are strict if p 6= 2. See [36, §2.3.3]. We recall (example 1.3.11) that
(Lp(Rn),Wm,p(Rn))θ,p = Bmθ

p,p (Rn). Therefore

[Lp(Rn),Wm,p(Rn)]θ 6= (Lp(Rn),Wm,p(Rn))θ,p

unless p = 2.
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2.1.2 The theorems of Hausdorff–Young, Riesz–Thorin, Stein

Applying theorem 2.1.6 to the spaces X1 = Lp0(Ω), X2 = Lq0(Λ), Y1 = Lp1(Ω), Y2 =
Lq1(Λ) and recalling example 2.1.11 we get the Riesz–Thorin theorem, as stated at the
beginning of the chapter. However, the proof of example 2.1.11 is modeled on the proof
of the Riesz–Thorin theorem, so that this has not to be considered an alternative proof.

An important application of the Riesz–Thorin theorem (or, equivalently, of theorem
2.1.6 and example 2.1.11) is the theorem of Hausdorff and Young on the Fourier transform
in Lp(Rn). We set, for every f ∈ L1(Rn),

(Ff)(k) =
1

(2π)n/2

∫
Rn

e−i〈x,k〉f(x)dx, k ∈ Rn.

As easily seen, ‖Ff‖L2 = ‖f‖L2 for every f ∈ C∞
0 (Rn), so that F is canonically extended

to an isometry (still denoted by F) to L2(Rn).

Theorem 2.1.13 If 1 < p ≤ 2, F is a bounded operator from Lp(Rn) to Lp′(Rn), p′ =
p/(p− 1), and

‖F‖L(Lp,Lp′ ) ≤
1

(2π)n(1/p−1/2)
.

Proof — Since ‖F‖L(L1,L∞) ≤ (2π)−n/2 and ‖F‖L(L2) = 1, by the Riesz–Thorin theorem
F ∈ L(Lpθ , Lqθ) for every θ ∈ (0, 1), pθ and qθ being defined by (2.1): pθ = 2/(1 + θ),
qθ = 2/(1− θ) = p′θ. Moreover,

‖F‖
L(Lpθ ,L

p′
θ )
≤ ‖F‖θ

L(L1,L∞)‖F‖
1−θ
L(L2)

≤
(

1
(2π)n/2

)2/p−1

. (2.7)

The use of the Riesz–Thorin theorem may be avoided by using directly the results of
theorem 2.1.6 and of example 2.1.11: by theorem 2.1.6 F is a bounded operator from
[L1, L2]θ to [L∞, L2]θ for every θ ∈ (0, 1); by example 2.1.11, [L1, L2]θ = Lpθ , pθ = 2/(1+θ),
and [L∞, L2]θ = Lqθ , qθ = 2/(1− θ), with identical norms. Therefore, (2.7) holds.

When θ runs in (0, 1), pθ = 2/(1 + θ) runs in (1, 2), and the statement is proved. �

A useful generalization of the Riesz-Thorin theorem is the Stein interpolation theorem.
It is obtained by applying theorem 2.1.7 to the interpolation couples (Lp0(Ω), Lp1(Ω)),
(Lq0(Λ), Lq1(Λ)), using the characterization of example 2.1.11.

Theorem 2.1.14 Let (Ω, µ), (Λ, ν) be σ-finite measure spaces. Let p0, p1, q0, q1 ∈ [1,∞]
and define as usual pθ, qθ by

1
pθ

=
1− θ

p0
+

θ

p1
,

1
qθ

=
1− θ

q0
+
θ

q1
, 0 < θ < 1.

Assume that for every z ∈ S, Tz : Lp0(Ω)∩Lp1(Ω) 7→ Lq0(Λ) +Lq1(Λ) is a linear operator
such that

(i) for each f ∈ Lp0(Ω) ∩ Lp1(Ω), z 7→ Tzf is holomorphic in the interior of S and
continuous and bounded in S with values in Lq0(Λ) + Lq1(Λ);

(ii) for each f ∈ Lp0(Ω) ∩ Lp1(Ω), t 7→ Titf is continuous and bounded in R with values
in Lq0(Λ), t 7→ T1+itf is continuous and bounded in R with values in Lq1(Λ);
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(iii) there are M0, M1 > 0 such that for each f ∈ Lp0(Ω) ∩ Lp1(Ω),

sup
t∈R

‖T (t)f‖Lq0 (Λ) ≤M0‖f‖Lp0 (Ω), sup
t∈R

‖T (t)f‖Lq1 (Λ) ≤M1‖f‖Lp1 (Ω).

Then for each θ ∈ (0, 1) and for each f ∈ Lp0(Ω) ∩ Lp1(Ω) we have

‖Tθf‖Lqθ (Λ) ≤M1−θ
0 M θ

1 ‖f‖Lpθ (Ω).

Therefore, Tθ may be extended to a bounded operator (which we still call Tθ) from Lpθ(Ω)
to Lqθ(Λ), with pθ and qθ defined in (2.1), and

‖Tθ‖L(Lpθ (Ω),Lqθ (Λ)) ≤M1−θ
0 M θ

1 .

Theorem 2.1.14 has a slightly sharper version, stated below, obtained modifying the
direct proof of the Riesz–Thorin theorem. We recall that if (Ω, µ) is a measure space, a
simple function is a (finite) linear combination of characteristic functions of measurable
sets with finite measure.

Theorem 2.1.15 Let (Ω, µ), (Λ, ν) be σ-finite measure spaces. Assume that for every
z ∈ S, Tz is a linear operator defined in the set of the simple functions on Ω, with values
into measurable functions on Λ, such that for every couple of simple functions a : Ω 7→ C
and b : Λ 7→ C, the product Tza · b is integrable on Λ and

z 7→
∫

Λ
(Tzf)(x)g(x)ν(dx),

is continuous and bounded in S, holomorphic in the interior of S.
Assume moreover that for some pj, qj ∈ [1,+∞], j = 0, 1, we have

‖Tita‖Lq0 (Λ) ≤M0‖a‖Lp0 (Ω), ‖T1+ita‖Lq1 (Λ) ≤M0‖a‖Lp1 (Ω), t ∈ R,

for every simple function a. Then for each θ ∈ (0, 1), Tθ may be extended to a bounded
operator (which we still call Tθ) from Lpθ(Ω) to Lqθ(Λ), with pθ and qθ defined in (2.1),
and

‖Tθ‖L(Lpθ (Ω),Lqθ (Λ)) ≤M1−θ
0 M θ

1 .

Proof — The proof is just a modification of the proof of the Riesz–Thorin theorem. For
every couple of simple functions aΩ 7→ C, b : Λ 7→ C, we apply the three lines theorem to
the function

F (z) =
∫

Λ
Tzf(z) g(z) ν(dx)

where f and g are defined as in the proof of the Riesz–Thorin theorem, i.e.

f(z)(x) = |a(x)|p
(

1−z
p0

+ z
p1

)
a(x)
|a(x)|

, if x ∈ Ω, a(x) 6= 0;

f(z)(x) = 0, if x ∈ Ω, a(x) = 0.

g(z)(x) = |b(x)|
p′
(

1−z
p′0

+ z
p′1

)
b(x)
|b(x)|

, if x ∈ Λ, b(x) 6= 0,
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g(z)(x) = 0, if x ∈ Λ, b(x) = 0.

We get

|F (θ)| =
∣∣∣∣ ∫

Λ
(Tθa)(x)b(x) ν(dx)

∣∣∣∣ ≤M1−θ
0 M θ

1 ‖a‖Lpθ (Ω)‖b‖L
q′
θ (Λ)

,

so that
‖Ta‖Lqθ (Λ) ≤M1−θ

0 M θ
1 ‖a‖Lpθ (Ω),

for every simple a defined in Ω. Since the set of such a’s is dense in Lpθ(Ω) the statement
follows. �

2.1.3 Exercises

1) The maximum principle for functions defined on a strip. Let f : S 7→ X be holomorphic
in the interior of S, continuous and bounded in S. Prove that for each ζ ∈ S

‖f(ζ)‖ ≤ max{sup
t∈R

‖f(it)‖, sup
t∈R

‖f(1 + it)‖}.

(Hint: for each ε ∈ (0, 1) let z0 be such that ‖f(z0)‖ ≥ ‖f‖∞(1−ε); consider the functions
fδ(z) = exp(δ(z − z0)2)f(z), and apply the maximum principle in the rectangle [0, 1] ×
[−M,M ] with M large).

2) The three lines theorem. Let f : S 7→ X be holomorphic the interior of S, continuous
and bounded in S. Show that

‖f(θ)‖X ≤ (sup
t∈iR

‖f(it)‖X)1−θ(sup
t∈iR

‖f(1 + it)‖X)θ, 0 < θ < 1.

This estimate implies that if f vanishes in iR or in 1 + iR then f vanishes in S.
(Hint: apply the maximum principle of exercise 1 to ϕ(z) = eλzf(z) and then choose λ > 0
properly).

3) Show that [X,X]θ = X, with identical norms.

4) Using Lemma 2.1.2 prove that X ∩ Y is dense in [X,Y ]θ for every θ ∈ (0, 1).
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Chapter 3

Interpolation and domains of
operators

3.1 Operators with rays of minimal growth

Let X be a real or complex Banach space with norm ‖ · ‖. In this section we consider a
linear operator A : D(A) ⊂ X 7→ X such that

ρ(A) ⊃ (0,∞), ∃M : ‖λR(λ,A)‖L(X) ≤M, λ > 0. (3.1)

Since ρ(A) is not empty, then A is a closed operator, so that D(A) is a Banach space with
the graph norm ‖x‖D(A) = ‖x‖ + ‖Ax‖. Moreover for every m ∈ N also Am is a closed
operator (see exercise 1, §3.2.1).

This section is devoted to the study of the real interpolation spaces (X,D(A))θ,p, and,
more generally, (X,D(Am))θ,p. Since for every t, ω ∈ R the graph norm of D(Am) is
equivalent to the graph norm of D(Bm) with B = eit(A+ ωI), the case of an operator B
satisfying

ρ(B) ⊃ {λeiθ : λ > λ0}, ∃M : ‖λR(λeiθ, B)‖L(X) ≤M, λ > λ0

for some θ ∈ [0, 2π), λ0 ≥ 0, may be easily reduced to this one. The halfline r = {λeiθ :
λ > λ0} is said to be a ray of minimal growth of the resolvent of B. See [2, Def. 2.1].

Proposition 3.1.1 Let A satisfy (3.1). Then

(X,D(A))θ,p = {x ∈ X : λ 7→ ϕ(λ) = λθ‖AR(λ,A)x‖ ∈ Lp
∗(0,+∞)}

and the norms ‖x‖θ,p and
‖x‖∗θ,p = ‖x‖+ ‖ϕ‖Lp

∗(0,+∞)

are equivalent.

Proof. Let x ∈ (X,D(A))θ,p. Then if x = a + b with a ∈ X, b ∈ D(A), for every λ > 0
we have

λθ‖AR(λ,A)x‖ ≤ λθ‖AR(λ,A)a‖+ λθ‖R(λ,A)Ab‖

≤ (M + 1)λθ‖a‖+Mλθ−1‖Ab‖

≤ (M + 1)λθ(‖a‖+ λ−1‖b‖D(A)),

49
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so that
λθ‖AR(λ,A)x‖ ≤ (M + 1)λθK(λ−1, x).

With the changement of variables λ 7→ λ−1 we see that the right hand side belongs to
Lp
∗(0,∞), with norm equal to (M + 1)‖x‖θ,p. Therefore ϕ(λ) = λθ‖AR(λ,A)x‖ is in

Lp
∗(0,∞), and

‖x‖∗θ,p ≤ (M + 1)‖x‖θ,p.

Conversely, if ϕ ∈ Lp
∗(0,∞), set for every λ ≥ 1

x = aλ + bλ = −AR(λ,A)x+ λR(λ,A)x,

so that
λθK(λ−1, x) ≤ λθ(‖AR(λ,A)x‖+ λ−1‖λR(λ,A)x‖D(A))

= λθ(2‖AR(λ,A)x‖+ ‖R(λ,A)x‖).

The right hand side belongs to Lp
∗(1,∞), with norm estimated by

2‖x‖∗θ,p +M

(
1

(1− θ)p

)1/p

‖x‖, p <∞,

2‖x‖∗θ,∞ +M‖x‖, p = ∞.

It follows that t 7→ t−θK(t, x) ∈ Lp
∗(0, 1), and hence x ∈ (X,D(A))θ,p and

‖x‖θ,p ≤ Cp(‖x‖∗θ,p + ‖x‖).

�

The following notation is widely used.

Definition 3.1.2 For 0 < θ < 1, 1 ≤ p ≤ ∞ we set

DA(θ, p) = (X,D(A))θ,p.

For 0 < θ < 1, k ∈ N, 1 ≤ p ≤ ∞ we set

DA(θ + k, p) = {x ∈ D(Ak) : Akx ∈ DA(θ, p)},

‖x‖DA(θ+k,p) = ‖x‖+ ‖Akx‖DA(θ,p),

that is, DA(θ + k, p) is the domain of the part of Ak in DA(θ, p).

From the definition we get easily

Lemma 3.1.3 For 0 < θ < 1, 1 ≤ p ≤ ∞,

DA(θ + 1, p) = (D(A), D(A2))θ,p

and, more generally,
DA(θ + k, p) = (D(Ak), D(Ak+1))θ,p.
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Proof. It is sufficient to remark that (I − A)k is an isomorphism from D(Ak) to X, and
also from D(Ak+1) to D(A). By the interpolation theorem 1.1.6, it is an isomorphism
between (D(Ak), D(Ak+1))θ,p and (X,D(A))θ,p, and the statement follows. �

It is also important to characterize the real interpolation spaces between X and D(A2),
or more generally, between X and D(Am). The following proposition is useful.

Proposition 3.1.4 Let A satisfy (3.1). Then D(A) ∈ J1/2(X,D(A2)) ∩ K1/2(X,D(A2)).

Proof. Let us prove that D(A) ∈ J1/2(X,D(A2)). For every x ∈ D(A) it holds

lim
λ→∞

λR(λ,A)x = lim
λ→∞

R(λ,A)Ax+ x = x.

Setting f(σ) = σR(σ,A)x for σ > 0, we have

f ′(σ) = R(σ,A)x− σR(σ,A)2x = R(σ,A)(I − σR(σ,A))x = −R(σ,A)2Ax

and f(+∞) = x, so that

x− λR(λ,A)x = −
∫ ∞

λ
R(σ,A)2Axdσ, λ > 0,

and if x ∈ D(A2),

Ax = λAR(λ,A)x−
∫ ∞

λ
R(σ,A)2A2xdσ, λ > 0.

Therefore,

‖Ax‖ ≤ λ(M + 1)‖x‖+
M2

λ
‖A2x‖, λ > 0.

Taking the infimum for λ ∈ (0,∞) we get

‖Ax‖ ≤ 2M(M + 1)1/2‖x‖1/2‖A2x‖1/2, x ∈ D(A2), (3.2)

so that
‖x‖D(A) ≤ C‖x‖1/2‖x‖1/2

D(A2)
, x ∈ D(A2),

that is, D(A) ∈ J1/2(X,D(A2)).
Let us prove that D(A) ∈ K1/2(X,D(A2)). For every x ∈ D(A) split x as

x = −R(λ,A)Ax+ λR(λ,A)x, λ > 0,

where
‖R(λ,A)Ax‖ ≤ M

λ
‖x‖D(A),

‖λR(λ,A)x‖D(A2) = ‖λR(λ,A)x‖+ ‖λAR(λ,A)Ax‖

≤M‖x‖+ λ(M + 1)‖Ax‖

so that setting t = λ−2

K(t, x,X,D(A2)) ≤ ‖R(t−1/2, A)Ax‖+ t‖t−1/2R(t−1/2, A)x‖D(A2)

≤Mt1/2‖x‖D(A) +Mt‖x‖+ (M + 1)t1/2‖Ax‖, t > 0
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which implies that t 7→ K(t, x,X,D(A2)) is bounded in (0, 1] by (2M + 1)‖x‖D(A). Since
it is bounded by ‖x‖ in (1,∞), then x ∈ (X,D(A2))1/2,∞ and

‖x‖(X,D(A2))1/2,∞
≤ (2M + 1)‖x‖D(A).

�

But in general D(A) is not an interpolation space between X and D(A2). As a coun-
terexample we may take X = Cb(R), A = realization of ∂/∂x in X. See example 1.3.3.

As a corollary of proposition 3.1.4 we get a useful characterization of (X,D(A2))θ,p.

Proposition 3.1.5 Let A satisfy (3.1). Then for θ 6= 1/2

(X,D(A2))θ,p = DA(2θ, p).

Proof. Taking into account that X belongs to J0(X,D(A2)) ∩K0(X,D(A2)) and D(A)
belongs to J1/2(X,D(A2)) ∩ K1/2(X,D(A2)), and applying the Reiteration Theorem with
E0 = X, E1 = D(A) we get

DA(α, p) = (X,D(A))α,p = (X,D(A2))α/2,p, 0 < α < 1,

and setting α = 2θ the statement follows for 0 < θ < 1/2. Taking into account that
D(A2) belongs to J1(X,D(A2)) ∩ K1(X,D(A2)) and D(A) belongs to J1/2(X,D(A2)) ∩
K1/2(X,D(A2)), and applying the Reiteration Theorem with E0 = D(A), E1 = D(A2) we
get

DA(α+ 1, p) = (D(A), D(A2))α,p = (X,D(A2))(α+1)/2,p, 0 < α < 1,

and setting α+ 1 = 2θ the statement follows for 1/2 < θ < 1. �

Another characterization, which holds also for θ = 1/2, is the following one.

Proposition 3.1.6 Let A satisfy (3.1). Then for 0 < θ < 1, 1 ≤ p ≤ ∞

(X,D(A2))θ,p = {x ∈ X : λ 7→ ϕ̃(λ) = λ2θ‖(AR(λ,A))2x‖ ∈ Lp
∗(0,∞)},

and the norms ‖x‖(X,D(A2))θ,p
and

‖x‖eθ,p = ‖x‖+ ‖ϕ̃‖Lp
∗(0,∞)

are equivalent.

Proof. The proof is very close to the proof of proposition 3.1.1. Let x ∈ (X,D(A2))θ,p.
Then if x = a+ b with a ∈ X, b ∈ D(A2), for every λ > 0 we have

λ2θ‖(AR(λ,A))2x‖ ≤ λ2θ‖(AR(λ,A))2a‖+ λ2θ‖R(λ,A)2A2b‖

≤ (M + 1)2λ2θ‖a‖+M2λ2θ−2‖A2b‖ ≤ (M + 1)2λ2θ(‖a‖+ λ−2‖b‖D(A2)),

so that
λ2θ‖(AR(λ,A))2x‖ ≤ (M + 1)2λ2θK(λ−2, x).
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We know that λ−θK(λ, x) ∈ Lp
∗(0,∞). With the change of variable ξ = λ−2 we get

that λ 7→ λ2θK(λ−2, x) ∈ Lp
∗(0,∞), with norm equal to 2−1/p‖x‖θ,p. Therefore ϕ̃(λ) =

λ2θ‖(AR(λ,A))2x‖ is in Lp
∗(0,∞), and

‖x‖eθ,p ≤ 2−1/p(M + 1)2‖x‖θ,p.

(The formula is true also for p = ∞ if we set 1/∞ = 0).
Conversely, if ϕ ∈ Lp

∗(0,∞), from the obvious identity

x = λ2R(λ,A)2x− 2λAR(λ,A)2x+A2R(λ,A)2x,

where
λAR(λ,A)2x = λ(λ−A)AR(λ,A)3x

= AR(λ,A)λ2R(λ,A)2x− λR(λ,A)A2R(λ,A)2x

we get

x = (I − 2AR(λ,A))λ2R(λ,A)2x+ (2λR(λ,A) + I)A2R(λ,A)2x, λ ≥ 1,

where

‖(I − 2AR(λ,A))λ2R(λ,A)2x‖D(A2)

= ‖(I − 2AR(λ,A))λ2R(λ,A)2x‖+ ‖(I − 2AR(λ,A))λ2A2R(λ,A)2x‖

≤ (2M + 3)M2‖x‖+ (2M + 3)λ2‖A2R(λ,A)2x‖

and
‖(2λR(λ,A) + I)A2R(λ,A)2x‖ ≤ (2M + 1)‖A2R(λ,A)2x‖.

Therefore,
λ2θK(λ−2, x,X,D(A2))

≤ λ2θ(‖(2λR(λ,A) + I)A2R(λ,A)2x‖

+λ−2‖(I − 2AR(λ,A))λ2R(λ,A)2x‖D(A2))

≤ (4M + 4)λ2θ‖A2R(λ,A)2x‖+ (2M + 3)M2λ2θ−2‖x‖.

The right hand side belongs to Lp
∗(1,∞), with norm estimated by

(4M + 3)‖x‖eθ,p + (2M + 2)M2

(
1

(2− 2θ)p

)1/p

‖x‖,

which is true also for p = ∞ with the convention (1/∞)1/∞ = 1. It follows that t 7→
t−θK(t, x,X,D(A2)) ∈ Lp

∗(0, 1), and hence x ∈ (X,D(A2))θ,p and

‖x‖(X,D(A2))θ,p
≤ Cp(‖x‖eθ,p + ‖x‖).

�

Propositions 3.1.4 and 3.1.5 may be generalized as follows.
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Proposition 3.1.7 Let A satisfy (3.1), and let r, m ∈ N, r > m. Then D(Ar) ∈
Jr/m(X,D(Am)) ∩Kr/m(X,D(Am)).

Proposition 3.1.8 Let A satisfy (3.1), and let m ∈ N. Then for θ ∈ (0, 1) such that
θm /∈ N, and for 1 ≤ p ≤ ∞

(X,D(Am))θ,p = DA(mθ, p).

3.1.1 Two or more operators

Let us consider now two operators A : D(A) 7→ X, B : D(B) 7→ X, both satisfying (3.1).
Throughout the section we shall assume that A and B commute, in the sense that

R(λ,A)R(λ,B) = R(λ,B)R(λ,A), λ > 0.

It follows that D(AkBh) = D(BhAk) for all natural numbers h, k, and that AkBhx =
BhAkx for every x in D(AkBh).

Definition 3.1.9 For every m ∈ N set

Km =
m⋂

j=0

D(AjBm−j), ‖x‖Km = ‖x‖+
m∑

j=0

‖AjBm−jx‖.

The main result of the section is the following.

Theorem 3.1.10 Let m ∈ N, p ∈ [1,∞] and θ ∈ (0, 1) be such that mθ is not integer,
and set k = [mθ], σ = {mθ}. Then we have

(X,Km)θ,p = {x ∈ Kk : AjBk−jx ∈ DA(σ, p) ∩DB(σ, p), j = 0, . . . , k},

and the norms

x 7→ ‖x‖(X,Km)θ,p
,

x 7→ ‖x‖+
∑k

j=0(‖AjBk−jx‖DA(σ,p) + ‖AjBk−jx‖DA(σ,p))

are equivalent.

The theorem will be proved in several steps. The first one is the case m = 1.

Proposition 3.1.11 For every p ∈ [1,∞] and θ ∈ (0, 1) we have

(X,K1)θ,p = DA(θ, p) ∩DB(θ, p),

and the norms
‖x‖(X,K1)θ,p

, ‖x‖DA(θ,p) + ‖x‖DB(θ,p)

are equivalent.
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Proof. The embedding (X,K1)θ,p ⊂ DA(θ, p) ∩DB(θ, p) is obvious, since K1 = D(A) ∩
D(B) is continuously embedded both in D(A) and in D(B).

Let x ∈ DA(θ, p) ∩DB(θ, p). We recall (see proposition 3.1.1) that the functions

λ 7→ λθ‖AR(λ,A)x‖, λ 7→ λθ‖BR(λ,B)x‖, λ > 0,

belong to Lp
∗(0,∞) and their norms are less than C‖x‖DA(θ,p), C‖x‖DB(θ,p), respectively.

For every λ > 0 set

v(λ) = λ2R(λ,A)R(λ,B)x, λ > 0, (3.3)

and split x = x− v(λ) + v(λ). It holds

‖v(λ)− x‖ ≤ ‖λR(λ,A)(λR(λ,B)x− x)‖+ ‖λR(λ,A)x− x‖

≤M‖BR(λ,B)x‖+ ‖AR(λ,A)x‖,

and
‖v(λ)‖K1 = ‖v(λ)‖+ ‖Av(λ)‖+ ‖Bv(λ)‖

≤M2‖x‖+ λM‖AR(λ,A)x‖+ λM‖BR(λ,B)x‖.
Therefore, for λ ≥ 1

λθK(λ−1, x,X,K1) ≤ 2Mλθ(‖AR(λ,A)x‖+ ‖BR(λ,B)x‖) +M2λθ−1‖x‖,

so that λ 7→ λθK(λ−1, x,X,K1) ∈ Lp
∗(1,∞), with norm estimated by const. (‖x‖

+‖x‖DA(θ,p) + ‖x‖DB(θ,p)). Then λ 7→ λ−θK(λ, x,X,K1) ∈ Lp
∗(0, 1), with the same norm,

and the statement follows. �

As a second step we show that

Proposition 3.1.12 For every p ∈ [1,∞] and θ ∈ (0, 1) we have

(K1,K2)θ,p = {x ∈ K1 : Ax, Bx ∈ DA(θ, p) ∩DB(θ, p)}

= DA(θ + 1, p) ∩DB(θ + 1, p),

and the norms

x 7→ ‖x‖(K1,K2)θ,p
,

x 7→ ‖x‖+ ‖Ax‖DA(θ,p) + ‖Ax‖DB(θ,p) + ‖Bx‖DA(θ,p) + ‖Bx‖DB(θ,p),

x 7→ ‖x‖DA(θ+1,p) + ‖x‖DB(θ+1,p)

are equivalent.

Proof. Let us prove the embeddings ⊂. Since K1 ⊂ D(A) and K2 ⊂ D(A2) then
(K1,K2)θ,p ⊂ (D(A), D(A2))θ,p = DA(θ + 1, p). Similarly, (K1,K2)θ,p ⊂ DB(θ + 1, p). It
remains to show that each x ∈ (K1,K2)θ,p is such that Ax ∈ DB(θ, p) and Bx ∈ DA(θ, p).
For every a ∈ K1, b ∈ K2 such that x = a+ b we have

λθ‖BR(λ,B)Ax‖ ≤ λθ‖BR(λ,B)Aa‖+ λθ‖BR(λ,B)Ab‖

≤ λθ(M + 1)‖Aa‖+Mλθ−1‖BAb‖ ≤ (M + 1)λθ(‖a‖K1 + λ−1‖b‖K2)
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so that
λθ‖BR(λ,B)Ax‖ ≤ (M + 1)λθK(λ−1, x,K1,K2), λ > 0.

It follows that λθ‖BR(λ,B)Ax‖ ∈ Lp
∗(0,∞) with norm not exceeding (M+1)‖x‖(K1,K2)θ,p

,
and the embedding ⊂ is proved.

The proof of the embedding {x ∈ K1 : Ax, Bx ∈ DA(θ, p) ∩DB(θ, p)} ⊂ (K1,K2)θ,p

is similar to the corresponding proof in proposition 3.1.11, and is omitted.
Let us prove thatDA(θ+1, p)∩DB(θ+1, p)⊂ {x ∈ K1 : Ax, Bx ∈ DA(θ, p)∩DB(θ, p)}.

We have only to show that if x ∈ DA(θ + 1, p) ∩ DB(θ + 1, p) then Ax ∈ DB(θ, p) and
Bx ∈ DA(θ, p). Indeed, for each λ > 0 we have

λθ‖B2R(λ,B)2Ax‖

≤ λθ+1‖B2R(λ,B)2R(λ,A)Ax‖+ λθ‖B2R(λ,B)2AR(λ,A)Ax‖

≤ λθM(M + 1)‖BR(λ,B)Bx‖+ λθ(M + 1)2‖AR(λ,A)Ax‖

so that λ 7→ λθ‖B2R(λ,B)2Ax‖ ∈ Lp
∗(0,∞) with norm not exceeding

M(M + 1)‖Bx‖∗DB(θ,p) + (M + 1)2‖Ax‖∗DA(θ,p).

Thanks to proposition 3.1.6, Ax ∈ DB2(θ/2, p), which coincides with DB(θ, p) thanks to
proposition 3.1.5. So, Ax ∈ DB(θ, p) and ‖Ax‖DB(θ,p) ≤ C(‖x‖DA(θ+1,p) + ‖x‖DB(θ+1,p).
Similarly, Bx ∈ DA(θ, p) and ‖Bx‖DA(θ,p) ≤ C(‖x‖DB(θ+1,p) + ‖x‖DA(θ+1,p)). �

In the last part of the proof of proposition 3.1.12 we have shown that if x ∈ DA(θ +
1, p) ∩DB(θ + 1, p) then Ax ∈ DB(θ, p) and Bx ∈ DA(θ, p), a sort of “mixed regularity”
result. However it is not true in general that D(A2) ∩D(B2) ⊂ D(AB).

For instance, let A be the realization of ∂/∂x and let B be the realization of ∂/∂y
in X = C(R2). Then DA(θ + 1,∞) consists of the functions f ∈ X such that x 7→
f(x, y) ∈ Cθ+1(R), uniformly with respect to y ∈ R, and similarly DB(θ + 1,∞) consists
of the functions f ∈ X such that y 7→ f(x, y) ∈ Cθ+1(R), uniformly with respect to x ∈ R.
Proposition 3.1.12 states that if f ∈ DA(θ+1,∞)∩DB(θ+1,∞) then ∂f/∂x ∈ DB(θ,∞),
that is it is Hölder continuous also with respect to y, and ∂f/∂y ∈ DA(θ,∞), that is it
is Hölder continuous also with respect to x. On the other hand, it is known that in this
example D(A2) ∩D(B2) is not embedded in D(AB).

A similar proof yields

Proposition 3.1.13 For every k ∈ N, p ∈ [1,∞] and θ ∈ (0, 1) we have

(Kk,Kk+1)θ,p = {x ∈ Kk : AjBk−jx ∈ DA(θ, p) ∩DB(θ, p), j = 0, . . . , k}

and the norms

‖x‖(Kk,Kk+1)θ,p
, ‖x‖+

∑k
j=0(‖AjBk−jx‖DA(θ,p) + ‖AjBk−jx‖DB(θ,p))

are equivalent.

Next step consists in proving that K1 belongs to J1/2(X,K2) and to K1/2(X,K2).

Proposition 3.1.14
K1 ∈ J1/2(X,K

2) ∩K1/2(X,K
2).



Interpolation and domains of operators 57

Proof. We already know that D(A) ∈ J1/2(X,D(A2)) and that D(B) ∈ J1/2(X,D(B2)).
Therefore there is C > 0 such that

‖x‖K1 ≤ ‖x‖D(A) + ‖x‖D(B)

≤ C‖x‖1/2(‖x‖1/2
D(A2)

+ ‖x‖1/2
D(B2)

) ≤ C ′‖x‖1/2‖x‖1/2
K2 ,

which means that K1 ∈ J1/2(X,K2).
To prove that K1 ∈ K1/2(X,K2), for every x ∈ K1 we split again x = x− v(λ) + v(λ)

for every λ > 0, where v is the function defined in (3.3). Then

‖v(λ)− x‖ ≤ ‖λR(λ,A)(λR(λ,B)x− x)‖+ ‖λR(λ,A)x− x‖

= ‖λR(λ,A)R(λ,B)Bx‖+ ‖R(λ,A)Ax‖

≤ λ−1(M(M + 1)‖Bx‖+M‖Ax‖),
and

‖v(λ)‖K2 = ‖v(λ)‖+ ‖A2v(λ)‖+ ‖ABv(λ)‖+ ‖B2v(λ)‖

≤M2‖x‖+ 2M(M + 1)λ(‖Ax‖+ ‖Bx‖).

Setting λ = t−1/2 we deduce that

t−1/2K(t, x,X,K2) ≤ t−1/2(‖x− v(t−1/2)‖+ t‖v(t−1/2)‖K2)

≤ C(‖x‖K1 + t1/2‖x‖),

is bounded in (0, 1). We know already that t 7→ t−1/2K(t, x,X,K2) is bounded in [1,∞).
Therefore K1 is in the class K1/2 between X and K2. �

Arguing similarly one shows that

Proposition 3.1.15 For every k ∈ N ∪ {0}, Kk+1 ∈ J1/2(Kk,Kk+2)∩ K1/2(Kk,Kk+2).
More generally, Kk+1 ∈ J1/s(Kk,Kk+s) ∩K1/s(Kk,Kk+s).

The Reiteration Theorem and proposition 3.1.14 yield now

Proposition 3.1.16 Let p ∈ [1,∞], θ ∈ (0, 1), θ 6= 1/2. Then

(X,K2)θ,p = DA(2θ, p) ∩DB(2θ, p),

and for θ > 1/2 we have also

(X,K2)θ,p = {x ∈ K1 : Ax, Bx ∈ DA(2θ − 1, p) ∩DB(2θ − 1, p)},

with equivalence of the respective norms.

Proof. For θ < 1/2 we apply the Reiteration Theorem with Y = K2, E0 = X, E1 = K1,
and the statement follows from proposition 3.1.11. For θ > 1/2 we apply the Reiteration
Theorem with Y = K2, E0 = K1, E1 = K2, and the statement follows from proposition
3.1.12. �

The above proposition is a special case of theorem 3.1.10, with m = 2. Theorem 3.1.10
in its full generality may be proved by recurrence, arguing similarly. See the exercises of
§3.1.2.

The results and the procedures of this section are easily extended to the case of a finite
number of operators.
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3.1.2 Exercises

1) Let A : D(A) ⊂ X 7→ X satisfy (3.1). Prove that for every m ∈ N, Am is a closed
operator. (Hint: use estimate (3.2)).

2) Prove proposition 3.1.7. Hint: to show that D(Ar) ∈ Kr/m(X,D(Am)) prove prelimi-
narly that D(Ar) ∈ K1/(m−r)(D(Ar−1), D(Am)), using a procedure similar to the one of
proposition 3.1.4, and then argue by reiteration.

3) Prove proposition 3.1.8.

4) Prove proposition 3.1.13.

5) Prove proposition 3.1.15. Hint: for the first statement, follow step by step the proof of
3.1.14; for the second statement replace v(λ) by w(λ) = λ2sR(λ,A)sR(λ,B)sx.

6) Prove theorem 3.1.10 by recurrence on m, using the procedure of proposition 3.1.16
and the results of propositions 3.1.13 and 3.1.15.

7) Prove that (0,+∞) is a ray of minimal growth for the following operators:

(a) A : D(A) = C1
b (R) 7→ Cb(R) (resp. A : D(A) = W 1,p(R) 7→ Lp(R), 1 ≤ p < ∞),

Af = f ′

(b) A : D(A) = C2
b (R) 7→ Cb(R) (resp. A : D(A) = W 2,p(R) 7→ Lp(R), 1 ≤ p < ∞),

Af = f ′′

(c) A : D(A) = {f ∈ C2([0, π]) : f(0) = f(π) = 0} 7→ C([0, π]) (resp. A : D(A) =
W 2,p(0, π) ∩W 1,p

0 (0, π) 7→ Lp(0, π), 1 ≤ p∞), Af = f ′′

3.2 The case where A generates a semigroup

Let A : D(A) ⊂ X 7→ X satisfy (3.1).
Due to the Hille-Yosida Theorem, if in addition D(A) is dense in X and for every n ∈ N

‖(λR(λ,A))n‖L(X) ≤ M , then A is the infinitesimal generator of a strongly continuous
semigroup T (t), and the following representation formula holds.

R(λ,A) =
∫ ∞

0
e−λtT (t)dt, λ > 0. (3.4)

Since AR(λ,A) = λR(λ,A)− I, then

AR(λ,A) =
∫ ∞

0
λe−λt(T (t)− I)dt, λ > 0. (3.5)

Proposition 3.2.1 Let A generate a semigroup T (t). Then

(X,D(A))θ,p = {x ∈ X : t 7→ ψ(t) = t−θ‖T (t)x− x‖ ∈ Lp
∗(0,∞)}

and the norms ‖x‖θ,p and
‖x‖∗∗θ,p = ‖x‖+ ‖ψ‖Lp

∗(0,∞)

are equivalent.
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Proof. Recall that for every b ∈ D(A) we have

T (t)b− b =
∫ t

0
AT (s)b ds =

∫ t

0
T (s)Ab ds, t > 0.

Let x ∈ (X,D(A))θ,p. Then if x = a+ b with a ∈ X, b ∈ D(A), for every t > 0 we have

t−θ‖T (t)x− x‖ ≤ t−θ(‖T (t)a− a‖+ ‖T (t)b− b‖)

≤ t−θ((M + 1)‖a‖+ tM‖Ab‖) ≤ (M + 1)t−θK(t, x).

Therefore ψ(t) = t−θ‖T (t)x− x‖ ∈ Lp
∗(0,∞) and

‖x‖∗∗θ,p ≤ (M + 1)‖x‖θ,p.

Conversely, if ψ ∈ Lp
∗(0,∞) let us use (3.5) to get

λθ‖AR(λ,A)x‖ ≤
∫ ∞

0
λθ+1tθ+1e−λt ‖T (t)x− x‖

tθ
dt

t
,

that is, ϕ is the multiplicative convolution between the functions f(t) = tθ+1e−t and
ψ(t) = t−θ‖T (t)x − x‖. Since f ∈ L1

∗(0,∞) and ψ ∈ Lp
∗(0,∞), then ϕ ∈ Lp

∗(0,∞) and
‖ϕ‖Lp

∗(0,∞) ≤ ‖f‖L1
∗(0,∞)‖ψ‖Lp

∗(0,∞), so that

‖x‖∗θ,p ≤ Γ(θ + 1)‖x‖∗∗θ,p,

and the statement follows. �

Proposition 3.2.2 Under the assumptions of proposition 3.2.1, for every θ ∈ (0, 1) and
p ∈ [1,∞] we have

(X,D(A2))θ,p = {x ∈ X : t 7→ ψ̃(t) = t−2θ‖(T (t)− I)2x‖ ∈ Lp
∗(0,∞)}

and the norms ‖x‖θ,p and
‖x‖eeθ,p = ‖x‖+ ‖ψ̃‖Lp

∗(0,∞)

are equivalent.

Proof. Recall that for every b ∈ D(A2) we have

(T (t)− I)2b = (T (t)− I)
∫ t

0
T (σ)Ab dσ =

∫ t

0

∫ t

0
T (s+ σ)A2b ds dσ, t > 0,

so that
‖(T (t)− I)2b‖ ≤ t2M‖A2b‖.

Let x ∈ (X,D(A2))θ,p. Then if x = a+ b with a ∈ X, b ∈ D(A2), for every t > 0 we have

t−2θ‖(T (t)− I)2x‖ ≤ t−2θ(‖(T (t)− I)2a‖+ ‖(T (t)− I)2b‖)

≤ t−2θ((M + 1)2‖a‖+ t2M2‖A2b‖)

so that
t−2θ‖(T (t)− I)2x‖ ≤ (M + 1)2t−2θK(t2, x).
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Therefore ψ̃(t) = t−2θ‖(T (t)− I)2x‖ ∈ Lp
∗(0,∞) and

‖x‖eeθ,p ≤ 2−1/p(M + 1)2‖x‖θ,p.

Conversely, let x be such that ψ̃(t) ∈ Lp
∗(0,∞). Then from (3.5) it follows that

(AR(λ,A))2x = λ2

∫ ∞

0

∫ ∞

0
e−λ(t+s)(T (t+ s)− T (t)− T (s) + I)xds dt

= 2λ2

∫ ∞

0
e−2λudu

∫ 2u

0
(T (2u)− T (t)− T (2u− t) + I)xdt

= 2λ2

∫ ∞

0
e−2λu(T (2u)− 2T (u) + I)x

∫ 2u

0
dt du

+2λ2

∫ ∞

0
e−2λudu

∫ 2u

0
(2T (u)− T (t)− T (2u− t))xdt.

The first integral is nothing but

4λ2

∫ ∞

0
ue−2λu(T (u)− I)2xdu.

To rewrite the second one we note that∫ 2u

0
(2T (u)− T (t)− T (2u− t))dt =

∫ 2u

0
(2T (u)− 2T (t))dt

=
(∫ u

0
+
∫ 2u

u

)
(2T (u)− 2T (t))dt

=
∫ u

0
2(T (u− t)− I)T (t)dt+

∫ 2u

u
2T (u)(I − T (t− u))dt

=
∫ u

0
2(T (s)− I)T (u− s)ds+

∫ u

0
2T (u)(I − T (s))ds

= 2
∫ u

0
(T (s)− I)(T (u− s)− T (u))ds = −2

∫ u

0
(T (s)− I)2T (u− s)ds.

Therefore,
‖λ2θ(AR(λ,A))2x‖ ≤ 4|(f ? ψ̃)(λ)|+ 2|(f ? ψ̃1)(λ)|,

where ? stands for the multiplicative convolution and

f(u) = u2+2θe−2u, ψ̃1(u) =
M

u1+2θ

∫ u

0
‖(T (s)− I)2x‖ds.

Let us remark now that the Hardy-Young inequality (A.10)(i) implies that if a function
z is such that t 7→ t−αz(t) ∈ Lp

∗(0,∞) the same is true for its mean v(t) = t−1
∫ t
0 z(s)ds,

with
‖t 7→ t−αv(t)‖Lp

∗(0,∞) ≤
1

(α+ 1)
‖t 7→ t−αz(t)‖Lp

∗(0,∞),
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and this is easily seen to be true also for p = ∞. Therefore, ψ̃1 ∈ Lp
∗(0,∞) and

‖ψ̃1‖Lp
∗(0,∞) ≤ (2θ + 1)−1‖ψ̃‖Lp

∗(0,∞). It follows that λ 7→ ϕ(λ) = ‖λ2θ(AR(λ,A))2x‖ ∈
Lp
∗(0,∞), and

‖ϕ‖Lp
∗(0,∞) = ‖x‖∗θ,p ≤ 4‖f‖L1

∗(0,∞)(‖ψ̃‖Lp
∗(0,∞) + ‖ψ̃1‖Lp

∗(0,∞)) ≤ Cp‖x‖θ,p,

and the statement follows. �

Remark 3.2.3 In the proof of proposition 3.2.1 we have not used the fact that T (t) is
strongly continuous or that the domain of A is dense. The only essential assumption is
that T (t) is a semigroup such that ‖T (t)‖L(X) ≤M and for λ > 0 the operators

R(λ) =
∫ ∞

0
e−λtT (t)dt

are well defined and invertible. Indeed, in that case due to the semigroup property R(λ)
satisfies the resolvent identity R(λ) − R(µ) = (µ − λ)R(λ)R(µ), for λ, µ > 0. From the
general spectral theory it follows that there exists a unique closed operator A such that
ρ(A) ⊃ (0,∞) and R(λ) = R(λ,A), for every λ > 0. The results of propositions 3.2.1 and
3.2.2 hold also for such semigroups.

The operator A may still be called generator of T (t), even if it is the infinitesimal
generator in the usual sense if and only if T (t) is strongly continuous.

This is the case of the translations semigroups (Ti(t)f)(x) = f(x+ tei) in X = Cb(Rn),
of the Gauss-Weierstrass semigroup

P (t)f(x) =
1

(4πt)n/2

∫
Rn

e−
|y|2
4t f(x− y)dy,

again in Cb(Rn), of the Ornstein-Uhlenbeck semigroup

T (t)f(x) =
1

(4πt)n/2(detKt)1/2

∫
Rn

e−
|K−1/2

t y|2

4t f(etBx− y)dy,

with Q ≥ 0, B 6= 0 arbitrary n× n matrices,

Kt =
1
t

∫ t

0
esBQesB

∗
ds,

both in Cb(Rn) and in BUC(Rn), etc. None of these semigroups is strongly continuous.

A useful embedding result in applications to PDE’s is the following.

Theorem 3.2.4 Let T (t) be a semigroup in X. Assume moreover that there exists a
Banach space E ⊂ X and m ∈ N, 0 < β < 1, C > 0 such that

‖T (t)‖L(X,E) ≤
C

tmβ
, t > 0,

and that t 7→ T (t)x is measurable with values in E, for each x ∈ X. Then E ∈
Jβ(X,D(Am)), so that (X,D(Am))θβ,p ⊂ (X,E)θ,p, for every θ ∈ (0, 1), p ∈ [1,∞].
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Proof. Let x ∈ D(Am), λ > 0 and set (λI −A)mx = y. Then x = (R(λ,A))my so that

x =
(−1)m−1

(m− 1)!
dm−1

dλm−1
R(λ,A)y =

1
(m− 1)!

∫ ∞

0
e−λssm−1T (s)y ds,

so that for every λ > 0

‖x‖E ≤ C

(m− 1)!

∫ ∞

0
e−λssm(1−β)−1ds‖y‖ =

CΓ(m(1− β))
(m− 1)!

λmβ−m‖y‖

=
CΓ(m(1− β))

(m− 1)!
λmβ−m

∥∥∥∥ m∑
r=0

(
m

r

)
λm−r(−1)rArx

∥∥∥∥ ≤ C ′
m∑

r=0

λmβ−r‖Aru‖.

Let us recall that D(Ar) belongs to Jm/r(X,D(Am)) so that there is C such that

‖x‖D(Ar) ≤ C‖x‖r/m
D(Am)‖x‖

1−r/m
X . Using such inequalities and then ab ≤ C(ap + bp

′
) with

p = n/r, p′ = r/(n− r) we get

‖x‖E ≤ Cλmβ(λ−m‖u‖D(Am) + ‖u‖), λ > 0,

so that taking the minimum for λ > 0

‖x‖E ≤ C‖u‖1−β‖u‖β
D(Am)

and the statement holds. �

3.2.1 Examples and applications. Schauder type theorems

Example 3.2.5 Let us apply propositions 3.2.1, 3.2.2 to the case X = Lp(R), 1 ≤ p <∞,
A : D(A) = W 1,p(R) 7→ Lp(R), Af = f ′. Then T (t) is the translations semigroup,
T (t)f(x) = f(x+ t). Applying proposition 3.1.1 we get for 0 < θ < 1

(Lp(R),W 1,p(R))θ,p = DA(θ, p)

= {f ∈ Lp : t 7→ t−θ‖f(·+ t)− f‖Lp
∗
∈ Lp

∗(0,∞)} = W θ,p(R),

which we knew already (example 1.1.8), but this is an alternative proof. Applying propo-
sition 3.1.5 and recalling that D(A2) = W 2,p(R) we get for θ 6= 1/2

(Lp(R),W 2,p(R))θ,p = DA(2θ, p)

so that for θ < 1/2
(Lp(R),W 2,p(R))θ,p = W 2θ,p(R),

and for θ > 1/2, by proposition 3.1.5,

(Lp(R),W 2,p(R))θ,p = {f ∈W 1,p : f ′ ∈ DA(2θ − 1, p)} = W 2θ,p(R).

For θ = 1/2 we need proposition 3.1.6: we get

(Lp(R),W 2,p(R))1/2,p =

= {f ∈ Lp : t 7→ t−1‖f(·+ 2t)− 2f(·+ t) + f‖Lp ∈ Lp
∗(0,∞)} = B1

p,p(R),
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which coincides with W 1,p(R) only for p = 2.
Choosing X = Cb(R), A : D(A) = C1

b (R) 7→ Cb(R), Af = f ′, we get, recalling remark
3.2.3,

(Cb(R), C2
b (R))θ,∞ = C2θ

b (R), θ 6= 1/2,

(Cb(R), C2
b (R))1/2,∞ =

=
{
f ∈ Cb(R) : supt6=0, x∈R

|f(x+ 2t)− 2f(x+ t) + f(x)|
t

<∞
}
,

which Zygmund called Λ∗
1(R). It is easy to see that Lip(R) ⊂ Λ∗

1(R), but the converse is
not true.

Example 3.2.6 Let Ai, i = 1, . . . , n be the realization of the partial derivative ∂/∂xi in
Cb(Rn), or in BUC(Rn), or in Lp(Rn), 1 ≤ p ≤ ∞. Each Ai satisfies (3.1), with

(R(λ,Ai)f)(x) =
∫ +∞

xi

eλ(xi−s)f(x1, . . . , xi−1, s, xi+1, . . . , xn)ds,

for λ > 0, f ∈ X, x ∈ Rn, so that M = 1 for every i, and R(λ,Ai)R(λ,Aj) =
R(λ,Aj)R(λ,Ai) for every i, j. We apply theorem 3.1.10 for those θ such that θm is
not integer, θm = k + σ, k = [θm], 0 < σ < 1.

IfX = Cb(Rn) (resp., X = BUC(Rn)) thenKm = Cm
b (Rn) (resp., Km = BUCm(Rn)).

From the second part of proposition 3.1.1, or else from example 1.1.8 we know that
DAi(σ,∞) = {f ∈ X : s 7→ f(x1, . . . , xi−1, s, xi+1, . . . , xn) ∈ Cσ

b (R)}, so that
n⋂

i=1

DAi(σ,∞) = Cσ
b (Rn).

From theorem 3.1.10 we get

(X,Km)θ,∞ = {f ∈ Kk : Dαf ∈ Cσ(Rn), |α| = k} = Cθm
b (Rn).

Let now X = Lp(Rn), 1 ≤ p ≤ ∞. From the second part of proposition 3.1.1 and from
example 1.1.8 we know that DAi(σ, p) = {f ∈ X : s 7→ f(x1, . . . , xi−1, s, xi+1, . . . , xn) ∈
W σ,p(R)}, so that

n⋂
i=1

DAi(σ, p) = W σ,p(Rn).

From theorem 3.1.10 we get

(X,Km)θ,p = (Lp,W k,p)θ,p

= {f ∈W k,p(Rn : Dαf ∈W σ,p(Rn), |α| = k} = W θm,p(Rn).

After such characterizations we are able to characterize other important interpolation
spaces by means of theorem 3.2.4.

Example 3.2.7 Let A be the realization of the Laplace operator ∆ in X = Lp(Rn), 1 ≤
p <∞. Then for 0 < α < 1

Wα,p(Rn) = DA(α/2, p), Wα+2,p(Rn) = DA(α/2 + 1, p).

If A is the realization of ∆ in X = BUC(Rn), in X = Cb(Rn) or in X = L∞(Rn), then

Cα
b (Rn) = DA(α/2,∞), Cα+2

b (Rn) = DA(α/2 + 1,∞).
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Proof. The embeddings ⊂ are easy consequences of example 3.2.6. Indeed, let X =
Lp(Rn), 1 ≤ p < ∞. Example 3.2.6 yields Wα,p(Rn) = (Lp(Rn),W 2,p(Rn))α,p. Since
W 2,p ⊂ D(A), then we have

Wα,p(Rn) = (Lp(Rn),W 2,p(Rn))α/2,p ⊂ DA(α/2, p).

Similarly, from example 3.2.6 we know that Wα+2,p(Rn) = (Lp(Rn),W 4,p(Rn))(α+2)/4,p.
Since W 4,p(Rn) ⊂ D(A2), then we have

Wα+2,p(Rn) = (Lp(Rn),W 4,p(Rn))(α+2)/4,p

⊂ (X,D(A2))(α+2)/4,p = DA(α/2 + 1, p),

where the last equality follows from proposition 3.1.5.
The same proof works in the case X = BUC(Rn).
To prove the opposite inclusions we introduce the Gauss-Weierstrass semigroup,

P (t)f(x) =
1

(4πt)n/2

∫
Rn

e−
|x−y|2

4t f(y)dy, t > 0, x ∈ Rn. (3.6)

P (t) may be seen as a (strongly continuous) semigroup in X = Lp(Rn), 1 ≤ p <∞ or in
X = BUC(Rn). Its infinitesimal generator is the realization of the Laplace operator in X.

It is easy to see that if 1 ≤ p ≤ ∞, P (t)f ∈ C∞(Rn) for every f ∈ Lp(Rn), and that

‖DαP (t)f‖Lp ≤ Cα,p

t|α|/2
‖f‖Lp , t > 0.

In particular, 
‖P (t)‖L(Lp,W 1,p) ≤ C

(
1 +

1
t1/2

)
, t > 0,

‖P (t)‖L(Lp,W 3,p) ≤ C

(
1 +

1
t1/2

+
1
t

+
1
t3/2

)
, t > 0,

(3.7)

and similarly
‖P (t)‖L(BUC(Rn),BUC1(Rn)) ≤ C

(
1 +

1
t1/2

)
, t > 0,

‖P (t)‖L(BUC(Rn),BUC3(Rn)) ≤ C

(
1 +

1
t1/2

+
1
t

+
1
t3/2

)
, t > 0.

(3.8)

Replacing P (t) by T (t) = P (t)e−t (the semigroup generated by A− I) we get
‖T (t)‖L(Lp,W 1,p) ≤

C

t1/2
, t > 0,

‖T (t)‖L(Lp,W 3,p) ≤
C

t3/2
, t > 0,

and 
‖T (t)‖L(BUC(Rn),BUC1(Rn)) ≤

C

t1/2
, t > 0,

‖T (t)‖L(BUC(Rn),BUC3(Rn)) ≤
C

t3/2
, t > 0.
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Let X = Lp(Rn), 1 ≤ p < ∞. Since D(A) = D(A − I) then DA(α/2, p) = DA−I(α/2, p).
Using theorem 3.2.4, with E = W 1,p(Rn), m = 1, β = 1/2, we get

DA−I(α/2, p) = (X,D(A− I))α/2,p ⊂ (Lp(Rn),W 1,p(Rn))α,p = Wα,p(Rn).

Therefore,
Wα,p(Rn) ⊃ DA(α/2, p).

Moreover, since D(A2) = D((A − I)2) then DA(α/2 + 1, p) = DA−I(α/2 + 1, p). Using
again theorem 3.2.4, with E = W 3,p(Rn), m = 2, β = 3/4, we get

DA−I(α/2 + 1, p) = (X,D((A− I)2))(α+2)/4,p

⊂ (Lp(Rn),W 3,p(Rn))(α+2)/3,p = Wα+2,p(Rn),

the last equality following from example 3.2.6. Therefore,

Wα+2,p(Rn) ⊃ DA(α/2 + 1, p),

and the first part of the statement is proved. The same procedure works in the case
X = BUC(Rn), X = C(Rn), X = L∞(Rn). �

Remark 3.2.8 Note that the embeddings ⊂ hold for every operator A : D(A) ⊂ Lp(Rn)
7→ Lp(Rn) such that D(A) ⊃W 2,p(Rn) and D(A2) ⊃W 4,p(Rn) (respectively, A : D(A) ⊂
BUC(Rn) 7→ BUC(Rn) such that D(A) ⊃ BUC2(Rn) and D(A2) ⊃ BUC4(Rn)), whereas
the embeddings ⊃ hold for every operator A : D(A) ⊂ Lp(Rn) 7→ Lp(Rn) (respectively,
A : D(A) ⊂ BUC(Rn) 7→ BUC(Rn)) which generates a semigroup P (t) satisfying es-
timates (3.7) (respectively, (3.8)). For 1 < p < ∞ one could prove the statement also
using the known characterizations D(A) = W 2,p(Rn), D(A2) = W 4,p(Rn). However, such
characterizations are not true for p = 1; similarly, it is not true that if X = BUC(Rn)
then D(A) = BUC2(Rn) and D(A2) = BUC4(Rn).

An important consequence of example 3.2.7 are the optimal regularity theorems for
the Laplace equation in Hölder and in fractional Sobolev spaces.

Corollary 3.2.9 (i) (Schauder Theorem) Let u ∈ C2
b (Rn) be such that ∆u ∈ Cα

b (Rn) with
0 < α < 1. Then u ∈ Cα+2

b (Rn), and

‖u‖Cα+2
b (Rn) ≤ C(‖u‖∞ + ‖∆u‖Cα

b (Rn)).

(ii) Let u ∈ W 2,p(Rn) be such that ∆u ∈ Wα,p(Rn) with 0 < α < 1, 1 ≤ p < ∞. Then
u ∈Wα+2,p(Rn), and

‖u‖W α+2,p(Rn) ≤ C(‖u‖Lp + ‖∆u‖W α,p(Rn)).



66 Chapter 3



Chapter 4

Powers of positive operators

The powers (with real or complex exponents) of positive operators are important tools in
the study of partial differential equations. The theory of powers of operators is very close
to interpolation theory, even if in general the domain of a power of a positive operator is
not an interpolation space.

Through the whole chapter X is a complex Banach space.

4.1 Definitions and general properties

Definition 4.1.1 A linear operator A : D(A) ⊂ X 7→ X is said to be a positive operator
if the resolvent set of A contains (−∞, 0] and there is M > 0 such that

‖R(λ,A)‖L(X) ≤
M

1 + |λ|
, λ ≤ 0. (4.1)

Note that A is a positive operator iff (−∞, 0) is a ray of minimal growth for the
resolvent R(λ,A) and 0 ∈ ρ(A). So, if A is a positive operator, then −A satisfies (3.1) so
that all the results of §3.1 are applicable.

Examples of unbounded positive operators are readily given: for instance, the realiza-
tion of the first order derivative with Dirichlet boundary condition at x = 0 in C([0, 1])
or in Lp(0, 1), 1 ≤ p ≤ ∞ is positive. More generally, if A is the generator of a strongly
continuous or analytic semigroup T (t) such that ‖T (t)‖ ≤ Me−ωt for some ω > 0, then
−A is a positive operator. This can be easily seen from the already mentioned resolvent
formula

−R(−λ,−A) = R(λ,A) =
∫ ∞

0
e−λtT (t)dt, λ > −ω.

This section is devoted to the construction and to the main properties of the powers
Az, where z is an arbitrary complex number.

If A : X 7→ X is a bounded positive operator the powers Az are readily defined by

Az =
1

2πi

∫
γ
λzR(λ,A)dλ,

where γ is any piecewise smooth curve surrounding σ(A), avoiding (−∞, 0], with index
1 with respect to every element of σ(A). Several properties of Az follow easily from the
definition: for instance, z 7→ Az is holomorphic with values in L(X); if z = k ∈ Z then

67
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Az defined above coincides with Ak; for each z, w ∈ C we have AzAw = AwAz = Az+w;
(A−1)z = A−z, etc.

In the case where A is unbounded the theory is much more complicated. To define Az

we shall use an elementary but important spectral property, stated in the next lemma.

Lemma 4.1.2 Let A be a positive operator. Then the resolvent set of A contains the set

Λ = {λ ∈ C : Re λ ≤ 0, |Im λ| < (|Re λ|+ 1)/M} ∪ {λ ∈ C : |λ| < 1/M},

where M is the number in formula (4.1), and for every θ0 ∈ (0, arctan 1/M), r0 ∈ (0, 1/M)
there is M0 > 0 such that

‖R(λ,A)‖ ≤ M0

1 + |λ|
for all λ ∈ C with |λ| ≤ r0, and for all λ ∈ C with Re λ < 0 and |Im λ|/|Re λ| ≤ tan θ0.

Proof. It is sufficient to recall that for every λ0 ∈ ρ(A) the resolvent set ρ(A) contains the
open ball centered at λ0 with radius 1/‖R(λ0, A)‖, and that for |λ − λ0| < 1/‖R(λ0, A)‖
it holds

R(λ,A) =
∞∑

n=0

(−1)n(λ− λ0)nR(λ0, A)n+1.

The union of the balls centered at λ0 ∈ (−∞, 0] with radius 1/‖R(λ0, A)‖ contains the set
Λ, and the estimate follows easily. �

For θ ∈ (π/2, π), r > 0, let γr, θ be the curve defined by γr, θ = −γ(1)
r, θ − γ

(2)
r, θ + γ

(3)
r, θ,

where γ(1)
r, θ, γ

(3)
r, θ are the half lines parametrized respectively by z = ξeiθ, z = ξe−iθ, ξ ≥ r,

and γ(2)
r, θ is the arc of circle parametrized by z = reiη, −θ ≤ η ≤ θ. See the figure.

θ

0

γr,θ

r

Fig. 1. The curve γr, θ.

Now we are ready to define Az for Re z < 0 through a Dunford integral.

Definition 4.1.3 Fix any r ∈ (0, 1/M), θ ∈ (π − arctan 1/M, π). For Re α < 0 set

Aα =
1

2πi

∫
γr,θ

λαR(λ,A)dλ. (4.2)
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Since λ 7→ λαR(λ,A) is holomorphic in Λ \ (−∞, 0] with values in L(X), the integral
is an element of L(X) independent of r and θ. Writing down the integral we get

Aα =
1

2πi

∫ ∞

r
ξα(−eiθ(α+1)R(ξeiθ, A) + e−iθ(α+1)R(ξe−iθ, A))dξ

−r
α+1

2π

∫ θ

−θ
eiη(α+1)R(reiη, A)dη

(4.3)

for every r ∈ (0, 1/M), θ ∈ (π − arctan 1/M, π).
Of course formula (4.3) may be reworked to get simpler expressions for Aα. For

instance, if −1 < Re α < 0 we may let r → 0, θ → π to get

Aαx = −sin(πα)
π

∫ ∞

0
ξα(ξI +A)−1x dξ. (4.4)

Note that for every a > 0 and α ∈ (−1, 0) we have

aα = −sin(πα)
π

∫ ∞

0

ξα

ξ + a
dξ, (4.5)

which agrees with (4.4) of course, and will be used later.
From the definition it follows immediately that the function z 7→ Az is holomorphic

in the half plane Re z < 0, with values in L(X). Its behavior near the imaginary axis is
not obvious, but it is of great importance in the developements of the theory and will be
discussed in the next section.

Let us see some basic properties of the operators Aα.

Proposition 4.1.4 The following statements hold true.

(i) For α = −n, n ∈ N, the operator defined in (4.2) coincides with A−n= n-th power
of the inverse of A.

(ii) For Re z < −k, k ∈ N, the range of Az is contained in the domain D(Ak), and

AkAzx = Ak+zx, x ∈ X.

(iii) For Re z < 0 and x ∈ D(Ak), k ∈ N, Azx ∈ D(Ak), and

AzAkx = AkAzx.

(iv) For Re z1, Re z2 < 0 we have

Az1Az2 = Az1+z2 .

Proof. (i) Let α = −n. It is easy to see that

1
2πi

∫
γr,θ

λ−nR(λ,A)dλ = lim
k→∞

1
2πi

∫
γk

λ−nR(λ,A)dλ,

with γk as in figure.
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r−k

Fig. 2. The curve γk.

For every k ∈ N the function λ 7→ R(λ,A) is holomorphic in the bounded region
surrounded by γk. For every k ∈ N we have

1
2πi

∫
γk

λ−nR(λ,A)dλ = − 1
(n− 1)!

dn−1

dλn−1
R(λ,A)∣∣λ=0

= A−n,

and letting k →∞,
1

2πi

∫
γr, θ

λ−nR(λ,A)dλ = A−n.

(ii) Let k = 1, Re z < −1. Then, since

‖λzAR(λ,A)‖ = ‖λz(λR(λ,A)− I)‖ ≤ (M0 + 1)|λ|Re z,

the integral defining Az is in fact an element of L(X,D(A)), and

A
1

2πi

∫
γr,θ

λzR(λ,A)dλ =
1

2πi

∫
γr,θ

λz+1R(λ,A)dλ− 1
2πi

∫
γr,θ

λzdλI.

But the last integral vanishes, so that A · Az = A1+z, and the statement is proved for
k = 1. The statement for any k follows arguing by recurrence.

Statement (iii) is obvious because Ak commutes with R(λ,A) on D(Ak), and this
implies that Ak commutes with Az on D(Ak).

(iv) Let θ1 < θ2 < π, 1/M > r1 > r2 > 0, so that γr1,θ1 is on the right hand side of
γr2,θ2 . Then

Az1Az2 =
1

(2πi)2

∫
γr1,θ1

λz1R(λ,A)dλ
∫

γr2,θ2

wz2R(w,A)dw

=
1

(2πi)2

∫
γr1,θ1

×γr2,θ2

λz1wz2
R(λ,A)−R(w,A)

w − λ
dλ dw

=
1

(2πi)2

∫
γr1,θ1

λz1R(λ,A)dλ
∫

γr2,θ2

wz2

w − λ
dw

− 1
(2πi)2

∫
γr2,θ2

wz2R(w,A)dw
∫

γr1,θ1

λz1

w − λ
dλ

=
1

2πi

∫
γr1,θ1

λz1+z2R(λ,A)dλ = Az1+z2 .
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�

Statement (iv) of the proposition implies immediately that Az is one to one. Indeed, if
Azx = 0 and n ∈ N is such that −n < Re z, then A−nx = A−n−zAzx = 0, so that x = 0.
Therefore it is possible to define Aα if Re α > 0 as the inverse of A−α. But in this way
the powers Ait, t ∈ R, remain undefined. So we give a unified definition for Re α ≥ 0.

Definition 4.1.5 Let 0 ≤ Re α < n, n ∈ N. We set

D(Aα) = {x ∈ X : Aα−nx ∈ D(An)}, Aαx = AnAα−nx.

From proposition 4.1.4 it follows that the operator Aα is independent of n: indeed,
if n, m > Re α, then Aα−mx = An−mAα−nx both for n < m (by proposition 4.1.4(iv))
and for n > m (by proposition 4.1.4(ii), taking z = α − n and k = n − m), so that
Aα−mx ∈ D(Am) iff An−mAα−nx ∈ D(Am) i.e. Aα−nx ∈ D(An).

For α = 0 we get immediately A0 = I. Moreover for Re α > 0 we get

D(Aα) = A−α(X); Aα = (A−α)−1.

Indeed, Aα−nx ∈ D(An) iff there is y ∈ X with Aα−nx = A−ny. Such a y is obviously
unique, and Aαx = y by definition. Moreover A−nA−αy = A−αA−ny = A−αAα−nx =
A−nx so that x = A−αy is in the range of A−α and Aα = (A−α)−1.

Since Aα has a bounded inverse, then it is a closed operator, so that D(Aα) is a Banach
space endowed with the graph norm. Again, since Aα has a bounded inverse, its graph
norm is equivalent to

x 7→ ‖Aαx‖,

which is usually considered the canonical norm of D(Aα).
If Re α = 0, α = it with t ∈ R, Ait is the inverse of A−it in the sense that for each

x ∈ D(Ait), Aitx ∈ D(A−it) and A−itAitx = x. Indeed, if x ∈ D(Ait) then Ait−1x ∈ D(A),
and Aitx = A(Ait−1x) by definition. Therefore A−1−itAitx = A−1−itA · Ait−1x = A ·
A−1−itAit−1x = A ·A−2x ∈ D(A), which implies that Aitx ∈ D(A−it) and A−itAitx = x.

But in general the operators Ait are not bounded, see next example 4.2.1. However,
they are closed operators, because A−1+it is bounded and A is closed (see next exercise 6,
§4.2.1). Therefore also D(Ait) is a Banach space under the graph norm.

From the definition it follows easily that for 0 ≤ Re α < n ∈ N, the domain D(An)
is continuously embedded in D(Aα): indeed for each x ∈ D(An), Aα−nx ∈ D(An) by
proposition 4.1.4(iii), and Aαx = AnAα−nx = Aα−nAnx so that ‖Aαx‖ ≤ ‖Aα−n‖ ‖Anx‖.
This property is generalized in the next theorem.

Theorem 4.1.6 Let α, β ∈ C be such that Re β < Re α. Then D(Aα) ⊂ D(Aβ), and
for every x ∈ D(Aα),

Aβx = Aβ−αAαx.

Moreover for each x ∈ D(Aα), Aβx ∈ D(Aα−β) and

Aα−βAβx = Aαx.

Conversely, if x ∈ D(Aβ) and Aβx ∈ D(Aα−β), then x ∈ D(Aα) and again Aα−βAβx =
Aαx.



72 Chapter 4

Proof. The embedding D(Aα) ⊂ D(Aβ) is obvious if Re β < 0; it has to be proved for
Re β ≥ 0.

If x ∈ D(Aα), A−n+αx ∈ D(An) for n > Re α. Therefore A−n+βx = Aβ−αA−n+αx ∈
D(An), thanks to proposition 4.1.4(iii), so that x ∈ D(Aβ), and Aβx = AnAβ−αA−n+αx =
Aβ−αAαx. Since Aβ−α is a bounded operator, ‖Aβx‖ ≤ ‖Aβ−α‖L(X)‖Aαx‖, and D(Aα)
is continuously embedded in D(Aβ).

Let again x ∈ D(Aα), and let n > max{Reα,Re (α− β)}. Then

A−n+α−βAβx = A−n+α−βAβ−αAαx = A−nAαx ∈ D(An),

so that Aβx ∈ D(Aα−β) and Aα−βAβx = Aαx.
Let now x ∈ D(Aβ) be such that Aβx ∈ D(Aα−β), and fix n > max{ Re α, Re α−β}.

Then
Aα−2nx = Aα−n−βA−n+βx = Aα−n−βA−nAβx = A−nAα−n−βAβx

is in D(A2n), so that x ∈ D(Aα) and Aαx = A2nAα−2nx = Aα−βAβx. �

The condition Re β < Re α is essential in the above theorem when Re α > 0. In fact
for every α > 0, t ∈ R we have D(Aα) = D(Aα+it) if and only if Ait is bounded. See
exercise 2, §4.2.1.

Now we give some representation formulas for Aαx when x ∈ D(Aα). We consider first
the case where 0 < Re α < 1. Taking n = 1 in the definition, we see that x ∈ D(Aα) if
and only if Aα−1x ∈ D(A). Letting r → 0 and θ → π in the representation formula (4.3)
for Aα−1x (i.e., using formula (4.4) with α replaced by α− 1) we get

Aα−1x =
sin(πα)

π

∫ ∞

0
ξα−1(ξI +A)−1x dξ. (4.6)

Therefore x ∈ D(Aα) if and only if the integral
∫∞
0 ξα−1(ξI + A)−1x dξ is in the domain

of A, and in this case

Aαx =
sin(πα)

π
A

∫ ∞

0
ξα−1(ξI +A)−1x dξ

=
1

Γ(α)Γ(1− α)
A

∫ ∞

0
ξα−1(ξI +A)−1x dξ,

(4.7)

which is the well-known Balakrishnan formula.
Another important representation formula holds for −1 < Re α < 1. The starting

point is again formula (4.3) for Aα−1x. We let θ → π and then we integrate by parts in
the integrals between r and ∞, getting

Aα−1x =
sin(πα)
πα

∫ ∞

r
ξα(ξI +A)−2x dξ − rα sin(πα)

πα
(rI +A)−1x

− r
α

2π

∫ π

−π
eiηα(reiηI +A)−1x dη

(with (sin(πα))/(πα) replaced by 1 if α = 0) and letting r → 0 we get (both for Re
α ∈ (0, 1) and for Re α ∈ (−1, 0])

Aα−1x =
1

Γ(1− α)Γ(1 + α)

∫ ∞

0
ξα(ξI +A)−2x dξ. (4.8)
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Therefore x ∈ D(Aα) if and only if the integral
∫∞
0 ξα(ξI + A)−2x dξ is in the domain of

A, and in this case

Aαx =
1

Γ(1 + α)Γ(1− α)
A

∫ ∞

0
ξα(ξI +A)−2x dξ. (4.9)

The most general formula of this type may be found as usual in the book of Triebel:
for n ∈ N ∪ {0}, m ∈ N, −n < Re α < m− n we have

Aαx =
Γ(m)

Γ(α+ n)Γ(m− n− α)
Am−n

∫ ∞

0
tα+n−1(tI +A)−mx dt

for every x ∈ D(Aα). See [36, §1.5.1].
We already know that the domain D(A) is continuously embedded in D(Aα) for Re

α ∈ [0, 1). With the aid of the representation formulas (4.7) and (4.9) we are able to prove
more precise embedding properties of D(Aα).

Proposition 4.1.7 For 0 < Re α < 1, D(Aα) ∈ JRe α(X,D(A)) ∩ KRe α(X,D(A)), i.e.

(X,D(A))Re α,1 ⊂ D(Aα) ⊂ (X,D(A))Re α,∞.

Proof. The embedding (X,D(A))Re α,1 ⊂ D(Aα) is easy, because for ξ > 0

‖Aξα−1(ξI +A)−1x‖ = ξRe α−1‖A(ξI +A)−1x‖

and for every x ∈ (X,D(A))Re α,1 the function ξ 7→ ξRe α‖A(A + ξI)−1x‖ is in L1
∗(0,∞)

thanks to proposition 3.1.1. Using the representation formula (4.6) for Aα−1x, we get
Aα−1x ∈ D(A), i.e. x ∈ D(Aα) and by (4.7)

‖Aαx‖ ≤ 1
|Γ(α)Γ(1− α)|

∫ ∞

0
ξRe α‖A(A+ ξI)−1x‖ dξ

ξ
≤ C‖x‖(X,D(A))Re α,1

.

Let now x ∈ D(Aα). Then x = A−αy, with y = Aαx, so that x = A ·A−α−1y. We use
the representation formula (4.8) for A−α−1y, that gives

x =
A

Γ(1− α)Γ(1 + α)

∫ ∞

0
t−α(A+ tI)−2y dt.

On the other hand, by proposition 3.1.1 we have

‖x‖(X,D(A))Re α,∞ ≤ C(α) sup
λ>0

‖λRe αA(A+ λI)−1x‖,

so that

‖x‖(X,D(A))Re α,∞ ≤ C(α) supλ>0

∥∥∥∥λRe αA2(A+ λI)−1

Γ(1− α)Γ(1 + α)

∫ ∞

0
t−α(A+ tI)−2y dt

∥∥∥∥.
For every λ > 0 we have

λRe α

∥∥∥∥A2(A+ λI)−1

∫ ∞

0
t−α(A+ tI)−2y dt

∥∥∥∥
≤ λRe α M

1 + λ

∫ λ

0
t−Re α(M + 1)2‖y‖ dt

+λRe α(M + 1)
∫ ∞

λ
t−Re αM(M + 1)

1 + t
‖y‖dt

≤ C‖y‖
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so that x ∈ (X,D(A))Re α,∞ and

‖x‖(X,D(A))Re α,∞ ≤ C ′‖y‖ = C ′‖Aαx‖,

which implies that D(Aα) ⊂ (X,D(A))Re α,∞. �

Remark 4.1.8 Arguing similarly (using formula (4.9) instead of (4.7)) we see easily that
for every ε ∈ (0, 1) and t ∈ R, (X,D(A))ε,1 is contained inD(Ait). Indeed the function ξ 7→
‖ξitA(ξI+A)−2x‖ ≤M(1+ξ)−1‖A(ξI+A)−1x‖ is in L1(0,∞) for every x in (X,D(A))ε,1,
so that the integral

∫∞
0 ξit(ξI+A)−2x dξ belongs to the domain of A. Therefore, for every

ε ∈ (0, 1) and p ∈ [1,∞], t ∈ R, (X,D(A))ε,p is continuously embedded in D(Ait) (because
it is continuously embedded in (X,D(A))ε/2,1).

Remark 4.1.9 Let 0 < α < 1. It is possible to show that in its turn Aα is a positive
operator, and that

R(λ,Aα) =
1

2πi

∫
γr,θ

R(z,A)
λ− zα

dz, λ ≤ 0. (4.10)

(see exercise 5, §4.2.1). Using the above formula for the resolvent, one shows that −Aα is a
sectorial operator. This may be surprising, since −A is not necessarily sectorial. This also
may help in avoiding mistakes driven by “intuition”. Consider for instance the case where
X = L2(0, π) and A is the realization of −d2/dx2 with Dirichlet boundary condition, i.e.
A : D(A) = H2(0, π) ∩H1

0 (0, π), Au = −u′′. One could think that A1/2 is a realization of
i d/dx with some boundary condition, but this cannot be true because such operators are
not sectorial. See next example 4.3.10.

4.1.1 Powers of nonnegative operators

A part of the theory of powers of positive operators may be extended to nonnegative
operators.

Definition 4.1.10 A linear operator A : D(A) ⊂ X 7→ X is said to be nonnegative if the
resolvent set of A contains (−∞, 0) and there is M > 0 such that

‖(λI +A)−1‖ ≤ M

λ
, λ > 0.

In other words, A is a nonnegative operator iff (−∞, 0) is a ray of minimal growth for the
resolvent of A.

An important example of nonnegative operator is the realization A of −∆ (the Laplace
operator) in Lp(Rn), 1 ≤ p ≤ ∞. But A is not positive because 0 ∈ σ(A). However if
p <∞ then A is one to one. See exercise 13, §4.2.1.

If 0 ∈ σ(A) but A is one to one, it is still possible to define Az for −1 < Re z < 1.
Let −1 < Re z < 1, z 6= 0, and define an operator Bz on D(A) ∩R(A) by

Bzx =
sin(πz)
π

(
x

z
− A−1x

1 + z
+

+
∫ 1

0
ξz+1(ξI +A)−1A−1x dξ +

∫ ∞

1
ξz−1(ξI +A)−1Axdξ

) (4.11)
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for each x ∈ D(A) ∩R(A) (note that in the case where 0 ∈ ρ(A), Bzx coincides with Azx
since formula (4.11) is obtained easily from (4.9)). Then one checks that Bz : D(A) ∩
R(A) 7→ H is closable, and defines Az as the closure of Bz.

Another way to define Aα for 0 < α < 1, even if A is not one to one, is the following:
for λ > 0 one defines (λI +Aα)−1 by

Rλ =
sin(πα)

π

∫ ∞

0

ξα

λ2 + 2λξα cos(πα) + ξ2α
(ξI +A)−1dξ, (4.12)

then one checks that Rλ is invertible for every λ > 0 and RλRµ = (Rµ − Rλ)/(λ − µ).
Therefore there exists a unique closed operator B such that Rλ = (λI+B)−1 for λ > 0, and
we set Aα = B. (Note that in the case where 0 ∈ ρ(A) the above formula for (λI +Aα)−1

is correct because it is obtained from (4.10) letting r → 0 and θ → π).
From the representation formula (4.12) it follows that

lim
ε→0

(λI + (εI +A)α)−1 = (λI +Aα)−1, in L(H),

which will be used in the proof of next lemma. In its turn, lemma 4.1.11 will be used in
the proof of theorem 4.3.4.

Lemma 4.1.11 Let A : D(A) ⊂ X 7→ X be any nonnegative densely defined operator.
Then D(A+ εI)α = D(Aα) for each α ∈ [0, 1], and there is C independent of ε such that

‖(A+ εI)αx−Aαx‖ ≤ Cεα‖x‖, x ∈ D(Aα).

Proof. For 0 < η < ε, A+ εI and A+ ηI are positive operators. Using the Balakrishnan
formula for 0 < α < 1, we get

(A+ εI)αx− (A+ ηI)αx =

=
sin(πα)

π

(
(ε− η)

∫ ∞

δ
ξα((ξ + ε)I +A)−1((ξ + η)I +A)−1xdξ

+
∫ δ

0
ξα−1((A+ εI)((ξ + ε)I +A)−1 − (A+ ηI)((ξ + η)I +A)−1)x dξ

)
for every x ∈ D(A) and δ > 0. Therefore,

‖(A+ εI)αx− (A+ ηI)αx‖

≤ sin(πα)
π

(
(ε− η)M2

∫ ∞

δ
ξα−2dξ + 2(1 +M)

∫ δ

0
ξα−1dξ

)

=
sin(πα)

π

(
ε− η

1− α
M2δα−1 +

2(1 +M)
α

δα

)
‖x‖

for every x ∈ D(A) and δ > 0. Taking δ = (ε− η) we get

‖(A+ εI)αx− (A+ ηI)αx‖ ≤ C(α)(ε− η)α‖x‖.
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Therefore, for every x ∈ D(A) the function ε 7→ (A + εI)αx is uniformly continuous, so
that there exists the limit limε→0(A+ εI)αx = Bx. Letting η → 0 in the above estimate
we find

‖(A+ εI)αx−Bx‖ ≤ C(α)εα‖x‖. (4.13)

for each ε > 0, for each x ∈ D(A). But D(A) is a core of (A+ εI)α, that is the closure of
the restriction of (A+ εI)α to D(A) is (A+ εI)α itself: indeed, for every y ∈ D((A+ εI)α)
the sequence yn = n(nI +A)−1y is in D(A), yn → y and (A+ εI)αyn = n(nI +A)−1(A+
εI)αy → (A + εI)αy as n → ∞, because D(A) is dense. This implies that B is closable,
its closure B has domain D((A + εI)α), and inequality (4.13) holds also for B. So,
(A+εI)αx→ Bx uniformly for x ∈ D(B), ‖x‖ ≤ 1, and this implies that (−∞, 0) ⊂ ρ(B),
and (λI + (A + εI)α)−1 → (λI + B)−1 as ε → 0 in L(X). Since (λI + (A + εI)α)−1 →
(λI +Aα)−1, then B = Aα. �

4.2 Operators with bounded imaginary powers

Let again A be a positive operator in a complex Banach space X. We know that the
operators Az are bounded if Re z < 0 and unbounded in general if Re z > 0 (this is
because D(Az) ⊂ (X,D(A))Re z,∞ by proposition 4.1.7). Moreover remark 4.1.8 tells us
that for every t ∈ R, the domain D(Ait) is not very far from the underlying space X
because all the interpolation spaces (X,D(A))ε,p are continuously embedded in D(Ait).
So, it is natural to ask whether D(Ait) = X and Ait is a bounded operator also for t 6= 0.
The general answer is “no”, as the following example shows.

Example 4.2.1 Let S be the shift operator, S(ξ1, ξ2, ξ3, . . .) = (0, ξ1, ξ2, . . .), in X = c0 =
the space of all complex valued sequences ξn such that limn→∞ ξn = 0, endowed with the
sup norm, and set A = (I − S)−1. Then A is a positive operator, and for every t 6= 0, Ait

is unbounded.

Proof. It is easily seen that the domain of A is the subset of c0 consisting of the sequences
ξ = {ξn} such that

∑∞
n=1 ξn = 0 (which is dense in c0), and

A(ξ1, ξ2, ξ3, . . .) = (ξ1, ξ1 + ξ2, ξ1 + ξ2 + ξ3, . . .),

An easy computation shows that for λ > 0

(λI +A)−1 =
I

λ+ 1
− 1

(λ+ 1)2

∞∑
k=1

(
λ

λ+ 1

)k−1

Sk,

so that

‖(λI +A)−1‖ ≤ 1
λ+ 1

(
1 +

1
λ+ 1

∞∑
k=1

(
λ

λ+ 1

)k−1)
≤ 2
λ+ 1

,

which implies that A is a positive operator. Replacing in (4.2), for Re α < 0, and then
also for Re α = 0, we get

Aα = I + αS +
α(α+ 1)

2
S2 +

α(α+ 1)(α+ 2)
3!

S3 + . . .
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So, for α = it the n-th component of Aitξ is

ξn + it ξn−1 +
it(it+ 1)

2
ξn−2 + . . .+

it(it+ 1) · . . . · (it+ n− 2)
(n− 1)!

ξ1.

Fix any n ∈ N and define a sequence ξ ∈ D(A) as follows:

ξn = 0, ξn−1 =
1
i
, ξn−2 =

1
i(it+ 1)

, ξn−3 =
2

i(it+ 1)(it+ 2)
, . . . ,

ξ1 =
(n− 2)!

i(it+ 1) · . . . · (it+ n− 2)
,

while for k > n ξk is arbitrary, subject only to |ξk| ≤ 1 and
∑∞

k=1 ξk = 0. Then we get

‖Aitξ‖ ≥ |(Aitξ)n| = |t|
(

1 +
1
2

+
1
3

+ . . .+
1

n− 2

)
while the norm of ξ is 1. Letting n→∞ we obtain supξ∈D(A), ‖ξ‖=1 ‖Aitξ‖ = +∞, so that
Ait is unbounded. �

Let us discuss the behavior of Az for Re z < 0, z close to the imaginary axis. From
the representation formula (4.4) we get easily, using (4.5),

‖Az‖ ≤ M

π
| sin(πz)|

∫ ∞

0

ξRe z

ξ + 1
dξ ≤M

| sin(πz)|
| sin(πRe z)|

, Re z ∈ (−1, 0). (4.14)

In particular, for real z = −α, with 0 < α < 1 we get ‖A−α‖ ≤ M , so that ‖A−α‖ is
bounded on the real interval (−1, 0), and hence it is bounded on any real interval (−a, 0),
a > 0. But in general ‖Az‖ may be unbounded in other subsets Ω of the left halfplane
such that Ω∩iR 6= ∅. However, if the operator Ait is bounded for t ∈ I ⊂ R and ‖Ait‖ ≤ C
for every t ∈ I, then for z = −α+ it we have

‖A−α+it‖ ≤ ‖A−α‖ ‖Ait‖ ≤MC, 0 < α < 1/2, t ∈ I.

A sort of converse of the above considerations is in the next lemma. It gives a simple
(but hard to be checked) sufficient condition for Ait to be bounded.

Lemma 4.2.2 Let A be a positive operator with dense domain D(A). Assume that there
are a set Ω ⊂ {z ∈ C : Re z < 0} and a constant C > 0 such that Ω ∩ iR 6= ∅ and
‖Az‖ ≤ C for z ∈ Ω. Then for every t ∈ R such that it ∈ Ω, Ait is a bounded operator
and ‖Ait‖ ≤ C.

Proof. For every x ∈ D(A) the function z 7→ Azx is continuous for Re z < 1, so that
limz→it, z∈ΩA

zx = Aitx. Since D(A) is dense and ‖Az‖ ≤ C for z ∈ Ω, it follows that for
every x ∈ X there exists the limit limz→it, z∈ΩA

zx. Denoting such a limit by Tx, we get
‖Tx‖ ≤ C‖x‖. Then Ait is a closed operator which coincides with the bounded operator
T on a dense subset. This implies that Ait = T so that Ait is bounded. �

The most popular examples of positive unbounded operators with bounded imaginary
powers are m-accretive positive operators in Hilbert spaces, which will be discussed in
the next section. Self-adjoint positive operators belong to this class. Another interesting
example is the following.
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Example 4.2.3 Let A : D(A) 7→ X be any positive operator, and let 0 < θ < 1, 1 ≤
p ≤ ∞. Then the parts of A in (X,D(A))θ,p and in (X,D(A))θ have bounded imaginary
powers.

Proof. It is not hard to check (see exercise 1, §4.2.1) that the part of A in any of the
above spaces is still a positive operator.

First we consider the case p = ∞. Let Aθ : DA(θ+1,∞) 7→ DA(θ,∞) be the part of A
in DA(θ,∞). We already know (remark 4.1.8) that DA(θ,∞) = (X,D(A))θ,∞ is contained
in D(Ait). Therefore for every x ∈ DA(θ,∞), Ait−1x belongs to the domain D(A). To
obtain an estimate for ‖Aitx‖ = ‖A(Ait−1x)‖ we use the representation formula (4.8) for
Ait−1x,

Ait−1x =
1

Γ(1− it)Γ(1 + it)

∫ ∞

0
ξit(A+ ξI)−2x dξ

=
sin(πit)
πit

∫ ∞

0
ξit(A+ ξI)−2x dξ,

which gives

‖Aitx‖ ≤ eπt − e−πt

2πt

∫ ∞

0

M

ξθ(1 + ξ)
‖ξθA(A+ ξI)−1x‖ dξ

≤ C(θ)
eπt − e−πt

t
‖x‖(X,D(A))θ,∞ .

We prove now that in fact Ait−1x belongs toDA(θ+1,∞). We use again the representation
formula (4.8) for Ait−1x, which implies that for every λ > 0

‖λθA(λI +A)−1A(Ait−1x)‖

≤ eπt − e−πt

2πt

∥∥∥∥λθ(λI +A)−1

∫ λ

0
ξit−θA(A+ ξI)−1ξθA(A+ ξI)−1x dξ

∥∥∥∥
+
eπt − e−πt

2πt

∥∥∥∥λθA(λI +A)−1

∫ ∞

λ
ξit−θ(A+ ξI)−1ξθA(A+ ξI)−1x dξ

∥∥∥∥
≤ eπt − e−πt

2πt

(
Mλθ

λ+ 1
(M + 1)λ1−θ

1− θ
+ (M + 1)λθ Mλ−θ

θ

)
‖x‖(X,D(A))θ,∞

≤ C ′ e
πt − e−πt

t
‖x‖(X,D(A))θ,∞ .

Therefore, Ait−1x belongs to DA(θ + 1,∞), which is the domain of Aθ in DA(θ,∞). It
follows that x is in the domain of Ait

θ , and

‖Ait
θ x‖(X,D(A))θ,∞ ≤ C ′′ e

πt − e−πt

t
‖x‖(X,D(A))θ,∞ .

The rest of the statement follows by interpolation: knowing that for 0 < θ1 < θ2 < 1
the part of Ait in (X,D(A))θ1,∞ and in (X,D(A))θ2,∞ is a bounded operator, from theorem
1.1.6 it follows that for every θ ∈ (θ1, θ2) the part of Ait in (X,D(A))θ,p and in (X,D(A))θ

is a bounded operator. �
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Another important example follows from the so called “transference principle”. See
Coifman–Weiss [16].

Theorem 4.2.4 Let (Ω, µ) be a σ-finite measure space, and let 1 < p < ∞. If A is a
positive operator in Lp(Ω, µ) such that ‖(λI + A)−1‖ ≤ 1/λ and (λI + A)−1 is positivity
preserving for λ > 0 (i.e. f(x) ≥ 0 a.e. implies ((λI + A)−1f)(x) ≥ 0 a.e), then the
operators Ait are bounded in Lp(Ω, µ), and there is C > 0 such that

‖Ait‖ ≤ C(1 + t2)eπ|t|/2, t ∈ R.

Let us come back to the general theory. Due to theorem 4.1.6, if the operators Ait

are bounded for any t in a small neighborhood of 0, then they are bounded for every
t ∈ R. Moreover, if ‖Ait‖ ≤ C for −δ ≤ t ≤ δ, then there exists C ′, γ > 0 such that
‖Ait‖ ≤ C ′eγ|t| for every t ∈ R.

Lemma 4.2.5 Let A be a positive operator such that Ait ∈ L(X) for every t ∈ R, and
t 7→ ‖Ait‖ is locally bounded. Then for every x ∈ D(A) the function z 7→ Azx is continuous
in the closed halfplane Re z ≤ 0.

Proof. If x ∈ D(A) then z 7→ Azx is holomorphic for Re z < 1, so that it is obviously
continuous for Re z ≤ 0. We have already remarked that (4.14) implies ‖Aα‖ ≤ M for
−1/2 < α < 0, so that for z = α+ iβ, −1/2 < α < 0, we get

‖Az‖ ≤M‖Aiβ‖.

In particular, for every t ∈ R and r > 0 small enough the norm ‖Az −Ait‖ is bounded in
the half circle {z : |z − it| ≤ r, Re z ≤ 0}, by a constant independent of z. It follows that
for every x ∈ D(A), limz→itA

zx = Aitx. �

Note that if x /∈ D(A) the function z 7→ Azx cannot be continuous in the halfplane
Re z ≤ 0. Indeed by proposition 4.1.7, Azx ∈ (X,D(A))−Re z,∞ for −1 < Re z < 0, and
(X,D(A))−Re z,∞ is contained in D(A).

The family of operators {Ait : t ∈ R} plays an important role also in the interpolation
properties of the domains D(Az).

Theorem 4.2.6 Let A be a positive operator with dense domain such that for every t ∈ R
Ait ∈ L(X), and there are C, γ > 0 such that

‖Ait‖ ≤ Ceγ|t|, t ∈ R.

Then for 0 ≤ Re α < Re β

[D(Aα), D(Aβ)]θ = D(A(1−θ)α+θβ).

Proof. Thanks to theorem 4.1.6 we may assume that α = 0 without loss of generality.
Moreover since Ait is bounded for every t ∈ R, then D(Aβ) = D(ARe β) for Re β > 0. See
exercise 2, §4.2.1. So we may also assume that β ∈ (0,∞).

Let x ∈ D(Aθβ), and set

f(z) = e(z−θ)2A−(z−θ)βx, 0 ≤ Re z ≤ 1.
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Let us prove that f ∈ F(X,D(Aβ)). f is obviously holomorphic in the strip Re z ∈ (0, 1)
and continuous up to Re z = 1 with values in X. Since D(A) is dense in X, f is also
continuous up to Re z = 0 with values in X. Indeed, A−(z−θ)βx = A−zβAθβx, and we
know from lemma 4.2.5 that w 7→ Awy is continuous with values in X for Re w ≤ 0 for
every y ∈ D(A) = X. Similarly, t 7→ f(1 + it) is continuous with values in D(Aβ). f is
also bounded, since

‖A−(z−θ)βx‖ = ‖A−βIm zA−βRe zAθβx‖ ≤ ‖A−βRe z‖ Ceγβ|Im z|‖Aθβz‖
Therefore, f ∈ F(X,D(Aβ)). Since f(θ) = x, then x ∈ [X,D(Aβ)]θ and

‖x‖[X,D(Aβ)]θ
≤ max{supt∈R ‖e−t2+θ2

A−(it−θ)βx‖,

supt∈R ‖e−t2+(1−θ)2A−(1+it−θ)βx‖D(Aβ)}

≤ C ′‖Aθβx‖.

It follows that D(Aθβ) is continuously embedded in [X,D(Aβ)]θ.
Conversely, let x ∈ D(Aβ), and let f ∈ F(X,D(Aβ)) be such that f(θ) = x.
The function

F (z) = e(z−θ)2Azβf(z),

is continuous with values in X both for Re z = 0 and for Re z = 1, and we have

sup
t∈R

‖F (it)‖ ≤ sup
t∈R

e−t2+θ2
Ceγβ|t| sup

t∈R
‖f(it)‖ ≤ C ′‖f‖F(X,D(Aβ)), (4.15)

sup
t∈R

‖F (1 + it)‖ ≤ sup
t∈R

e−t2+(1−θ)2Ceγβ|t| sup
t∈R

‖Aβf(1 + it)‖ ≤ C ′‖f‖F(X,D(Aβ)), (4.16)

so that F is bounded with values in X for Re z = 0 and for Re z = 1. If F would
be holomorphic in the interior of S and continuous in S, we could apply the maximum
principle to get “‖Aθx‖ ≤ C ′‖f‖F(X,D(Aβ))”. But in general F is not even defined in the
interior of S, because f has values in X and not in the domain of some power of A. So
we have to modify this procedure.

By remark 2.1.5,

‖x‖[X,D(Aβ)]θ
= inf{‖f‖F(X,D(Aβ)) : f ∈ V(X,D(Aβ)), f(θ) = x}.

So, let f ∈ V(X,D(Aβ)) be such that f(θ) = x. The function

F (z) = e(z−θ)2Azβf(z), 0 ≤ Re z ≤ 1,

is now well defined and holomorphic for Re z ∈ (0, 1), continuous with values in X up
to Re z = 0, Re z = 1, and bounded with values in X. By the maximum principle (see
exercise 1, §2.1.1),

‖Aθβx‖ = ‖f(θ)‖ ≤ max{supt∈R ‖F (it)‖, supt∈R ‖F (1 + it)‖}

≤ C ′‖f‖F(X,D(Aβ)),

where the last inequality follows from estimates (4.15) and (4.16).
Taking the infimum over all the f ∈ V(X,D(Aβ)) such that f(θ) = x we get

‖Aθβx‖ ≤ C ′‖x‖[X,D(Aβ)]θ
, x ∈ D(Aβ).

Since D(Aβ) is dense in [X,D(Aβ)]θ it follows that [X,D(Aβ)]θ is continuously embedded
in D(Aθβ). �
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4.2.1 Exercises

In exercises 1–9, A is a positive operator in general Banach space X.

1) Let Y be any interpolation space between X and D(A). Prove that the part of A in Y
is a positive operator.

2) Let Re α > 0, t ∈ R. Show that D(Aα) = D(Aα+it) with equivalence of the norms if
and only if Ait is bounded.

3) Prove that (4.8) holds for −1 < Re α < 1.

4) Show that for Re α > 1, Re α /∈ N, D(Aα) belongs to J{Re α}(D(A[Re α]), D(A[Re α]+1))
and to K{Re α}(D(A[Re α]), D(A[Re α]+1)), where {Re α} and [Re α] are the fractional part
and the integral part of Re α, respectively.

5) Prove that for every α > 0, Aα is a positive operator, and that

R(λ,Aα) =
1

2πi

∫
γr,θ

R(z,A)
λ− zα

dz, λ ≤ 0.

6) Prove that if Λ : D(Λ) ⊂ X 7→ X is a linear closed operator, and B : X 7→ X is a linear
bounded operator, then C : D(C) = {x ∈ X : Bx ∈ D(Λ)} 7→ X, Cx = ΛBx, is a closed
operator. (This is used to check that Ait is a closed operator for each t ∈ R).

7) Prove that if t, s ∈ R and x ∈ D(Ais) ∩D(Ai(t+s)) then Aisx ∈ D(Ait) and AitAisx =
Ai(t+s)x.

8) Improve the estimate of proposition 4.2.3 showing that for each β < arctan 1/M there
is C such that

‖Ait‖ ≤ Ce(π−β)|t|, t ∈ R.
Hint: instead of using formula (4.9), modify formula (4.3) for Ait−1x letting only r → 0
and leaving θ < arctan 1/M fixed.

9) Prove that A−1 is a nonnegative operator, and that for 0 < Re α < 1

A−α = (A−1)α.

10) Let A be a densely defined nonnegative operator such that R(A) is dense in X. Show
that R(A) ∩D(A) is dense in X, and that the operators Bz : D(A) ∩ R(A) 7→ X defined
in (4.11) are closable.

11) Let A be a nonnegative one to one operator, and set Aε = (εI + A)(εA + I)−1 for
ε > 0. Show that (i) ρ(Aε) ⊃ (−∞, 0], (ii) (λI +Aε)−1 → (λI +A)−1 for λ > 0, Aεx→ x
for x ∈ D(A), A−1

ε x→ A−1x for x ∈ R(A) as ε→ 0, (iii) Az
εx→ Azx for x ∈ D(A)∩R(A)

as ε→ 0.

12) Let A be a positive operator in a Hilbert space H. Show that for each α ∈ C,
(A∗)α = (Aα)∗, so that if α is real, then (A∗)α = (Aα)∗.

13) Prove that the realization A of −∆ in Lp(Rn), 1 ≤ p ≤ ∞, is a nonnegative operator.
Prove that if p < ∞ A is one to one, and that if p = ∞ the kernel of A consists of the
constant functions.

Hint: denoting by T (t) the Gauss-Weierstrass semigroup, use ‖DiT (t)‖L(Lp) ≤ C/
√
t

to show that if ∆f = 0 then Dif = DiT (t)f vanishes for every i = 1, . . . , n, so that f is
constant.
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4.2.2 The sum of two operators with bounded imaginary powers

We consider now two positive operators, A : D(A) ⊂ X 7→ X, B : D(B) ⊂ X 7→ X,
having bounded imaginary powers and such that

‖Ait‖ ≤MeγA|t|, ‖Bit‖ ≤MeγB |t|, t ∈ R. (4.17)

We also assume that A and B commute in the resolvent sense,

R(λ,A)R(µ,B) = R(µ,B)R(λ,A), λ, µ ≤ 0. (4.18)

Our assumptions imply immediately (through formula (4.2)) that AzBw = BwAz for Re
w, Re z < 0 and also (less immediately but easily) for Re w, Re z ≤ 0.

We shall study the closability and the invertibility of the operator A + B, following
the approach of Dore and Venni [18].

Proposition 4.2.7 Let A, B be positive operators satisfying (4.17) and (4.18). Assume in
addition that γA+γB < π and that D(A) or D(B) is dense in X. Then A+B : D(A)∩D(B)
is closable, and its closure A+B is invertible with inverse S given by

S =
1
2i

∫ a+i∞

a−i∞

A−zBz−1

sin(πz)
dz =

1
2i

∫ a+i∞

a−i∞

Bz−1A−z

sin(πz)
dz (4.19)

with any a ∈ (0, 1). Moreover, S is a left inverse of A+B.

Proof. Since γA + γB < π the norm of the operator A−zBz−1/ sin(πz) in the integral
decays exponentially as |Im z| → ∞. Therefore S is a bounded operator, and since
z 7→ A−zBz−1/ sin(πz) is holomorphic in the strip Re z ∈ (0, 1), S is independent of
a ∈ (0, 1).

The proof is in three steps: (i) we show that S is a left inverse of A+B; (ii) we show that
if D(A) (resp. D(B)) is dense, then for every ε ∈ (0, 1) S maps D(A1−ε) (resp. D(B1−ε))
to D(A)∩D(B) and (A+B)Sx = x for each x ∈ D(A1−ε) (resp. x ∈ D(B1−ε)); (iii) using
steps (i) and (ii) we show in a standard way that A+B is closable and S = A+B

−1.
(i) For every x ∈ D(A) ∩D(B) it holds

S(Ax+Bx) =
1
2i

∫ a+i∞

a−i∞

(
Bz−1A1−zx

sin(πz)
+
A−zBzx

sin(πz)

)
dz

= − 1
2i

∫ a−1+i∞

a−1−i∞

BzA−zx

sin(πz)
dz +

1
2i

∫ a+i∞

a−i∞

A−zBzx

sin(πz)
dz.

The function g : Ω = {z ∈ C : −1 < Re z < 1} 7→ X defined by

g(z) =


BzA−zx, −1 < Re z ≤ 0,

A−zBzx, 0 ≤ Re z < 1,

is holomorphic in the strips −1 < Re z < 0, 0 < Re z < 1 and continuous up to the
imaginary axis (see exercise 2, §4.2.3). Therefore it is holomorphic in the whole strip Ω.
It follows that z 7→ g(z)/ sin(πz) is holomorphic in Ω \ {0}. Moreover it has a simple pole
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at z = 0, with residue x/π, and it decays exponentially, uniformly for −1 < Re z < 1, as
| Im z| → ∞. It follows that

S(A+B)x = πRes
(

g(z)
sin(πz)

, 0
)

= x.

(ii) Assume for instance that that D(A) is dense. Fix x ∈ D(A1−ε), with 0 < ε < 1 and
choose a = ε in the definition of S. The function z 7→ A1−zBz−1x/ sin(πz) is well defined
because Bz−1 maps D(A1−ε) = D(A1−z) into itself, and it is integrable over ε+ iR, since

‖A1−zBz−1x‖ = ‖Aε−zBz−1A1−εx‖ ≤ Ce(γA+γB)|Im z|‖A1−εx‖.

Therefore, Sx ∈ D(A) and

ASx =
1
2i

∫ a+i∞

a−i∞

A1−zBz−1x

sin(πz)
dz =

1
2i

∫ a+i∞

a−i∞

Bz−1A1−zx

sin(πz)
dz.

To show that Sx belongs to D(B), we remark that the function z 7→ Bz−1A−zx/ sin(πz)
is holomorphic for ε− 1 < Re z < 1, z 6= 0, continuous up to Re z = ε− 1 (because D(A)
is dense, see lemma 4.2.5), and it decays exponentially as |Im z| → ∞. Therefore, we may
shift the vertical line Re z = a to Re z = ε− 1 in the definition of S, to get

Sx =
1
2i

∫ ε−1+i∞

ε−1−i∞

Bz−1A−zx

sin(πz)
dz + πRes

(
Bz−1A−zx

sin(πz)
, 0
)

=
1
2i

∫ ε−1+i∞

ε−1−i∞

Bz−1A−zx

sin(πz)
dz +B−1x.

As easily seen, the integral defines an element of D(B). Therefore Sx ∈ D(B) and

BSx =
1
2i

∫ ε−1+i∞

ε−1−i∞

BzA−zx

sin(πz)
dz + x

= − 1
2i

∫ ε+i∞

ε−i∞

Bz−1A1−zx

sin(πz)
dz + x = −ASx+ x.

(iii) Let us show that A + B is closable. Let xn ∈ D(A) ∩ D(B) be such that xn → 0,
(A+B)xn → y as n→∞. Since S is a left inverse of A+B then

0 = lim
n→∞

xn = lim
n→∞

S(A+B)xn = Sy.

Since A−1y ∈ D(A) ⊂ D(A1−ε) for each ε > 0, then by step (ii) SA−1y ∈ D(A) ∩D(B)
and

A−1y = (A+B)SA−1y = (A+B)A−1Sy = 0,

so that y = 0 and A+B is closable.
As a last step we prove that A+B is invertible and its inverse is S. If x ∈ D(A+B)

there is a sequence xn ∈ D(A) ∩ D(B) such that xn → x and (A + B)xn → A+B x as
n→∞. Then

x = lim
n→∞

xn = lim
n→∞

S(A+B)xn = SA+Bx,
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which means that S is a left inverse of A+B. Now for x ∈ X let xn ∈ D(A) be such
that xn → x as n → ∞. By step (ii) Sxn ∈ D(A) ∩ D(B), limn→∞ Sxn = Sx and
limn→∞(A+B)Sxn = limn→∞ xn = x. This implies that Sx ∈ D(A+B) and A+B Sx =
x, so that S is also a right inverse of A+B. �

Under the assumptions of proposition 4.2.7 the operator A+B is not closed in general.
If we knew that A + B is closed, it would follow that A + B is invertible with bounded
inverse. In the next proposition we use this fact to get information on the resolvent set of
a positive operator with bounded imaginary powers.

Proposition 4.2.8 Let A be a positive operator with bounded imaginary powers, satisfying

‖Ait‖ ≤ CeγA|t|, t ∈ R.

If 0 ≤ γA < π, the resolvent set of A contains the sector {λ ∈ C : |arg (λ− π)| < π− γA}.

Proof. We apply proposition 4.2.7 to the operators A, B = −λI for every λ in the sector.
If −λ = ρeiθ with ρ > 0, θ ∈ (−π, π), then ‖Bit‖ = ‖(−λ)itI‖ = e−θt, so that γB = θ =
arg (−λ). Since D(B) = X and A + B = A − λI is closed, the statement follows from
proposition 4.2.7. �

Under a further suitable assumption on the space X, the conditions of proposition 4.2.7
are sufficient for A+B to be closed. Such assumption has several equivalent formulations.

The “geometric” formulation is the following: there exists a symmetric function ζ :
X×X 7→ R which is convex in each variable, such that ζ(0, 0) > 0, and ζ(x+y) ≤ ‖x+y‖
whenever ‖x‖ ≤ 1 ≤ ‖y‖. In this case the space X is said to be ζ-convex.

The “probabilistic” formulation is the following: there are p ∈ (1,∞), C > 0 such that
for every probability space (Ω,F , P ) and for every martingale {uk : Ω 7→ X} with respect
to any filtration {Fk}, for each choice of εk ∈ {−1, 1}, and for each n ∈ N we have

‖
n∑

k=0

εk(uk − uk−1)‖Lp(Ω;X) ≤ C‖
n∑

k=0

(uk − uk−1)‖Lp(Ω;X)

(where we set u−1 = 0). In this case X is said to be a UMD space, or to have the property
of unconditionality of martingale differences.

The formulation which is useful here is the following: for some p ∈ (1,∞) and ε > 0,
the truncated Hilbert transform

(Hεf)(t) =
1
π

∫
|y|≥ε

f(t− y)
y

dy, t ∈ R

is a bounded operator from Lp(R;X) to itself. Then it is possible to show that this is true
for every p ∈ (1,∞) and ε > 0. Moreover for each f ∈ Lp(R;X) there exists the limit

lim
ε→0

Hεf

in Lp(R;X) and a.e. pointwise. Such a limit is denoted by Hf and it is called the Hilbert
transform of f .

Equivalence of the above properties is not trivial. Bourgain [6] showed that any UMD
space has the Hilbert transform property. The converse was proved by Burkholder [11],
who also proved in [10] that X is ζ-convex iff it is a UMD space.
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Theorem 4.2.9 Let X be a ζ-convex space, and let A, B be densely defined(1) positive
operators in X satisfying the assumptions of proposition 4.2.7. Then A + B : D(A) ∩
D(B) 7→ X is closed, and 0 ∈ ρ(A+B).

Proof. After proposition 4.2.7, we have only to show that S maps X into D(A) ∩D(B).
This obviously implies that S is a right inverse of A+B, since by proposition 4.2.7 S is a
right inverse of A+B. Again by proposition 4.2.7, S is a left inverse of A+B. Therefore
S is the inverse of A+B and 0 ∈ ρ(A+B).

Let us show that S maps X into D(B). For 0 < ε < 1/2 we have

Sx =
1
2i

∫
Γε

A−zBz−1x

sin(πz)
dz

where Γε is the curve {is : |s| ≥ ε} ∪ {z ∈ C : |z| = ε}, Re z ≥ 0, oriented with increasing
imaginary part. So,

Sx =
1
2

∫
|s|≥ε

A−isBis−1x

sin(πis)
ds+

1
2

∫ π/2

−π/2

εeiθ

sin(πεeiθ)
A−εeiθ

Bεeiθ−1x dθ

= I1,ε + I2,ε.

Since D(A) is dense, I2,ε goes to B−1x/2 as ε→ 0. Moreover I1,ε is in D(B) for every ε.
We reach our goal if we show that I1,ε converges in D(B) as ε→ 0, i.e. if BI1,ε converges
in X as ε→ 0. Indeed, in that case we have

Sx = B−1x/2 + lim
ε→0

I1,ε ∈ D(B).

Let us split BI1,ε into the sum

BI1,ε =
1
2

∫
|s|≥1

A−isBisx

sin(πis)
ds+

1
2

∫
ε≤|s|≤1

A−isBisx

πis
ds

+
1
2

∫
ε≤|s|≤1

A−isBisx

(
1

sin(πis)
− 1
πis

)
ds.

The first term is independent of ε, the third one is easily seen to converge as ε→ 0 because
1/(sin(πis))− 1/(πis) is bounded. The second term is equal to 1/(2i)Hεf(0) where

f(s) = χ(−1,1)(s)A
isB−isx, s ∈ R.

Since f ∈ Lp(R;X) for each p > 1 and X is ζ-convex, the truncated Hilbert transform of
f converges in X for almost every t ∈ R. Let us prove that 0 is one of such t’s. Fix once
and for all t ∈ (0, 1) such that Hεf(t) converges. Then

π(Hεf)(0) = A−itBit

∫
ε≤|s|≤1

Ai(t−s)Bi(s−t)x

s
ds = A−itBit·

·
(∫

|s|≥ε

f(t− s)
s

ds+
∫ t−1

−1

Ai(t−s)Bi(s−t)x

s
ds−

∫ t+1

1

Ai(t−s)Bi(s−t)x

s
ds

)
1Every ζ-convex space X is reflexive, and therefore by [27] all positive operators in X are densely

defined.
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converges as ε → 0. This concludes the proof that Sx ∈ D(B). In the same way one
shows that Sx ∈ D(A), and the statement follows. �

The main application – at least, from our point of view – of the theorem of Dore and
Venni is to evolution equations in a ζ-convex space X,

u(t) +Au(t) = f(t), 0 < t < T,

u(0) = 0,
(4.20)

with f ∈ Lp(0, T ;X) for some p ∈ (1,∞), T > 0. Here we assume that A : D(A) ⊂ X 7→ X
is a positive operator having bounded imaginary powers, and

‖Ais‖ ≤ CeγA|s|, s ∈ R.

Then it is not hard to see that the operator A defined by

A : Lp(0, T ;D(A)) 7→ X = Lp(0, T ;X), (Af)(t) = Af(t)

is positive and has bounded imaginary powers, given of course by

(Aisf)(t) = Aisf(t), s ∈ R, f ∈ X ,

and
‖Ais‖ ≤ CeγA|s|, s ∈ R.

It is also possible to show that the operator

B : D(B) = {f ∈W 1,p(0, T ;X) : f(0) = 0} 7→ X , (Bf)(t) = f(t),

is positive and has bounded imaginary powers, satisfying the estimate

‖Bis‖ ≤ C(1 + |s|2)eπ|s|/2, s ∈ R.

See [18]. Therefore, if γA < π/2 it is possible to apply theorem 4.2.9 to equation (4.20),
seen as the equation in X

Au+ Bu = f,

getting that for every f ∈ Lp(0, T ;X) problem (4.20) has a unique solution u ∈W 1,p(0, T ;
X) ∩ Lp(0, T ;D(A)), which depends continuously on f .

For instance, if A is the realization of −∆ in Lp(Ω), 1 < p < ∞, with Dirichlet
boundary condition:

D(A) = W 2,p(Ω) ∩W 1,p
0 (Ω), Au = −∆u,

Ω being an open bounded set in Rn with regular boundary, then A is a positive operator
with bounded imaginary powers, and γA, π/2 due to [34]. We get that for each f ∈
Lp((0, T )× Ω) the problem

ut(t, x) = ∆u(t, x) + f(t, x), 0 < t < T, x ∈ Ω,

u(t, x) = 0, 0 < t < T, x ∈ ∂Ω,

u(0, x) = 0, x ∈ Ω,

has a unique solution u ∈W 1,2
p ((0, T )× Ω), i.e. u, ut, Diju ∈ Lp((0, T )× Ω).
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4.2.3 Exercises

1) Let A, B be two positive operators with bounded imaginary powers, satisfying (4.18).
Show that AzBw = BwAz for Re z, Re w ≤ 0. Show that for Re z ≤ 0, Az maps D(B)
into itself, and AzBx = BAzx for each x ∈ D(B). Show that for Re z ≤ 0, Az maps D(B)
into itself.

2) Let A, B be two positive operators with bounded imaginary powers, satisfying (4.17)
and (4.18). Show that for every x ∈ D(A) ∩ D(B) the functions z 7→ BzA−zx, −1 <
Re z ≤ 0, and z 7→ A−zBzx, 0 ≤ Re z < 1, are continuous (this is used in the proof of
proposition 4.2.7).

4.3 M-accretive operators in Hilbert spaces

Throughout this section H is a complex Hilbert space, and A : D(A) ⊂ H 7→ H is a linear
operator satisfying

D(A) = H, ρ(A) ⊃ (−∞, 0), ‖(λI +A)−1‖ ≤ 1/λ, λ > 0. (4.21)

Therefore, A is a nonnegative operator. Moreover it satisfies the resolvent estimate with
constant M = 1, and this is not a mere notational simplification but it is a crucial as-
sumption.

Due to the Hille-Yosida theorem, assumption (4.21) is equivalent to the hypothesis
that −A be the infinitesimal generator of a contraction semigroup e−tA. Therefore, for
each x ∈ D(A),

Re 〈−Ax, x〉 = lim
t→0

Re 〈e
−tAx− x

t
, x〉 ≤ 0.

Any operator B : D(B) ⊂ H 7→ H satisfing

Re 〈Bx, x〉 ≥ 0, x ∈ D(B)

is called accretive. Therefore, A is accretive.
It is possible to show that A is m-accretive (maximal accretive), in the sense that it

has no proper accretive extension, and conversely, any closed m-accretive operator satisfies
(4.21). So, operators satisfying (4.21) are often referred in the literature as m-accretive
operators.

It is easy to see that A satisfies (4.21) iff A∗ does. Moreover, if A satisfies (4.21) and
it is one to one, then the range of A is dense in H.

We shall follow the approach of Kato [25, 26] to study the imaginary powers of A and
the relationship between the domains of Aα and (A∗)α.

First we consider m-accretive bounded operators satisfying in addition

Re 〈Ax, x〉 ≥ δ‖x‖2, x ∈ H. (4.22)

for some δ > 0. The case of unbounded operators will be reduced to this one, through the
use of the Yosida approximations nA(nI +A)−1.

Assumption (4.22) implies that the resolvent set of A contains (−∞, δ), and ‖(λI +
A)−1‖ ≤ (λ + δ)−1 for every λ ≥ 0. Therefore A is a positive bounded operator, so that
for each z ∈ C the complex powers Az are defined by

Az =
1

2πi

∫
γ
λzR(λ,A)dλ, (4.23)
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where γ is any regular curve surrounding σ(A) with index 1 with respect to every point
of σ(A), and avoiding (−∞, 0]. Moreover we have

(Aα)∗ = (A∗)α, α ∈ C.

See exercise 12, §4.2.1.
We will need the following lemma.

Lemma 4.3.1 Let A be a bounded m-accretive operator satisfying (4.22). Then for real
β ∈ [−1, 1], Aβ satisfies

Re 〈Aβx, x〉 ≥ δβ‖x‖2, 0 ≤ β ≤ 1, x ∈ H, (4.24)

Re 〈Aβx, x〉 ≥ (δ‖A‖−2)β‖x‖2, −1 ≤ β ≤ 0, x ∈ H. (4.25)

Proof. For 0 < β < 1 we use the Balakrishnan formula (4.7), which implies

〈Aβx, x〉 =
sin(πβ)

π

∫ ∞

0
ξβ−1〈A(ξI +A)−1x, x〉dξ.

Recalling that

Re〈A(ξI +A)−1x, x〉 = Re〈(I − ξ(ξI +A)−1)x, x〉

≥ ‖x‖2 − ξ|〈(ξI +A)−1x, x〉| ≥ ‖x‖2 − ξ

ξ + δ
‖x‖2

=
δ

ξ + δ
‖x‖2,

we obtain, through (4.5),

〈Aβx, x〉 ≥ δ sin(πβ)
π

∫ ∞

0

ξβ−1

ξ + δ
‖x‖2dξ = δβ‖x‖2,

i.e. (4.24) holds. Moreover,

Re〈A−1x, x〉 = Re〈A−1x,AA−1x〉 ≥ δ‖A−1x‖2 ≥ δ‖A‖−2‖x‖2,

so that (4.25) holds for β = −1. But using again the representation formula (4.23) we see
easily that

Aβ = (A−1)−β, β ∈ C,

so that (4.25) holds for every β ∈ [−1, 0]. �

Theorem 4.3.2 Let A : H 7→ H be a bounded operator. Assume that there exists δ > 0
such that (4.22) holds. Then for each α ∈ [0, 1/2) and for each x ∈ H

‖(A∗)αx‖ ≤ cα‖Aαx‖, ‖Aαx‖ ≤ cα‖(A∗)αx‖,

with cα = tanπ(1 + 2α)/4. Moreover,

‖Ait‖ ≤ eπ|t|/2, t ∈ R.
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Proof. Let us introduce the “real part” and the “imaginary part” of Aα defined by

Hα =
Aα + (A∗)α

2
, Kα =

Aα − (A∗)α

2i
,

i.e.
Aα = Hα + iKα, (A∗)α = Hα − iKα.

Then for every x ∈ H

‖Hαx‖2 − ‖Kαx‖2 = Re 〈Aαx, (A∗)αx〉 = Re 〈Aα+αx, x〉.

If −1/2 ≤ Re α ≤ 1/2, then Aα+α still satisfies (4.22) with δ replaced by the constant
δα = min{δα, (δ‖A‖−2)α} thanks to lemma 4.3.1. Therefore,

‖Hαx‖2 ≥ ‖Kαx‖2 + δα‖x‖2, x ∈ H. (4.26)

This implies that Hα is one to one. Since H∗
α = (Aα + (A∗)α)/2, and A∗ satisfies the

assumptions of the theorem, also H∗
α is one to one. Therefore Hα is invertible, and since

‖Kαy‖ ≤ ‖Hαy‖ for every y because of (4.26), then ‖KαH
−1
α x‖ ≤ ‖HαH

−1
α x‖ = ‖x‖ for

each x, so that
‖KαH

−1
α ‖ ≤ 1, −1/2 ≤ Re α ≤ 1/2.

Now we improve this estimate applying the maximum principle to the function

α 7→ Φ(α) =
KαH

−1
α

tan(πα/2)
, −1/2 ≤ Re α ≤ 1/2.

Such a function is holomorphic in the whole strip (even at α = 0, because K0 = 0)
and bounded with values in L(H); moreover | tan(πα/2)| = 1 if Re α = ±1/2 so that
‖Φ(α)‖ ≤ 1 on the boundary of the strip. Therefore ‖Φ(α)‖ ≤ 1 for each α in the strip,
i.e.

‖KαH
−1
α ‖ ≤ tan(πα/2), −1/2 ≤ Re α ≤ 1/2. (4.27)

This is an important improvement of ‖KαH
−1
α ‖ ≤ 1, because | tan(πα/2)| < 1 for |Re

α| < 1/2, so that I ± iKαH
−1
α is invertible with bounded inverse.

Since Aα = Hα + iKα, (A∗)α = Hα − iKα, we get for |Re α| < 1/2

‖(A∗)αA−α‖ = ‖(I − iKαH
−1
α )(I + iKαH

−1
α )−1‖ ≤ 1 + | tan(πα/2)|

1− | tan(πα/2)|
. (4.28)

Therefore for real α ∈ [0, 1/2)

‖(A∗)αx‖ ≤ 1 + tan(πα/2)
1− tan(πα/2)

‖Aαx‖ = tan
π(1 + 2α)

4
‖Aαx‖, x ∈ H,

and we get a similar inequality exchanging A with A∗. So, the first statement is proved.
Moreover, taking α = −it with real t, in (4.28) we get

‖A−itx‖2 = 〈(A∗)itA−itx, x〉 ≤ 1 + | tan(πit/2)|
1− | tan(πit/2)|

‖x‖2 = eπ|t|‖x‖2,

and the last statement follows. �

Theorem 4.3.2 is the starting point to show several properties of the powers of general
m-accretive operators. The first property concerns the equivalence of the domains D(Aα),
D((A∗)α) for 0 ≤ α < 1/2. But we need a preliminary lemma.
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Lemma 4.3.3 Let A : D(A) ⊂ H 7→ H satisfy (4.21). For every n ∈ N set

Jn =
(
I +

A

n

)−1

= n(nI +A)−1.

Then Jn is a bounded nonnegative operator, and for every α ∈ [0, 1]

‖Jα
n ‖ ≤ 1,

lim
n→∞

Jα
nx = x, x ∈ H.

Proof. As easily seen, for every λ > 0 λI + Jn is invertible with (bounded) inverse

(λI + Jn)−1 = (nI +A)(n(λ+ 1) + λA)−1.

For every ε > 0 the operator I+ εA is positive. The representation formula (4.6) gives

(I +A/n)−α =
sin(πα)

π

∫ ∞

0
ξ−α(ξI + I +A/n)−1dξ,

where ‖(ξI + I +A/n)−1‖ ≤ 1/(ξ + 1), so that due to (4.5)

‖(I + εA)−α‖ ≤ sin(πα)
π

∫ ∞

0

1
ξ−α(ξ + 1)

dξ = 1.

It follows (see exercise 9, §4.2.1)

‖(I +A/n)−α‖ = ‖((I +A/n)−1)−α‖ = ‖Jα
n ‖ ≤ 1,

and by the dominated convergence theorem

lim
n→∞

Jα
nx = lim

n→∞
(I +A/n)−αx = lim

n→∞

sin(πα)
π

∫ ∞

0

ξ−α

ξ + 1
x dξ = x, x ∈ H.

�

Theorem 4.3.4 Let A : D(A) ⊂ H 7→ H be any m-accretive operator. Then for every
α ∈ [0, 1/2), D(Aα) = D((A∗)α) and for each x in the common domain

‖(A∗)αx‖ ≤ tan
π(1 + 2α)

4
‖Aαx‖, ‖Aαx‖ ≤ tan

π(1 + 2α)
4

‖(A∗)αx‖.

Proof. We know already (theorem 4.3.2) that the statement is true if A is bounded and
satisfies (4.22) for some δ > 0. As a second step, we prove that the statement is true if A
satisfies (4.21) and 0 ∈ ρ(A). Then it will follow easily that the statement is true in the
general case.

Let 0 ∈ ρ(A). Let us consider the Yosida approximations,

An = AJn = nA(nI +A)−1, n ∈ N.

It is not hard to see that the operators An are bounded (with ‖An‖ ≤ n), m-accretive
(with (ξI +An)−1 = n2/(n+ ξ)2(nξ/(n+ ξ)I +A)−1 + I/(n+ ξ)), and satisfy (4.22) since

〈Anx, x〉 = 〈AJnx,
1
n

(nI +A)Jnx〉 = 〈AJnx, Jnx〉+
1
n
‖Anx‖2
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and An is invertible, with A−1
n = A−1 + I/n. Therefore by theorem 4.3.2 we have
‖(A∗n)α‖ ≤ tan

π(1 + 2α)
4

‖Aα
n‖,

‖Aα
n‖ ≤ tan

π(1 + 2α)
4

‖(A∗n)α‖,

(4.29)

for every n ∈ N.
Note that since I + A/n is a positive operator, then (I + A/n)−α is well defined for

every α ≥ 0, and by exercise 9, §4.2.1, (I +A/n)−α = Jα
n for 0 ≤ α ≤ 1. Therefore,

Jα
n = (A−1An)α = Aα

nA
−α = A−αAα

n,

as it is easy to check. Therefore for every x ∈ D(Aα), Jα
nx ∈ D(Aα), and we have

Aα
nx = AαJα

nx = Jα
nA

αx, 0 ≤ α ≤ 1.

Now we use lemma 4.3.3, which states that ‖Jα
n ‖ ≤ 1, and limn→∞ Jα

nx = x for each x.
We get

(i) ‖Aα
nx‖ ≤ ‖Aαx‖, (ii) lim

n→∞
Aα

nx = Aαx, x ∈ D(Aα). (4.30)

Using (4.29) for 0 ≤ α < 1/2 and then (4.30)(i) we get

‖(A∗n)αx‖ ≤ tan
π(1 + 2α)

4
‖Aα

nx‖ ≤ tan
π(1 + 2α)

4
‖Aαx‖, (4.31)

so that the sequence (A∗n)αx is bounded for each x ∈ D(Aα). Moreover, for every y ∈
D(Aα) we have, due to (4.30)(ii),

〈(A∗n)αx, y〉 = 〈x,Aα
ny〉 → 〈x,Aαy〉, n→∞.

Since D(Aα) is dense in H (because D(A) is dense and D(Aα) ⊃ D(A)), and ‖(A∗n)αx‖ is
bounded thanks to (4.31), then (A∗n)αx converges weakly to some w ∈ H. Such a w satisfies
〈w, y〉 = 〈x,Aαy〉 for every y ∈ D(Aα), and this implies that x ∈ D((Aα)∗) = D((A∗)α)
and w = (A∗)αx. Therefore, the domain of Aα is contained in the domain of (A∗)α.
Exchanging the roles of A and A∗ we get that D(Aα) = D((A∗)α), and limn→∞(A∗n)αx =
(A∗)αx for each x in the common domain. Letting n → ∞ in (4.31), and in the similar
estimate with A∗ in the place of A, we get the claimed estimates.

Now we consider the case where 0 ∈ σ(A). For each ε > 0 the operator A+ εI satisfies
(4.21) and 0 belongs to its resolvent set, so D((A+εI)α) = D((A∗+εI)α) for 0 ≤ α < 1/2,
and for every x in the common domain we have

‖(A∗ + εI)αx‖ ≤ tan
π(1 + 2α)

4
‖(A+ εI)αx‖,

‖(A+ εI)αx‖ ≤ tan
π(1 + 2α)

4
‖(A∗ + εI)αx‖.

By lemma 4.1.11, D((A + εI)α) = D(Aα) and (A + εI)αx → Aαx for each x ∈ D(Aα),
and the same holds with A replaced by A∗. Letting ε→ 0 the statement follows. �

Let us consider now the imaginary powers Ait, t ∈ R.
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Theorem 4.3.5 Assume that A : D(A) ⊂ H 7→ H is m-accretive and that 0 ∈ ρ(A).
Then the imaginary powers Ait, t ∈ R, are bounded operators, and

‖Ait‖ ≤ eπ|t|/2, t ∈ R.

Proof. Theorem 4.3.2 implies that the statement is true if A is bounded and satisfies
(4.22).

Next step is to show that the statement is true if A is bounded, m-accretive and one
to one. This is done considering the operators A+εI with ε > 0, which satisfy (4.22) with
δ = ε, and letting ε→ 0. Indeed, since (A+εI)x→ x and (ξI+A+εI)−1x→ (A+εI)−1x
for each x ∈ H, and (A+ εI)−1x→ A−1x for each x ∈ R(A) as ε→ 0, we may let ε→ 0
in formula (4.11) getting

‖Aitx‖ = lim
ε→0

‖(A+ εI)itx‖ ≤ eπ|t|/2‖x‖, t ∈ R.

Since Ait is closed, we may conclude that D(Ait) = H and ‖Ait‖ ≤ eπ|t|/2 for every t ∈ R.
The fact that (A + εI)−1x → A−1x for each x ∈ R(A) as ε → 0 may be proved as

follows: from the equality

A((A+ εI)−1y −A−1y) + ε((A+ εI)−1y −A−1y) = −εy,

which holds for each y ∈ H, we obtain

‖A((A+ εI)−1y −A−1y)‖2 + ε2‖(A+ εI)−1y −A−1y‖ ≤ ε2‖y‖2,

so that 0 = limε→0A((A+εI)−1y−A−1y) = limε→0(A+εI)−1Ay−A−1Ay, i.e. limε→0(A+
εI)−1x = A−1x for every x = Ay in the range of A.

In the final step we consider a general m-accretive operator A with 0 ∈ ρ(A). Therefore
A−1 is bounded, m-accretive and one to one. It is not hard to see that

Ait = (A−1)−it, t ∈ R.

But we already know that (A−1)−it is bounded, with norm not exceeding eπ|t|/2. The
statement follows. �

Theorems 4.3.5 and 4.2.6 yield the next corollary.

Corollary 4.3.6 If A : D(A) ⊂ H 7→ H is m-accretive and 0 ∈ ρ(A) then for 0 ≤ Re α <
Re β we have

[D(Aα), D(Aβ)]θ = D(A(1−θ)α+θβ).

4.3.1 Self-adjoint operators in Hilbert spaces

Here H is again a complex Hilbert space, and A : D(A) ⊂ H 7→ H is a positive definite
self-adjoint operator. A self-adjoint operator is said to be positive if there is δ > 0 such
that

〈Ax, x〉 ≥ δ‖x‖2, x ∈ D(A). (4.32)

Lemma 4.3.7 If A is a self-adjoint operator satifying (4.32), then ρ(A) contains (−∞, δ)
and

‖R(λ,A)‖ ≤ 1
δ − λ

, λ < δ. (4.33)
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Proof. Let λ < δ, x ∈ D(A). Then

‖(λI −A)x‖2 = ‖(λ− δ)x+ (δI −A)x‖2

= (λ− δ)2‖x‖2 + 2(λ− δ)〈x, δx−Ax〉+ ‖(δI −A)x‖2,

so that
‖(λI −A)x‖2 ≥ (λ− δ)2‖x‖2, (4.34)

and therefore λI − A is one to one. We prove that it is also onto, showing that its range
is both closed and dense in H. Let xn ∈ D(A) be such that λxn − Axn converges. From
the inequality (4.34) we get

‖(λI −A)(xn − xm)‖2 ≥ (λ− δ)2‖xn − xm‖2, n, m ∈ N,

so that xn is a Cauchy sequence, λxn is a Cauchy sequence, and Axn is a Cauchy sequence.
Then xn and Axn converge; let x, y be their limits. Since A is self-adjoint, then it is closed
(we recall that each adjoint operator is closed), so that x ∈ D(A), Ax = y, and λxn−Axn

converges to λx−Ax ∈ Range (λI −A). Therefore, the range of λI −A is closed.
Let y be orthogonal to the range of (λI − A). Then for each x ∈ D(A) we have

〈y, λx−Ax〉 = 0, so that y ∈ D(A∗) = D(A) and λy −A∗y = λy −Ay = 0. Since λI −A
is one to one, it follows y = 0. Therefore, the range of (λI −A) is dense.

Let us estimate ‖R(λ,A)‖. For x ∈ H, let u = R(λ,A)x. From the equality 〈x, u〉 =
〈λu−Au, u〉 it follows 〈x, u〉 ≤ (λ− δ)‖u‖2 ≤ 0, so that

(δ − λ)‖u‖2 ≤ |〈x, u〉| ≤ ‖x‖ ‖u‖

which implies ‖R(λ,A)‖ ≤ (δ − λ)−1. �

In this case it is possible to define the powers Az for z ∈ C through the spectral
decomposition of A.

Theorem 4.3.8 Let A : D(A) ⊂ H be a self-adjoint operator. There exists a unique
family of projections Eλ ∈ L(H), λ ∈ R, with the following properties:

(i) EλEµ = EµEλ = Eλ ≤ Eµ, for λ < µ,

(ii) limt→0+ Eλ+tx = Eλx, λ ∈ R, x ∈ H,

(iii) limλ→−∞Eλx = 0, limλ→+∞Eλx = x, x ∈ H,

such that

D(A) = {x ∈ H :
∫ +∞

−∞
λ2d‖Eλx‖2 <∞, Ax =

∫ +∞

−∞
µdEµx, x ∈ D(A).

The above integrals are meant as improper integrals of Stieltjes integrals (note that
λ 7→ ‖Eλx‖2 = 〈Eλx, x〉 is nonnegative and nondecreasing). The family {Eλ : λ ∈ R} is
called the spectral resolution or spectral decomposition of A. See e.g. [33, Ch. VIII, sect.
120–121].

If f : R 7→ C is continuous, the operator f(A) is defined by

D(f(A)) = {x ∈ H :
∫ +∞

−∞
|f(λ)|2d‖Eλx‖2 <∞},
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〈f(A)x, y〉 =
∫ +∞

−∞
µkd〈Eµx, y〉, x ∈ D(f(A)), y ∈ H.

It is possible to show (see [33, Ch. IX, sect. 126–128]) that for every λ ∈ ρ(A) we have

〈R(λ,A)x, y〉 =
∫ +∞

−infty

1
λ− µ

d〈Eµx, y〉, y ∈ H,

and that this definition agrees with the usual definition in the case where f is a power
with integer exponent, i.e.

D(Ak) = {x ∈ H :
∫ +∞

−∞
λ2kd‖Eλx‖2 <∞, k ∈ Z,

〈Akx, y〉 =
∫ +∞

−∞
µkd〈Eµx, y〉, k ∈ Z, x ∈ D(Ak), y ∈ H.

More generally, this definition agrees with the definition of the powers Az for any
z ∈ C.

Theorem 4.3.9 For every z ∈ C we have

D(Az) = {x ∈ H : ‖Azx‖2 =
∫ +∞

0
λ2Rezd‖Eλx‖2 <∞}, (4.35)

and

Azx =
∫ +∞

0
λzdEλx, x ∈ D(Az). (4.36)

Proof. Let Re z < 0. Then

Az =
1

2πi

∫
γr,θ

λzR(λ,A)dλ

1
2πi

∫
γr,θ

λz

∫ ∞

0

1
λ− µ

dEµ dλ =
∫ ∞

0

1
2πi

∫
γr,θ

λz

λ− µ
dλ dEµ

=
∫ ∞

0
µzdEµ,

and the statement holds for Re z < 0. If Re z ≥ 0 let n > Re z, n ∈ N. By definition,
x ∈ D(Az) if and only if

Az−nx =
∫ +∞

0
λz−ndEλx ∈ D(An).

For each y ∈ H, y ∈ D(An) iff
∫ +∞
0 µ2nd‖Eµy‖2 <∞. Therefore, x ∈ D(Az) iff∫ +∞

0
µ2nd‖EµA

z−nx‖2 =
∫ +∞

0
µ2nd‖Eµ

∫ ∞

0
λz−ndEλx‖2

∫ +∞

0
µ2nd‖

∫ µ

0
λz−nEλx‖2 =

∫ +∞

0
µ2Re zd‖Eµx‖2 <∞
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and in this case

〈Azx, y〉 =
∫ +∞

0
µndµ

∫ +∞

0
λz−nd〈Eλx,Eµy〉

=
∫ +∞

0
µndµ

∫ µ

0
λz−ndλ〈Eλx, y〉 =

∫ +∞

0
µzdµ〈Eµx, y〉.

�

The function Eλ is constant on each interval contained in the resolvent set of A. In
the case of a positive operator the spectrum of A is contained in (0,∞), so that all the
above integrals are in fact integrals over (0,∞).

It follows from the definition that if f is bounded, then f(A) is a bounded operator,
with norm not exceeding ‖f‖∞. If A satisfies (4.32), then σ(A) ⊂ [δ,+∞), so that defining
f(λ) = λit for λ ≥ δ and extending f to a continuous bounded function to the whole R,
we obtain that Ait is a bounded operator, and ‖Ait‖ ≤ 1, for every real t.

Example 4.3.10 Let Ω be a bounded open set with C2 boundary, and let H = L2(Ω),
A : D(A) = H2(Ω)∩H1

0 (Ω), Au = −∆u. It is well known that σ(A) consists of a sequence
of positive eigenvalues, each of them with finite dimensional eigenspace, and there exists
an orthonormal basis of H consisting of eigenfunctions of A. Denoting such a basis by
{en}n∈N and denoting by λn the eigenvalue with eigenfunction en, we have

Eλu =
∑

n: λn≤λ

〈u, en〉en.

For every α with positive real part, the domain of Aα consists of those u ∈ L2(Ω) such
that

∞∑
n=1

λ2Re α
n |un|2 <∞,

where un = 〈u, en〉, and

Aαu =
∞∑

n=1

λα
nunen, u ∈ D(Aα).

Moreover, {en/
√
λn : n ∈ N} is an orthonormal basis of H1

0 (Ω), with respect to the
scalar product 〈Du,Dv〉 =

∫
Ω u(x)v(x)dx (see e.g. [8, §IX.8]).

In the particular case Ω = (0, π) it is easy to see that

en(x) =
√

2/π sin(nx), λn = n2.

Therefore, u ∈ D(A) = H2(0, π)∩H1
0 (0, π) iff

∑∞
n=1 n

4|un|2 <∞, and Au =
∑∞

n=1 n
2unen.

Taking α = 1/2, we get u ∈ D(A1/2) iff
∑∞

n=1 n
2|un|2 < ∞, that is iff u ∈ H1

0 (0, π), and
A1/2u =

∑∞
n=1 nunen.

Let us come back to the general theory. If A satisfies (4.32), (4.35)-(4.36) could be
taken as a definition of Az, and all the properties of Az could be deduced, without invoking
any result of the previous sections. For instance, it follows immediately that for every
x ∈ D(Aα) the function z → Azx is holomorphic in the halfplane Re z < Re α, that
D(Az) depends only on Re z, and if Re z1 < Re z2 then D(Az1) ⊃ D(Az2).



96 Chapter 4

Most important, it is clear from (4.35) that for every t ∈ R, Ait is a bounded op-
erator, and ‖Ait‖ ≤ 1. Thanks to theorem 4.2.6, this implies that [D(Aα), D(Aβ)]θ =
D(A(1−θ)α+θβ) for 0 ≤ Re α < Re β. Moreover, these spaces coincide also with the real
interpolation spaces (D(Aα), D(Aβ))θ,2, as the next theorem 4.3.12 shows. For its proof
we need a lemma.

Lemma 4.3.11 Let L : D(L) ⊂ H be a self-adjoint positive operator. Then iL generates
a strongly continuous group of contractions eitL in H.

Proof. Let us prove that the resolvent set of iL contains R \ {0}.
Since L is self-adjoint, then 〈Lx, x〉 ∈ R for each x ∈ D(L), so that Re 〈iLx, x〉 = 0 for

each x ∈ D(L) = D(iL). This implies that for every λ > 0, λI − iL and −λI − iL are one
to one, and ‖(λI− iL)−1x‖ ≤ ‖x‖/λ, for each x ∈ (λI− iL)(H), ‖(λI+ iL)−1x‖ ≤ ‖x‖/λ,
for each x ∈ (λI + iL)(H). Indeed for λ > 0, x ∈ X, setting y = R(λ, iL)x we have

λ‖y‖2 ≤ Reλ‖y‖2 − Re 〈iLy, y〉 = Re 〈x, y〉 ≤ ‖x‖ ‖y‖

so that ‖y‖ = ‖R(λ, iL)x‖ ≤ ‖x‖/λ.
To prove that λI − iL and −λI − iL are onto it is enough to check that their ranges

are dense in H. Let y be orthogonal to the range of λI − iL, then 〈λx − iLx, y〉 = 0 for
each x ∈ D(L), so that

y ∈ D(λI − (iL)?), λy − (iL)?y = λy + iLy = 0,

so that y = 0. It follows that the range of λI − iL is dense in H. Similarly one shows that
the range of λI + iL is dense in H. Consequently, R \ {0} ⊂ ρ(iL) and ‖R(λ, iL)‖ ≤ 1/λ,
and this implies the statement. �

Theorem 4.3.12 Let α, β ∈ C with Re α ≥ 0, Re β ≥ 0. Then for every θ ∈ (0, 1)

[D(Aα), D(Aβ)]θ = (D(Aα), D(Aβ))θ,2 = D(A(1−θ)α+θβ).

Proof. It is sufficient to prove that for real β > 0

(H,D(Aβ))θ,2 = D(Aβθ)

and the general statement will follow by interpolation and reiteration.
Since Aβ is in its turn a positive self-adjoint operator, iAβ generates a strongly con-

tinuous group of operators
T (t) = eitA

β
, t ∈ R.

By proposition 3.2.1 (H,D(Aβ))θ,2 consists of the elements x such that t 7→ ψ(t) =
t−θ‖T (t)x− x‖ ∈ L2

∗(0,∞). We have

‖ψ‖2
L2
∗(0,∞) =

∫ ∞

0
t−2θ‖T (t)x− x‖2dt

t

=
∫ ∞

0
t−2θ

∫ ∞

0
|eitλβ − 1|2d‖Eλx‖2dt

t
=
∫ ∞

0

(∫ ∞

0

|eitλβ − 1|2

t2θ

dt

t

)
d‖Eλx‖2

=
∫ ∞

0

|eiτ − 1|2

τ2θ+1
dτ

∫ ∞

0
λ2θβd‖Eλx‖2 = C‖Aβx‖2,
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so that (H,D(Aβ))θ,2 = D(Aβθ), with equivalence of the norms. �

An important corollary about interpolation in Hilbert spaces follows.

Corollary 4.3.13 Let H1, H2 be Hilbert spaces, with H2 ⊂ H1, H2 dense in H1. Then
for every θ ∈ (0, 1),

[H1,H2]θ = (H1,H2)θ,2.

Proof. It is known (see e.g. [33, Ch. VIII, sect. 124]) that there exists a self-adjoint
positive operator A in H1 such that D(A) = H2. The statement is now a consequence of
theorem 4.3.12. �
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Chapter 5

Analytic semigroups and
interpolation

Throughout the chapter X is a complex Banach space, and A : D(A) ⊂ X 7→ X is a
sectorial operator, that is there are constants ω ∈ R, β ∈ (π/2, π), M > 0 such that

(i) ρ(A) ⊃ Sβ,ω = {λ ∈ C : λ 6= ω, |arg(λ− ω)| < β},

(ii) ‖R(λ,A)‖L(X) ≤
M

|λ− ω|
∀λ ∈ Sβ,ω.

(5.1)

(5.1) allows us to define a semigroup etA in X, by means of the Dunford integral

etA =
1

2πi

∫
ω+γr,η

etλR(λ,A)dλ, t > 0,

where r > 0, η ∈ (π/2, β), and γr,η is the curve {λ ∈ C : |argλ| = η, |λ| ≥ r} ∪
{λ ∈ C : |argλ| ≤ η, |λ| = r}, oriented counterclockwise. We also set e0A = I.

It is possible to show that the function t 7→ etA is analytic in (0,+∞) with values in
L(X) (in fact, with values in L(X,D(Am)) for every m), so that etA is called analytic
semigroup generated by A. One sees easily that for x ∈ X there exists limt→0 e

tAx if and
only if x ∈ D(A) (and in this case the limit is x). Therefore etA is strongly continuous
if and only if D(A) is dense in X. In any case etA ∈ L(X,D(Am)) for every t > 0 and
m ∈ N, and dm/dtmetA = AmetA for t > 0. Moreover there are constants Mk > 0 such
that 

(a) ‖etA‖L(X) ≤M0e
ωt, t > 0,

(b) ‖tk(A− ωI)ketA‖L(X) ≤Mke
ωt, t > 0.

(5.2)

Note that for every x ∈ X and 0 < s < t, the function σ 7→ eσAx is in C1([s, t];X) ∩
C([s, t];D(A)), so that

etAx− esAx =
∫ t

s
AeσAxdσ = A

∫ t

s
eσAxdσ.

The same is true also for s = 0, in the sense specified by the following lemma.

Lemma 5.0.14 For every x ∈ X and t ≥ 0, the integral
∫ t
0 e

sAxds belongs to D(A), and

A

∫ t

0
esAxds = etAx− x.

99
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If in addition the function s 7→ AesAx belongs to L1(0, t;X), then

etAx− x =
∫ t

0
AesAxds.

Other properties of sectorial operators and analytic semigroups may be found in [32,
Ch. 2].

5.1 Characterization of real interpolation spaces

Throughout the section we denote by M0, M1 two constants such that ‖etA‖L(X) ≤ M0,
‖tAetA‖L(X) ≤M1, for every t ∈ (0, 1].

Since A is sectorial, the operator A − ωI satisfies the assumptions of chapter 3, and
we may use the results of §3.1 to characterize the interpolation spaces (X,D(Am))θ,p.

Another characterization, which is very useful in abstract parabolic problems, was
found by Butzer and Berens (see e.g. [12]) for m = 1.

Proposition 5.1.1 For 0 < θ < 1, 1 ≤ p ≤ ∞ we have

(X,D(A))θ,p = {x ∈ X : ϕ(t) = t1−θ‖AetAx‖ ∈ Lp
∗(0, 1)},

and the norms ‖ · ‖(X,D(A))θ,p
and

x 7→ ‖x‖+ ‖ϕ‖Lp
∗(0,1)

are equivalent.

Proof. For every x ∈ (X,D(A))θ,p let a ∈ X, b ∈ D(A) be such that x = a+ b. Then

t1−θ‖AetAx‖ ≤ t1−θ‖AetAa‖+ t1−θ‖AetAb‖

≤ t−θM1‖a‖+ t1−θM0‖Ab‖ ≤ max{M0,M1}t−θ(‖a‖+ t‖b‖D(A))

so that
t1−θ‖AetAx‖ ≤ max{M0,M1}t−θK(t, x,X,D(A)),

which implies that ϕ ∈ Lp
∗(0, 1) with norm not exceeding {M0,M1}‖x‖(X,D(A))θ,p

max
{M0,M1}.

Conversely, if ϕ ∈ Lp
∗(0, 1) write x as

x = (x− etAx) + etAx = −
∫ t

0
AesAx ds+ etAx, 0 < t < 1.

Since t1−θ‖AetAx‖ ∈ Lp
∗(0, 1) the same is true for t1−θv(t), where v is the mean value

v(t) = t−1
∫ t
0 ‖Ae

sAx‖ds, thanks to corollary A.3.1, and

‖t 7→ t1−θv(t)‖Lp
∗(0,1) =

∥∥∥∥t 7→ t−θ

∫ t

0
‖AesAx‖ds

∥∥∥∥
Lp
∗(0,1)

≤ 1
θ
‖ϕ‖Lp

∗(0,1).

Moreover,
‖etAx‖D(A) = ‖etAx‖+ ‖AetAx‖ ≤M0‖x‖+ t−1+θϕ(t).
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Therefore

t−θK(t, x,X,D(A)) ≤ t−θ

∫ t

0
‖AesAx‖ds+ t1−θM0‖x‖+ ϕ(t),

so that t−θK(t, x,X,D(A)) ∈ Lp
∗(0, 1), with norm not exceeding C(‖x‖ + ‖ϕ‖Lp

∗(0,1)).
We recall that it belongs to Lp

∗(1,∞), with norm not exceeding C‖x‖. Therefore, x ∈
(X,D(A))θ,p, and the statement follows. �

Proposition 5.1.1 has the following generalization.

Proposition 5.1.2 For 0 < θ < 1, 1 ≤ p ≤ ∞ we have

(X,D(Am))θ,p = {x ∈ X : ϕm(t) = tm(1−θ)‖AmetAx‖ ∈ Lp
∗(0, 1)},

and the norms ‖ · ‖(X,D(Am))θ,p
and

x 7→ ‖x‖+ ‖ϕm‖Lp
∗(0,1)

are equivalent.

Proof. (Sketch) Let m = 2. The embedding ⊂ may be proved as in proposition 5.1.1,
splitting

tm(1−θ)AmetAx = tm(1−θ)AmetAa+ tm(1−θ)AmetAb

if x = a+ b. Also the idea of the proof of the other embedding is similar, but now instead
of the kernel AesAx we have to use sA2esAx: we have∫ t

0
sA2esAx ds =

∫ t

0
s
d

ds
AesAx ds

= −
∫ t

0
AesAx ds+ tAetAx = x− etAx+ tAetAx.

For every t ∈ (0, 1) we split x as

x =
∫ t

0
sA2esAx ds+ etAx− tAetAx.

Since t1−2θ‖tA2etAx‖ ∈ Lp
∗(0, 1) the same is true for t1−2θv(t), where v is the mean value

v(t) = t−1
∫ t
0 ‖sA

2esAx‖ds. Therefore

t 7→ g(t) = t−2θ

∫ t

0
‖sA2esAx‖ds ∈ Lp

∗(0, 1).

So,

t−2θK(t2, x,X,D(A2)) ≤ t−2θ

(∫ t

0
‖sA2esAx‖ds+ t2‖etAx− tAetAx‖D(A2)

)
≤ g(t) + t2−2θ((M0 +M1)‖x‖+ ‖A2etAx‖+ 2M1‖A2etA/2x‖)

and t−2θK(t2, x,X,D(A2)) ∈ Lp
∗(0, 1), with norm less than C(‖ϕ2‖Lp

∗(0,1) + ‖x‖). Then
t−θK(t, x,X,D(A2)) ∈ Lp

∗(0, 1), again with norm less than C ′(‖ϕ2‖Lp
∗(0,1) + ‖x‖), and the

statement follows for m = 2.
If m is arbitrary the procedure is similar, with the kernel sm−1AmesAx replacing

sA2esAx. �

In the case where θm is not integer, proposition 5.1.2 may be deduced from proposition
3.1.8 and proposition 5.1.1.
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5.2 Generation of analytic semigroups by interpolation

In this section we shall use interpolation to check that certain operators are sectorial in
suitable functional spaces.

Theorem 5.2.1 Let Y be any interpolation space between X and D(A). Then the part
of A in Y , that is the operator

AY : D(AY ) 7→ Y, D(AY ) = {y ∈ D(A) : Ay ∈ Y }, AY y = Ay

is sectorial in Y .
In particular, for every θ ∈ (0, 1), 1 ≤ p ≤ ∞. the parts of A in DA(θ, p), in DA(θ),

and in [X,D(A)]θ are sectorial operators. Similarly, for every k ∈ N the part of A in
DA(θ + k, p) is sectorial in DA(θ + k, p).

Proof. Let λ ∈ Sβ,ω. Since R(λ,A) commutes with A on D(A), then ‖R(λ,A)‖L(D(A)) ≤
M/|λ−ω|. By interpolation it follows that R(λ,A) ∈ L(Y ) and ‖R(λ,A)‖L(Y ) ≤M/|λ−ω|,
and the statement follows. �

In the next theorem we use the Stein interpolation theorem to prove generation of
analytic semigroups in Lp spaces.

Theorem 5.2.2 Let (Ω, µ) be a σ-finite measure space, and let T (t) : L2(Ω) + L∞(Ω) →
L2(Ω) + L∞(Ω) be a semigroup such that its restriction to L2(Ω) is a bounded analytic
semigroup in L2(Ω) and its restriction to L∞(Ω) is a bounded semigroup in L∞(Ω). Then
the restriction of T (t) to Lp(Ω) is a bounded analytic semigroup in Lp(Ω), for every p ∈
(2,∞).

Proof. Let θ0 ∈ (0, π/2) and M > 0 be such that T (t) has an analytic extension to the
sector Σ2 = {z ∈ C : z 6= 0, |arg z| < θ0}, and ‖T (z)‖L(L2) ≤ M for every z ∈ Σ2,
‖T (t)‖L(L∞) ≤M for every t > 0.

Let S be the strip {z ∈ C : Re z ∈ [0, 1]}. For every r > 0 and θ ∈ (−θ0, θ0) define a
function h : S 7→ Σ2 by

h(z) = reiθ(1−z), z ∈ S,

and define a family of operators Θz ∈ L(L2) by

Θz = T (h(z)), z ∈ S.

Then z 7→ Θz is continuous and bounded in S, holomorphic in the interior of S, with
values in L(L2). Consequently, if a is a simple function on Ω and b is a simple function
on Λ, the function

z 7→
∫

Λ
(Θza)(x)b(x)ν(dx)

is continuous and bounded in S, holomorphic in the interior of S. If Re z = 1, h(z) =
reθ Im z is a positive real number, so that Θz ∈ L(L∞). Moreover

sup
t∈R

‖Θit‖L(L2) ≤M, sup
t∈R

‖Θ1+it‖L(L∞) ≤M.

By the Stein interpolation theorem 2.1.15, applied with p0 = q0 = 2, p1 = q1 = +∞,
for every s ∈ (0, 1) the operator Θs has an extension in L(Lp) with p = 2/(1 − s), and
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‖Θs‖L(Lp) ≤M . Note that since s runs in (0, 1), then p runs in (2,∞). Θs is nothing but
T (reiθ(1−s)). Since r and θ are arbitrary, for every z 6= 0 with |arg z| < θ0(1− s) = 2θ0/p
T (z) ∈ L(Lp), with norm less or equal to M .

Let us show that z 7→ T (z) is holomorphic in the sector Σp = {z 6= 0 : |arg z| < 2θ0/p}
with values in L(Lp) (for the moment we know only that it is bounded).

Let f ∈ Lp, g ∈ Lp′ , and let fn ∈ Lp ∩ L2, gn ∈ Lp′ ∩ L2, be such that fn → f in Lp,
gn → g in Lp′ . Then the functions z 7→ 〈T (z)fn, gn〉 are holomorphic in Σ2 ⊃ Σp, and
converge to 〈T (z)f, g〉 uniformly in Σp because ‖T (z)‖L(Lp) is bounded in Σp. Therefore
z 7→ 〈T (z)f, g〉 is holomorphic in Σp. This implies that z 7→ T (z) is holomorphic with
values in L(Lp). �

Theorem 5.2.2 may be easily generalized as follows: if a semigroup T (t) is analytic in
Lp0 and bounded in Lp1 then it is analytic in Lp for every p in the interval with endpoints
p0 and p1. But the most common situation is p0 = 2, p1 = ∞. For instance, if

Au =
n∑

i,j=1

Di(aij(x)Dju)(x), x ∈ Rn,

where the coefficients aij are in H1
loc(Rn) and

n∑
i,j=1

aij(x)ξiξj ≥ 0, x, ξ ∈ Rn,

then the realization of A in L2(Rn) generates an analytic bounded semigroup in L2(Rn),
whose restriction to L∞(Rn) is a bounded semigroup in L∞(Rn). The proof may be found
in the book of Davies [17, Ex. 3.2.11].

5.3 Regularity in abstract parabolic equations

Throughout the section we fix T > 0 and we set

Mk = sup
0<t≤T+1

‖tkAketA‖L(X), k ∈ N ∪ {0}, (5.3)

and, for α ∈ (0, 1),

Mk,α = sup
0<t≤T+1

‖tk−αAketA‖L(DA(α,∞),X), k ∈ N. (5.4)

Let f : [0, T ] 7→ X, and u0 ∈ X. Cauchy problems of the type
u′(t) = Au(t) + f(t), 0 < t < T,

u(0) = u0

(5.5)

are called abstract parabolic problems, since the most known examples of sectorial oper-
ators are the realizations of elliptic differential operators in the usual functional Banach
spaces (Lp spaces, spaces of continuous or Hölder continuous functions in Rn or in open
sets of Rn, etc.).

In this section we will see some optimal regularity results for (5.5) involving the inter-
polation spaces DA(θ, p). To begin with, we need some notation and general results about
abstract parabolic problems.
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Definition 5.3.1 Let T > 0, let f : [0, T ] 7→ X be a continuous function, and let u0 ∈ X.
Then:

(i) A function u ∈ C1([0, T ];X)∩C([0, T ];D(A)) is said to be a strict solution of (5.5)
in the interval [0, T ] if u′(t) = Au(t) + f(t) for each t ∈ [0, T ], and u(0) = u0.

(ii) A function u ∈ C1((0, T ];X)∩C((0, T ];D(A))∩C([0, T ];X) is said to be a classical
solution of (5.5) in the interval [0, T ] if u′(t) = Au(t) + f(t) for each t ∈ (0, T ], and
u(0) = u0.

From definition 5.3.1 it follows easily that if problem (5.5) has a strict solution then

u0 ∈ D(A), Au0 + f(0) ∈ D(A), (5.6)

and if problem (5.5) has a classical solution, then

u0 ∈ D(A). (5.7)

Moreover, any strict solution is also classical.

Proposition 5.3.2 Let f ∈ C([0, T ], X), and let u0 ∈ D(A). If u is a classical solution
of (5.5), then it is given by the variation of constants formula

u(t) = etAu0 +
∫ t

0
e(t−s)Af(s)ds, 0 ≤ t ≤ T. (5.8)

Proof. Let u be a classical solution of (5.5) in [0, T ], and let t ∈ (0, T ]. Since u ∈
C1((0, T ];X) ∩ C([0, T ];X) ∩ C((0, T ];D(A)), then u(t) belongs to D(A) for 0 ≤ t ≤ T ,
the function

v(s) = e(t−s)Au(s), 0 ≤ s ≤ t,

belongs to C([0, t];X) ∩ C1((0, t), X), and

v(0) = etAu0, v(t) = u(t),

v′(s) = −Ae(t−s)Au(s) + e(t−s)Au′(s) = e(t−s)Af(s), 0 < s < t.

Then, for 0 < 2ε < t,

v(t− ε)− v(ε) =
∫ t−ε

ε
e(t−s)Af(s)ds,

so that letting ε→ 0 we get

v(t)− v(0) =
∫ t

0
e(t−s)Af(s)ds,

and the statement follows. �

Proposition 5.3.2 implies that the classical solution of (5.5) is unique. Therefore the
strict solution is unique. Unfortunately, in general the function defined by (5.8) is not a
classical or a strict solution of (5.5). It is called mild solution of (5.5). The first term
t 7→ etAu0 is OK: it is a classical solution of w′ = Aw, w(0) = u0 if u0 ∈ D(A), it is a
strict solution if u0 ∈ D(A), Au0 ∈ D(A). The difficulties come from the second term,

v(t) =
∫ t

0
e(t−s)Af(s)ds, 0 ≤ t ≤ T.

Its regularity properties are stated in the next proposition.
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Proposition 5.3.3 Let f ∈ L∞(0, T ;X). Then, for every α ∈ (0, 1), v ∈ Cα([0, T ]; X)
∩ C([0, T ];DA(α, 1)). More precisely, it belongs to C1−α([0, T ]; DA(α, 1)), and there is C
independent of f such that

‖v‖C1−α([0,T ];DA(α,1)) ≤ C‖f‖L∞(0,T ;X). (5.9)

Proof. Due to estimate (5.3), with k = 0, v satisfies

‖v(t)‖ ≤M0

∫ t

0
‖f(s)‖ds ≤M0T‖f‖∞, 0 ≤ t ≤ T. (5.10)

Since ‖etA‖L(X) and ‖tetA‖L(X,D(A)) are bounded in (0, T ], by interpolation there is K0,α >

0 such that ‖etA‖L(X,DA(α,1)) ≤ K0,αt
−α for 0 < t ≤ T . Similarly, since ‖tAetA‖L(X) and

‖t2AetA‖L(X,D(A)) are bounded in (0, T ], by interpolation there is K1,α > 0 such that
‖AetA‖L(X,DA(α,1)) ≤ K1,αt

−α−1 for 0 < t ≤ T .
Therefore, s 7→ ‖e(t−s)A‖L(X,DA(α,1)) belongs to L1(0, t) for every t ∈ (0, T ]. Then v(t)

belongs to DA(α, 1) for every α ∈ (0, 1), and

‖v(t)‖DA(α,1) ≤ K0,α(1− α)−1T 1−α‖f‖L∞(0,T ;X), (5.11)

Moreover, for 0 ≤ s ≤ t ≤ T ,

v(t)− v(s) =
∫ s

0

(
e(t−σ)A − e(s−σ)A

)
f(σ)dσ +

∫ t

s
e(t−σ)Af(σ)dσ

=
∫ s

0
dσ

∫ t−σ

s−σ
AeτAf(σ)dτ +

∫ t

s
e(t−σ)Af(σ)dσ,

which implies

‖v(t)− v(s)‖DA(α,1) ≤ K1,α

∫ s

0
dσ

∫ t−σ

s−σ
τ−1−αdτ ‖f‖∞

+K0,α

∫ t

s
(t− σ)−αdσ ‖f‖∞ ≤

(
K1,α

α(1− α)
+
K0,α

1− α

)
(t− s)1−α ‖f‖∞,

(5.12)

so that v is (1−α)-Hölder continuous with values in DA(α, 1). Estimate (5.9) follows now
from (5.11) and (5.12). �

The estimates for v(t) blow up as α→ 1. In fact it is possible to show that in general
v is not Lipschitz continuous with values in X, nor bounded with values in D(A).

Next lemma is useful because it cuts half of the job in showing that a mild solution is
classical or strict.

Lemma 5.3.4 Let f ∈ C([0, T ];X), let u0 ∈ D(A), and let u be the mild solution of (5.5).
The following conditions are equivalent.

(a) u ∈ C((0, T ];D(A)),

(b) u ∈ C1((0, T ];X),
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(c) u is a classical solution of (5.5).

Moreover the following conditions are equivalent.

(a′) u ∈ C([0, T ];D(A)),

(b′) u ∈ C1([0, T ];X),

(c′) u is a strict solution of (5.5).

Proof. Of course, (c) is stronger than (a) and (b). Let us show that if either (a) or
(b) holds, then u is a classical solution. Since u0 ∈ D(A), then t 7→ etAu0 belongs to
C([0, T ];X). We know already that u belongs to C([0, T ];X). Moreover the integral∫ t
0 u(s)ds belongs to D(A), and

u(t) = u0 +A

∫ t

0
u(s)ds+

∫ t

0
f(s)ds, 0 ≤ t ≤ T. (5.13)

Indeed, for every t ∈ [0, T ] we have∫ t

0
u(s)ds =

∫ t

0
esAu0ds+

∫ t

0
ds

∫ s

0
e(s−σ)Af(σ)dσ

=
∫ t

0
esAu0ds+

∫ t

0
dσ

∫ t

σ
e(s−σ)Af(σ)ds.

By lemma 5.0.14, the integral
∫ t
σ e

(s−σ)Af(σ)ds =
∫ t−σ
0 eτAf(σ)dτ is in D(A), and

A

∫ t

σ
e(s−σ)Af(σ)ds = (e(t−σ)A − I)f(σ) ∈ L1(0, t).

Therefore the integral
∫ t
0 u(s)ds belongs to D(A), and

A

∫ t

0
u(s)ds = etAu0 − u0 +

∫ t

0
(e(t−σ)A − 1)f(σ)dσ, 0 ≤ t ≤ T,

so that (5.13) holds.
From (5.13) we infer that for every t, h such that t, t+ h ∈ (0, T ],

u(t+ h)− u(t)
h

=
1
h
A

∫ t+h

t
u(s)ds+

1
h

∫ t+h

t
f(s)ds. (5.14)

Since f is continuous at t, then

lim
h→0

1
h

∫ t+h

t
f(s)ds = f(t). (5.15)

Let (a) hold. Then Au is continuous at t, so that

lim
h→0

1
h
A

∫ t+h

t
u(s)ds = lim

h→0

1
h

∫ t+h

t
Au(s)ds = Au(t).
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By (5.14) and (5.15) we get now that u is differentiable at the point t, with u′(t) =
Au(t)+ f(t). Since both Au and f are continuous in (0, T ], then u′ too is continuous, and
u is a classical solution.

Let now (b) hold. Since u is continuous at t, then

lim
h→0

1
h

∫ t+h

t
u(s)ds = u(t).

On the other hand, by (5.14) and (5.15), there exists the limit

lim
h→0

A

(
1
h

∫ t+h

t
u(s)ds

)
= u′(t)− f(t).

Since A is a closed operator, then u(t) belongs to D(A), and Au(t) = u′(t) − f(t). Since
both u′ and f are continuous in (0, T ], then also Au is continuous in (0, T ], so that u is a
classical solution.

The equivalence of (a′), (b′), (c′) may be proved in the same way. �

Now we are ready to prove regularity results for (5.5).
Let u be the mild solution of (5.5), and set u = u1 + u2, where

u1(t) =
∫ t

0
e(t−s)A(f(s)− f(t))ds, 0 ≤ t ≤ T,

u2(t) = etAu0 +
∫ t

0
e(t−s)Af(t)ds, 0 ≤ t ≤ T.

(5.16)

Theorem 5.3.5 Let 0 < α < 1, f ∈ Cα([0, T ], X), u0 ∈ X. Then the mild solution u of
(5.5) belongs to Cα([ε, T ], D(A)) ∩ C1+α([ε, T ], X) for every ε ∈ (0, T ), and

(i) if u0 ∈ D(A), then u is a classical solution of (5.5);

(ii) if u0 ∈ D(A) and Au0 + f(0) ∈ D(A), then u is a strict solution of (5.5), and there
is C such that

‖u‖C1([0,T ],X) + ‖u‖C([0,T ],D(A)) ≤ C(‖f‖Cα([0,T ],X) + ‖u0‖D(A)); (5.17)

(iii) if u0 ∈ D(A) and Au0 + f(0) ∈ DA(α,∞), then u′ and Au belong to Cα([0, T ], X),
u′ belongs to B([0, T ];DA(α,∞)), and there is C such that

‖u‖C1+α([0,T ],X) + ‖Au‖Cα([0,T ],X) + ‖u′‖B([0,T ],DA(α,∞))

≤ C(‖f‖Cα([0,T ],X) + ‖u0‖D(A) + ‖Au0 + f(0)‖DA(α,∞)).
(5.18)

Proof. Thanks to lemma 5.3.4, to prove statements (i) and (ii) it is sufficient to show
that u belongs to C((0, T ];D(A)) in the case where u0 ∈ D(A), and to C([0, T ];D(A)) in
the case where u0 ∈ D(A) and Au0 + f(0) ∈ D(A). We know already by proposition 5.3.3
that u ∈ Cα([ε, T ];X) for every ε ∈ (0, T ), and that u ∈ C([0, T ];X) if u0 ∈ D(A). So we
have to study Au.
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Let u1 and u2 be defined by (5.16). Then u1(t) ∈ D(A) for t ≥ 0, u2(t) ∈ D(A) for
t > 0, and 

(i) Au1(t) =
∫ t

0
Ae(t−s)A(f(s)− f(t))ds, 0 ≤ t ≤ T,

(ii) Au2(t) = AetAu0 + (etA − 1)f(t), 0 < t ≤ T.

(5.19)

If u0 ∈ D(A), then (5.19)(ii) holds also for t = 0.
Let us show that Au1 is Hölder continuous in [0, T ]. For 0 ≤ s ≤ t ≤ T

Au1(t)−Au1(s) =
∫ s

0
A
(
e(t−σ)A − e(s−σ)A

)
(f(σ)− f(s))dσ

+(etA − e(t−s)A)(f(s)− f(t)) +
∫ t

s
Ae(t−σ)A(f(σ)− f(t))dσ,

(5.20)

so that, since A(e(t−σ)A − e(s−σ)A) =
∫ t−σ
s−σ A

2eτAdτ ,

‖Au1(t)−Au1(s)‖ ≤M2

∫ s

0
(s− σ)α

∫ t−σ

s−σ
τ−2dτ dσ [f ]Cα

+2M0(t− s)α[f ]Cα +M1

∫ t

s
(t− σ)α−1dσ [f ]Cα

≤M2

∫ s

0
dσ

∫ t−σ

s−σ
τα−2dτ [f ]Cα + (2M0 +M1α

−1)(t− s)α[f ]Cα

≤
(

M2

α(1− α)
+ 2M0 +

M1

α

)
(t− s)α[f ]Cα .

(5.21)

Therefore, Au1 is α-Hölder continuous in [0, T ]. Moreover, Au2 is obviously α-Hölder
continuous in [ε, T ]: hence, if u0 ∈ D(A), then u ∈ C([0, T ], X) and Au ∈ C((0, T ];X), so
that, by Lemma 5.3.4, u is a classical solution of (5.5), and statement (i) is proved.

If u0 ∈ D(A) we have

Au2(t) = etA(Au0 + f(0)) + etA(f(t)− f(0))− f(t), 0 ≤ t ≤ T, (5.22)

so that if Au0 + f(0) ∈ D(A) then Au2 is continuous also at t = 0, and statement (ii)
follows.

In the case where Ax+ f(0) ∈ DA(α,∞), from (5.22) we get, for 0 ≤ s ≤ t ≤ T ,

‖Au2(t)−Au2(s)‖ ≤ ‖(etA − esA)(Au0 + f(0))‖

+‖(etA − esA)(f(s)− f(0))‖+ ‖(etA − 1)(f(t)− f(s))‖

≤
∫ t

s
‖AeσA‖L(DA(α,∞),X)dσ ‖Au0 + f(0)‖DA(α,∞)

+sα

∥∥∥∥A∫ t

s
eσAdσ

∥∥∥∥
L(X)

[f ]Cα + (M0 + 1)(t− s)α[f ]Cα

≤ M1,α

α
‖Au0 + f(0)‖DA(α,∞)(t− s)α +

(
M1

α
+M0 + 1

)
(t− s)α[f ]Cα ,

(5.23)
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so that also Au2 is Hölder continuous, and the estimate

‖u‖C1+α([0,T ];X) + ‖Au‖Cα([0,T ];X)

≤ C(‖f‖Cα([0,T ],X) + ‖u0‖D(A) + ‖Au0 + f(0)‖DA(α,∞))

follows easily.
Let us estimate ‖u′(t)‖DA(α,∞). For 0 ≤ t ≤ T we have, by (5.19),

u′(t) =
∫ t

0
Ae(t−s)A(f(s)− f(t))ds+ etA(Au0 + f(0)) + etA(f(t)− f(0)),

so that for 0 < ξ ≤ 1

‖ξ1−αAeξAu′(t)‖ ≤
∥∥∥∥ξ1−α

∫ t

0
A2e(t+ξ−s)A(f(s)− f(t))ds

∥∥∥∥
+‖ξ1−αAe(t+ξ)A(Au0 + f(0))‖+ ‖ξ1−αAe(t+ξ)A(f(t)− f(0))‖

≤M2ξ
1−α

∫ t

0
(t− s)α(t+ ξ − s)−2ds [f ]Cα

+M0[Au0 + f(0)]DA(α,∞) +M1ξ
1−α(t+ ξ)−1tα [f ]Cα

≤M2

∫ ∞

0
σα(σ + 1)−2dσ [f ]Cα +M0[Au0 + f(0)]DA(α,∞) +M1[f ]Cα .

(5.24)

Therefore, ‖u′(t)‖DA(α,∞) is bounded in [0, T ], and the proof is complete. �

Theorem 5.3.6 Let 0 < α < 1, u0 ∈ X, f ∈ C([0, T ];X) ∩ B([0, T ]; DA(α,∞)), and
let u be the mild solution of (5.5). Then u ∈ C1((0, T ];X) ∩ C((0, T ];D(A)), and u ∈
B([ε, T ];DA(α+ 1,∞)) for every ε ∈ (0, T ). Moreover, the following statements hold.

(i) if u0 ∈ D(A), then u is a classical solution;

(ii) if u0 ∈ D(A), Au0 ∈ D(A), then u is a strict solution;

(iii) if u0 ∈ DA(α+ 1,∞), then u′ and Au belong to C([0, T ];X) ∩ B([0, T ]; DA(α,∞)),
Au belongs to Cα([0, T ];X), and there is C such that

‖u′‖B([0,T ];DA(α,∞)) + ‖Au‖B([0,T ];DA(α,∞)) + ‖Au‖Cα([0,T ];X)

≤ C(‖f‖B([0,T ];DA(α,∞)) + ‖u0‖DA(α+1,∞)).
(5.25)

Proof. Let us consider the function v. We are going to show that it is the strict solution
of

v′(t) = Av(t) + f(t), 0 < t ≤ T, v(0) = 0, (5.26)
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and moreover v′ and Av belong to B([0, T ];DA(α,∞)), Av ∈ Cα([0, T ];X), and there is
C such that

‖v′‖B([0,T ];DA(α,∞)) + ‖Av‖B([0,T ];DA(α,∞)) + ‖Av‖Cα([0,T ];X)

≤ C‖f‖B([0,T ];DA(α,∞)).
(5.27)

For 0 ≤ t ≤ T , v(t) belongs to D(A), and

‖Av(t)‖ ≤M1,α

∫ t

0
(t− s)α−1ds ‖f‖B(DA(α,∞)) =

TαM1,α

α
‖f‖B(DA(α,∞)). (5.28)

Moreover, for 0 < ξ ≤ 1,

‖ξ1−αAeξAAv(t)‖ = ξ1−α

∥∥∥∥∫ t

0
A2e(t+ξ−s)Af(s)ds

∥∥∥∥
≤M2,αξ

1−α

∫ t

0
(t+ ξ − s)α−2ds‖f‖B([0,T ];DA(α,∞)) ≤

M2,α

1− α
‖f‖B([0,T ];DA(α,∞)),

(5.29)

so that Av is bounded with values in DA(α,∞). Let us show that Av is Hölder continuous
with values in X: for 0 ≤ s ≤ t ≤ T we have

‖Av(t)−Av(s)‖ ≤
∥∥∥∥A∫ s

0

(
e(t−σ)A − e(s−σ)A

)
f(σ)dσ

∥∥∥∥
+
∥∥∥∥A∫ t

s
e(t−σ)Af(σ)dσ

∥∥∥∥ ≤M2,α

∫ s

0
dσ

∫ t−σ

s−σ
τα−2dτ ‖f‖B([0,T ];DA(α,∞))

+M1,α

∫ t

s
(t− σ)α−1dσ ‖f‖B([0,T ];DA(α,∞))

≤
(

M2,α

α(1− α)
+
M1,α

α

)
(t− s)α‖f‖B([0,T ];DA(α,∞)),

(5.30)

so that Av is α-Hölder continuous in [0, T ]. Estimate (5.27) follows now from (5.28),
(5.29), (5.30). Moreover, thanks to Lemma 5.3.4, v is a strict solution of (5.26).

Let us consider now the function t 7→ etAu0.
If u0 ∈ D(A), t 7→ etAu0 is the classical solution of w′ = Aw, t > 0, w(0) = u0.

If u0 ∈ D(A) and Au0 ∈ D(A) it is a strict solution. If x ∈ DA(α + 1,∞), it is a strict
solution, moreover it belongs to B([0, T ];DA(α+1,∞)) ∩ Cα([0, T ];D(A)). Summing up,
the statement follows. �

5.4 Applications to regularity in parabolic PDE’s

Consider the problem
ut(t, x) = ∆u(t, x) + f(t, x), 0 ≤ t ≤ T, x ∈ Rn,

u(0, x) = u0(x), x ∈ Rn,
(5.31)
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where f and u0 are continuous and bounded functions. We read it as an abstract Cauchy
problem of the type (5.5) in the space X = C(Rn) with the sup norm, setting u(t) = u(t, ·)
and f(t) = f(t, ·). A is the realization of the Laplace operator ∆ in X. It is the generator
of the Gauss-Weierstrass analytic semigroup defined by (3.6). Note that the domain of A,

D(A) = {ϕ ∈ C(Rn) : ∆ϕ (in the sense of distributions) ∈ C(Rn)}

= {ϕ ∈ C(Rn) ∩W 2,p
loc (Rn)∀p ≥ 1 : ∆ϕ ∈ C(Rn)}

contains properly C2(Rn). However, we already know that for 0 < θ < 1, θ 6= 1/2

DA(θ,∞) = C2θ(Rn), DA(θ + 1,∞) = C2θ+2(Rn).

For every f : [0, T ] × Rn 7→ C set f̃(t) = f(t, ·), 0 ≤ t ≤ T . The following statements
are easy to be checked.

(i) f̃ : [0, T ] 7→ X is continuous iff f is continuous, bounded, and for every t0 ∈ [0, T ]
limt→t0 supx∈Rn |f(t, x)− f(t0, x)| = 0;

(ii) if 0 < α < 1, then f̃ ∈ Cα([0, T ];X) if and only if f is continuous and bounded, and
moreover sups 6=t, x∈Rn |f(t, x)− f(s, x)|/|t− s|α <∞;

(iii) if 0 < α < 1, α 6= 1/2, f̃ ∈ B([0, T ];DA(α,∞)) iff f(t, ·) ∈ C2α(Rn) for every t, and
sup0≤t≤T ‖f(t, ·)‖C2α(Rn) <∞.

So, we may apply theorems 5.3.5 and 5.3.6. Theorem 5.3.5 gives

Theorem 5.4.1 Let 0 < α < 1, α 6= 1/2, and let f : [0, T ] × Rn 7→ C be continuous,
bounded, such that f(·, x) ∈ Cα([0, T ]) for each x ∈ Rn and supx∈Rn ‖f(·, x)‖Cα([0,T ]) <∞.
Let u0 ∈ D(A) be such that ∆u0 + f(0, ·) ∈ C2α(Rn). Then problem (5.31) has a unique
solution u such that u, ut, ∆u are continuous, bounded, and supx∈Rn ‖ut(·, x)‖Cα([0,T ]) <
∞, supx∈Rn ‖∆u(·, x)‖Cα([0,T ]) <∞, supt∈[0,T ]∈Rn ‖ut(t, ·)‖C2α(Rn) <∞.

Applying theorem 5.3.6 gives

Theorem 5.4.2 Let 0 < α < 1, α 6= 1/2, and let f : [0, T ] × Rn 7→ C be uniformly
continuous, bounded, and such that supt∈[0,T ] ‖f(t, ·)‖C2α(Rn) < ∞. Let u0 ∈ C2α+2(Rn).
Then problem (5.31) has a unique solution u such that u, ut, ∆u are uniformly con-
tinuous, bounded, and supt∈[0,T ] ‖ut(t, ·)‖C2α(Rn) < ∞, supt∈[0,T ] ‖Diju(t, ·)‖C2α(Rn) < ∞,
supx∈Rn ‖∆u(·, x)‖Cα([0,T ]) <∞.

Putting together theorems 5.3.5 and 5.3.6 we get the Ladyzhenskaja–Solonnikov–
Ural’ceva theorem (see [29] for a completely different proof). For simplicity we consider
only the case 0 < α < 1/2. It is convenient to adopt the usual notation: we denote by
Cα,2α([0, T ]× Rn) the space of the bounded functions f such that

sup
t6=s, x6=y

|f(t, x)− f(s, y)|
|t− s|α + |x− y|2α

<∞,

and we denote by C1+α,2+2α([0, T ] × Rn) the space of the bounded functions f with
bounded ft, Dijf , such that ft, Dijf are in Cα,2α([0, T ] × Rn). It is possible to see that
this implies that the space derivatives Dif are (1/2 + α)-Hölder continuous with respect
to t, with Hölder constant independent of x.
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Theorem 5.4.3 (Ladyzhenskaja–Solonnikov–Ural’ceva) Let 0 < α < 1/2 and let f ∈
Cα,2α([0, T ] × Rn), u0 ∈ C2α+2(Rn). Then problem (5.31) has a unique solution u ∈
C1+α,2+2α([0, T ]× Rn).

Proof. Almost all follows from patching together the results of the above two theorems.
It remains to show that the space derivatives Diju are time α-Hölder continuous. To
this aim we use the fact that C2(Rn) belongs to the class J1−α between C2α(Rn) and
C2+2α(Rn) (see the exercises of chapter 1). Moreover, since ‖ut(t, ·)‖C2α(Rn) is bounded
in [0, T ], then t 7→ u(t, ·) is Lipschitz continuous with values in C2α(Rn), with Lipschitz
constant sup0≤σ≤T ‖ut(σ, ·)‖C2α . So, for 0 ≤ s ≤ t ≤ T we have

‖u(t, ·)− u(s, ·)‖C2 ≤ C‖u(t, ·)− u(s, ·)‖α
C2α‖u(t, ·)− u(s, ·)‖1−α

C2+2α

≤ C((t− s) sup0≤σ≤T ‖ut(σ, ·)‖C2α)α(2 supσ∈[0,T ] ‖u(σ, ·)‖C2+2α)1−α

≤ C ′(t− s)α

and the statement follows. �

This procedure works also if the Laplacian is replaced by any uniformly elliptic operator
with regular and bounded coefficients. Indeed it is known that the realization A of such an
operator in C(Rn) is sectorial, and that DA(α,∞) = C2α(Rn), DA(α+1,∞) = C2α+2(Rn)
for α 6= 1/2. But the proofs of this properties are not trivial; they rely on the Stewart’s
theorem [35] which, in its turn, is based on the Agmon–Douglis–Nirenberg theorem [3].
See [32, Ch. 3].
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The Bochner integral

A.1 Integrals over measurable real sets

We recall here the few elements of Bochner integral theory that are used in these notes.
Extended treatments, with proofs, may be found in the books [7], [37].

X is any real or complex Banach space. We consider the usual Lebesgue measure in
R, and we denote by M the σ-algebra consisting of all Lebesgue measurable subsets of R.
If A ⊂ R, χA denotes the characteristic function of the set A.

Definition A.1.1 A function f : R 7→ X is said to be simple if there are n ∈ N, x1, .., xn ∈
X, A1, .., An ∈M, with measAi <∞ and Ai ∩Aj = ∅ for i 6= j, such that

f =
n∑

i=1

xiχAi
.

If I ∈M, a function f : I 7→ X is said to be Bochner measurable if there is a sequence of
simple functions {fn} such that

lim
n→∞

fn(t) = f(t) for almost all t ∈ I.

It is easy to see that every continuous function is measurable.
If f =

∑n
i=1 xiχAi

is a simple function we set∫
R
f(t)dt =

n∑
i=1

xi measAi. (A.1)

Definition A.1.2 Let f : R 7→ X. f is said to be Bochner integrable if there is a sequence
of simple functions {fn} converging to f almost everywhere, such that

lim
n→∞

∫
R
‖fn(t)− f(t)‖dt = 0.

Then n 7→
∫

R fn(t)dt is a Cauchy sequence in X. We set∫
R
f(t)dt = lim

n→∞

∫
R
fn(t)dt. (A.2)
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Arguing as in the case X = R, one sees that
∫

R f(t)dt is independent of the choice of the
sequence {fn}. If f is defined on a measurable set, the above definition can be extended
as follows.

Definition A.1.3 If I ∈ M and f : I 7→ X, f is said to be integrable over I if the
extension f̃ defined by

f̃(t)
{

= f(t), if t ∈ I
= 0, if t /∈ I

is integrable. In this case we set ∫
I
f(t)dt =

∫
R
f̃(t)dt. (A.3)

If I = (a, b), with −∞ ≤ a ≤ b ≤ +∞, we set as usual∫
(a,b)

f(t)dt =
∫ b

a
f(t)dt;

∫ a

b
f(t)dt = −

∫ b

a
f(t)dt

A simple criterion for establishing whether a function is integrable is stated in the
following proposition.

Proposition A.1.4 Let I ∈M, and let f : I 7→ X. Then f is integrable if and only if f
is measurable and t 7→ ‖f(t)‖ is Lebesgue integrable on I. Moreover,∥∥∥∥∫

I
f(t)dt

∥∥∥∥ ≤ ∫
I
‖f(t)‖dt. (A.4)

From the definition it follows easily that if Y is another Banach space and A ∈ L(X,Y ),
then for every integrable f : I 7→ X the function Af : I 7→ Y is integrable, and∫

I
Af(t)dt = A

∫
I
f(t)dt.

In particular, if ϕ ∈ X ′ then for every integrable f : I 7→ X the function t 7→ 〈f(t), ϕ〉 is
integrable, and

〈
∫

I
f(t)dt, ϕ〉 =

∫
I
〈f(t), ϕ〉dt.

It follows that for every couple of integrable functions f, g it holds∫
I
(λf(t) + µg(t))dt = λ

∫
I
f(t) + µ

∫
I
g(t)dt, ∀ λ, µ ∈ C,

Another important commutativity property is the following one.

Proposition A.1.5 Let X, Y be Banach spaces, and let A : D(A) ⊂ X 7→ Y be a closed
operator. Let I ∈ M, let f : I 7→ X be an integrable function such that f(t) ∈ D(A) for
almost all t ∈ I, and Af : I 7→ Y is integrable. Then the integral

∫
I f(t)dt belongs to

D(A), and

A

∫
I
f(t)dy =

∫
I
Af(t)dt.
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A.2 Lp and Sobolev spaces

On the set of all measurable functions on I we define the equivalence relation

f ∼ g ⇐⇒ f(t) = g(t) for almost all t ∈ I. (A.5)

Definition A.2.1 L1(I;X) is the set of all equivalence classes of integrable functions
f : I 7→ X, with respect to the equivalence relation (A.5).

Since no confusion will arise, in the sequel we shall identify the equivalence class [f ] ∈
L1(I;X) with the function f itself. We define a norm on L1(I,X) by setting

‖f‖L1(I;X) =
∫

I
‖f(t)‖dt. (A.6)

We define now the spaces Lp(I;X) for p > 1.

Definition A.2.2 Let p ∈ (1,+∞], and I ∈ M. Lp(I;X) is the set of all equivalence
classes of measurable functions f : I 7→ X,with respect to the equivalence relation (A.5),
such that t 7→ ‖f(t)‖ belongs to Lp(I).

Lp(I;X) is endowed with the norm

‖f‖Lp(I;X) =
(∫

I
‖f(t)‖pdt

)1/p

, if p <∞ (A.7)

‖f‖L∞(I;X) = ess sup {‖f(t)‖ : t ∈ I} (A.8)

Arguing as in the case X = R, it is not difficult to see that for 1 ≤ p ≤ ∞, the space
Lp(I;X) is complete.

In the following, if there is no danger of confusion, we shall write ‖f‖p instead of
‖f‖Lp(I;X).

To introduce the Sobolev space W 1,p(a, b;X) we need a lemma.

Lemma A.2.3 Let p ∈ [1,∞). Then the operator

L0 : D(L0) = C1([a, b];X) 7→ Lp(a, b;X), L0f = f ′

is preclosed in Lp(a, b;X), that is the closure of its graph is the graph of a closed operator.

Definition A.2.4 Let L : D(L) ⊂ Lp(a, b;X) be the closure of the operator L0 defined
in Lemma (A.2.3). We set

W 1,p(a, b;X) = D(L)

and we endow it with the graph norm. For every f ∈ W 1,p(a, b;X), Lf is said to be the
strong derivative of f , and we denote it by f ′.

In other words, f ∈W 1,p(a, b;X) if and only if there is a sequence {fn} ⊂ C1([a, b];X)
such that fn → f in Lp(a, b;X) and f ′n → g in Lp(a, b;X), and in this case g = f ′.
Moreover we have

‖f‖W 1,p(a,b;X) = ‖f‖Lp(a,b;X) + ‖f ′‖Lp(a,b;X) ∀f ∈W 1,p(a, b;X).
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Since L is a closed operator, then W 1,p(a, b;X) is a Banach space.
Let f ∈ W 1,p(a, b;X), and let {fn} ⊂ C1([a, b];X) be such that fn → f and f ′n → f ′

in Lp(a, b;X). From the equality

fn(t)− fn(s) =
∫ t

s
f ′n(σ)dσ (A.9)

we get, integrating with respect to s in (a, b) and letting n→∞,

f(t) =
1

b− a

(∫ b

a
f(s)ds+

∫ t

a
(σ − a)f ′(σ)dσ

)
, a.e.in (a, b).

Therefore, W 1,p(a, b;X) is continuously embedded in C([a, b];X). Letting n→∞ in (A.9)
we get also

f(t)− f(s) =
∫ t

s
f ′(σ)dσ.

Sometimes it is easier to deal with weak (or distributional) derivatives, defined as
follows.

Definition A.2.5 Let f ∈ Lp(a, b;X). A function g ∈ L1(a, b;X) is said to be the weak
derivative of f in (a, b) if∫ b

a
f(t)ϕ′(t)dt = −

∫ b

a
g(t)ϕ(t)dt, ∀ϕ ∈ C∞

0 (a, b).

It can be shown that weak and strong derivatives do coincide. More precisely, the
following proposition holds.

Proposition A.2.6 Let f ∈ W 1,p(a, b;X). Then f is weakly differentiable, and f ′ is the
weak derivative of f .

Conversely, if f ∈ Lp(a, b;X) admits a weak derivative g ∈ Lp(a, b;X), then f ∈
W 1,p(a, b;X), and g = f ′.

A.3 Weighted Lp spaces

Let I be an interval contained in (0,+∞). For 1 ≤ p ≤ ∞ we denote by Lp
∗(I) the space

of the Lp functions in I with respect to the measure dt/t, endowed with its natural norm

‖f‖Lp
∗(I) =

(∫ +∞

0
|f(t)|pdt

t

)1/p

, if p <∞,

‖f‖L∞∗ (I) = ess supt∈I |f(t)|.
Dealing with Lp

∗ spaces, the Hardy-Young inequalities are often more useful than the
Hölder inequality. They hold for every positive measurable function ϕ : (0, a) 7→ R,
0 < a ≤ ∞, and every α > 0, p ≥ 1. See [23, p.245-246].

(i)
∫ a

0
t−αp

(∫ t

0
ϕ(s)

ds

s

)p
dt

t
≤ 1
αp

∫ a

0
s−αpϕ(s)pds

s
,

(ii)
∫ a

0
tαp

(∫ a

t
ϕ(s)

ds

s

)p dt

t
≤ 1
αp

∫ a

0
sαpϕ(s)pds

s

(A.10)
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The measure m(dt) = dt/t is the Haar measure of the multiplicative group R+. So,
it is invariant under multiplication: m(A) = m(λA), for every measurable A ⊂ R+ and
λ > 0, and ‖ϕ‖Lp

∗(0,∞) = ‖ϕ(λ·)‖Lp
∗(0,∞).

For every α 6= 0 the space Lp
∗(0,∞) is invariant under the change of variable t 7→ tα,

in the sense that ϕ ∈ Lp
∗(0,∞) iff t 7→ ϕ(tα) ∈ Lp

∗(0,∞), and

‖ϕ‖Lp
∗(0,∞) = |α|1/p‖t 7→ ϕ(tα)‖Lp

∗(0,∞).

(This is obviously true also for p = ∞, with the usual convention 1/∞ = 0). In particular,
for α = −1 we get an isometry:

‖ϕ‖Lp
∗(0,∞) = ‖t 7→ ϕ(t−1)‖Lp

∗(0,∞).

Moreover, the change of variable t 7→ t−1 is an isometry also between Lp
∗(1,∞) and Lp

∗(0, 1).
If X is any Banach space and 1 ≤ p ≤ ∞ the space Lp

∗(I;X) is the set of all Bochner
measurable functions f : I 7→ X, such that t 7→ ‖f(t)‖X is in Lp

∗(I). It is endowed with
the norm

‖f‖Lp
∗(I;X) = ‖t 7→ ‖f(t)‖X‖Lp

∗(I).

In chapters 1 and 3 we have used the following consequence of inequality (A.10)(i).

Corollary A.3.1 Let u be a function such that t 7→ uθ(t) = tθu(t) belongs to Lp
∗(0, a;X),

with 0 < a ≤ ∞, 0 < θ < 1 and 1 ≤ p ≤ ∞. Then also the mean value

v(t) =
1
t

∫ t

0
u(s)ds, t > 0 (A.11)

has the same property, and setting vθ(t) = tθv(t) we have

‖vθ‖Lp
∗(0,a;X) ≤

1
1− θ

‖uθ‖Lp
∗(0,a;X) (A.12)
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Vector-valued holomorphic
functions

Let X be a complex Banach space, let Ω be an open subset of C, f : Ω → X be a
continuous function and γ : [a, b] → Ω be a piecewise C1-curve. The integral of f along γ
is defined by ∫

γ
f(z)dz =

∫ b

a
f(γ(t))γ′(t)dt.

As usual, we denote byX ′ the dual space ofX consisting of all linear bounded operators
from X to C. For each x ∈ X, x′ ∈ X ′ we set x′(x) = 〈x, x′〉.

Definition B.0.2 f is holomorphic in Ω if for each z0 ∈ Ω the limit

lim
z→z0

f(z)− f(z0)
z − z0

:= f ′(z0)

exists in X. f is weakly holomorphic in Ω if it is continuous in Ω and the complex-valued
function z 7→ 〈f(z), x′〉 is holomorphic in Ω for every x′ ∈ X ′.

Clearly, any holomorphic function is weakly holomorphic; actually, the converse is also
true, as the following theorem shows.

Theorem B.0.3 Let f : Ω → X be a weakly holomorphic function. Then f is holomor-
phic.

Proof. Let B(z0, r) be a closed ball contained in Ω; we prove that for all z ∈ B(z0, r) the
following Cauchy integral formula holds:

f(z) =
1

2πi

∫
∂B(z0,r)

f(ξ)
ξ − z

dξ. (B.1)

First of all, we observe that the right hand side of (B.1) is well defined because f is con-
tinuous. Since f is weakly holomorphic in Ω, the complex-valued function z 7→ 〈f(z), x′〉
is holomorphic in Ω for all x′ ∈ X ′, and hence the ordinary Cauchy integral formula in
B(z0, r) holds, i.e.,

〈f(z), x′〉 =
1

2πi

∫
∂B(z0,r)

〈f(ξ), x′〉
ξ − z

dξ =
〈

1
2πi

∫
∂B(z0,r)

f(ξ)
ξ − z

dξ, x′
〉
.
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Since x′ ∈ X ′ is arbitrary, we obtain (B.1). We can differentiatee with respect to z under
the integral, so that f is holomorphic and

f (n)(z) =
n!
2πi

∫
∂B(z0,r)

f(ξ)
(ξ − z)n+1

dξ

for all z ∈ B(z0, r) and n ∈ N. �

Definition B.0.4 Let f : Ω → X. We say that f admits a power series expansion around
a point z0 ∈ Ω if there exist a X-valued sequence (an) and r > 0 such that B(z0, r) ⊂ Ω
and

f(z) =
+∞∑
n=0

an(z − z0)n in B(z0, r).

Theorem B.0.5 Let f : Ω → X be a continuous function; then f is holomorphic if and
only if f has a power series expansion around every point of Ω.

Proof. Assume that f is holomorphic in Ω. Then, if z0 ∈ Ω and B(z0, r) ⊂ Ω, the Cauchy
integral formula (B.1) holds for every z ∈ B(z0, r).

Fix z ∈ B(z0, r) and observe that the series

+∞∑
n=0

(z − z0)n

(ξ − z0)n+1
=

1
ξ − z

converges uniformly for ξ in ∂B(z0, r), since
∣∣(z−z0)/(ξ−z0)| = r−1|z−z0|. Consequently,

by (B.1) we obtain

f(z) =
1

2πi

∫
∂B(z0,r)

f(ξ)
+∞∑
n=0

(z − z0)n

(ξ − z0)n+1
dξ

=
+∞∑
n=0

[ 1
2πi

∫
∂B(z0,r)

f(ξ)
(ξ − z0)n+1

dξ
]
(z − z0)n,

the series being convergent in X.
Conversely, suppose that

f(z) =
+∞∑
n=0

an(z − z0)n, z ∈ B(z0, r),

where (an) is a sequence with values in X. Then f is continuous, and for each x′ ∈ X ′,

〈f(z), x′〉 =
+∞∑
n=0

〈an, x
′〉(z − z0)n, z ∈ B(z0, r).

This implies that the complex-valued function z 7→ 〈f(z), x′〉 is holomorphic in B(z0, r)
for all x′ ∈ X ′ and hence f is holomorphic by Theorem B.0.3. �

Now we extend some classical theorems of complex analysis to the case of vector-valued
holomorphic functions.
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Theorem B.0.6 (Cauchy) Let f : Ω → X be holomorphic in Ω and let D be a regular
domain contained in Ω. Then ∫

∂D
f(z)dz = 0.

Proof. For each x′ ∈ X ′ the complex-valued function z 7→ 〈f(z), x′〉 is holomorphic in Ω
and hence

0 =
∫

∂D
〈f(z), x′〉dz = 〈

∫
∂D

f(z)dz, x′〉.

�

Remark B.0.7 [improper complex integrals] As in the case of vector-valued func-
tions defined on a real interval, it is possible to define improper complex integrals in an
obvious way. Let f : Ω → X be holomorphic, with Ω ⊂ C possibly unbounded. If I = (a, b)
is a (possibly unbounded) interval and γ : I → C is a piecewise C1 curve in Ω, then we set∫

γ
f(z)dz := lim

s→a+, t→b−

∫ t

s
f(γ(τ))γ′(τ)dτ,

provided that the limit exists in X.

Theorem B.0.8 (Laurent expansion) Let f : D := {z ∈ C : r < |z − z0| < R} → X
be holomorphic. Then, for every z ∈ D

f(z) =
+∞∑

n=−∞
an(z − z0)n,

where
an =

1
2πi

∫
∂B(z0,%)

f(z)
(z − z0)n+1

dz, n ∈ Z,

and r < % < R.

Proof. Since for each x′ ∈ X ′ the function z 7→ 〈f(z), x′〉 is holomorphic in D the usual
Laurent expansion holds, that is

〈f(z), x′〉 =
+∞∑

n=−∞
an(x′)(z − z0)n

where the coefficients an(x′) are given by

an(x′) =
1

2πi

∫
∂B(z0,%)

〈f(z), x′〉
(z − z0)n+1

dz, n ∈ Z.

It follows that
an(x′) = 〈an, x

′〉, n ∈ Z,

where the an are those indicated in the statement. �
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[23] G.H. Hardy, J.E. Littlewood, G. Pòlya: Inequalities, Cambridge Univ. Press,
Cambridge (1934).

[24] F. John, L. Nirenberg: On functions of bounded mean oscillation, Comm. Pure
Appl. Math. 14 (1961), 415–426.

[25] T. Kato: Fractional powers of dissipative operators, Proc. Math. Soc. Japan 13
(1961), 246–274.

[26] T. Kato: Fractional powers of dissipative operators, II, Proc. Math. Soc. Japan 14
(1962), 242–248.

[27] T. Kato: remarks on pseudo-resolvents and infinitesimal generators of semigroups,
Proc. Japan Acad. 35 (1959), 467–468.

[28] S.G. Krein, Yu. Petunin, E.M. Semenov: Interpolation of linear operators,
Amer. Math. Soc., Providence (1982).

[29] O.A. Ladyzhenskaja, V.A. Solonnikov, N.N. Ural’ceva: Linear and quasilin-
ear equations of parabolic type, Nauka, Moskow 1967 (Russian). English transl.: Transl.
Math. Monographs, AMS, Providence (1968).
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